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Preface

This memoir is an outgrowth of earlier work of Moser and of Bangert on solutions
of a family of nonlinear elliptic partial differential equations on R

n and of research
of the authors on an Allen–Cahn PDE model of phase transitions. The simplest
example of the class of equations studied by Moser and Bangert is

��u C Fu.x; u/ D 0; x 2 R
n; (PDE)

where F is periodic in all of its arguments. Our earlier work was for equations of
the form

��u CGu.x; u/ D 0; x 2 R
2; (AC)

where G is a double-well potential, e.g., G.x; u/ D a.x/u2.1 � u/2 with a.x/ > 0

and 1-periodic in the components x1; x2 of x. The behaviors of F and G in u are
rather different. However, the study of solutions of (AC) that lie between 0 and 1 can
be reduced to a similar study for (PDE). Namely, taking G restricted to R

2 � Œ0; 1�,
extending it evenly and 2-periodically about u D 0, and rescaling the u variable
yields an equation of the form of (PDE).

Moser initiated the study of a much more general family of equations than
(PDE). His goal was to establish a version of the theory of Aubry and of Mather
on monotone twist maps for partial differential equations. Toward that end, Moser
and then Bangert studied solutions of their equations that possessed two additional
properties: a certain minimality in a variational setting, and a so-called “without self
intersections property” that will be explained later.

The goal of this monograph is to develop and study the rich structure of the
set of solutions of the simpler model case (PDE), which both contains our earlier
work on (AC) and expands the work of Moser and Bangert to include solutions that
merely have local minimality properties. Minimization arguments are an important
tool in our investigations. We begin in Part I by following Moser and using
minimization arguments to obtain an ordered family of solutions of (PDE) that are
1-periodic in x1; : : : ; xn. Suppose there is a gap, i.e., no other members of this class,
between a pair of such periodics. Then an ordered family of heteroclinic solutions

v



vi Preface

in x1 (and periodic in x2; : : : ; xn) between the pair are obtained by minimizing a
“renormalized functional” associated with (PDE). Such basic heteroclinic solutions
were originally obtained by Bangert. His argument was based on Moser’s work
and was not variational in nature. Our minimization approach is crucial for the
construction of more complex solutions of (PDE) that, in the language of dynamical
systems, shadow (or are near) formal concatenations of the basic heteroclinic states.
These new multitransition solutions of (PDE) defined on R � T

n�1 are studied in
detail in Part II. They are obtained as local minima of the renormalized functional
via a constrained minimization problem.

Whenever there is a gap between a pair of the basic heteroclinics in x1, a
second renormalized functional can be introduced and used to obtain ordered
families of heteroclinic solutions in x2 between them. The existence of such
solutions by nonvariational arguments was also originally carried out by Bangert.
The minimization approach to this new family of basic solutions of (PDE) is given
in Part I. Lastly, it is used in Part III to construct further solutions of (PDE) defined
on R

2 � T
n�2 that shadow formal concatenations of the heteroclinics in x2.

We thank Sergey Bolotin and Misha Feldman for many helpful conversations.

October, 2010 Paul H. Rabinowitz
Edward W. Stredulinsky
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Chapter 1
Introduction

The goal of this memoir is to study the partial differential equation

��u C Fu.x; u/ D 0; x 2 R
n;

where F satisfies

F 2 C2.Rn � R;R/ (F1)

and

F is 1 � periodic in x1; : : : ; xn and in u: (F2)

Conditions .F1/–.F2/ can be combined into the more concise condition

F 2 C2.TnC1;R/; (F)

where T
nC1 D R

nC1=ZnC1.
The equation (PDE) is a special case of a much larger class of quasilinear elliptic

partial differential equations studied by Moser [1] and by Bangert [2]. Seeking a
codimension-1 analogue of results of Aubry [3] and of Mather [4] for monotone
twist maps, Moser studied solutions u of (PDE) that were (i) minimal in the sense
of Giaquinta and Giusti [5] and (ii) without self-intersections, or WSI for short. To
explain (i)–(ii), set

L.u/ D 1

2
jruj2 C F.x; u/;

the Lagrangian associated with (PDE), and

L.u/ D
Z

Rn

L.u/dx:

Then calling u a minimal solution of (PDE) means

L.u C '/ � L.u/ � 0 (1.1)

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 1, © Springer Science+Business Media, LLC 2011
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2 1 Introduction

for all ' 2W 1;2
loc .R

n/ having compact support. Thus by (1.1), for any bounded
domain � � R

n with @� a smooth manifold, u minimizes L over the class of
W

1;2
loc .R

n/ functions v such that v D u on R
n n�. Condition (ii) means that for each

j 2 Z
n and jnC1 2 Z, u.xCj /�u.x/�jnC1 does not change sign on R

n, i.e., there
do not exist y; z 2 R

n such that y � z � j 2 Z
nnf0g and u.y/ � u.z/ � jnC1 2 Z

unless u.x C j / D u.x/C jnC1 for all x 2 R
n.

Moser [1] and then Bangert [2] obtained a great deal of information about
solutions of (PDE) that are minimal and WSI including the existence of elementary
periodic solutions [1] and basic heteroclinic states that connect neighboring periodic
solutions [2]. Our main goal in this memoir is to show that in addition to these
solutions, there is an enormous number of additional more complex homoclinic
and heteroclinic solutions of PDE that are “near”, or in the language of dynamical
systems, shadow formal concatenations of the basic states. These new solutions are
not minimal and may not be WSI, but they possess a local minimality property. One
of our motivations for seeking such solutions stems from an Allen–Cahn model of
phase transitions that can be viewed as a very special case of (PDE) and for which
these additional solutions represent possible phase-transition states.

To explain these statements, we begin by summarizing some of the work of
Moser. In [1], he showed (in much greater generality):

Theorem 1.2. If F satisfies (F1)–(F2) and u is a solution of (PDE) that is minimal
and without self-intersections, there is an ˛ D ˛.u/ 2 R

n such that

ju.x/ � ˛ � xj (1.3)

is bounded on R
n.

The n-tuple ˛ is called the rotation vector of the solution u. In the simplest case
of ˛ D 0, u is bounded. Moser also proved:

Theorem 1.4. For each ˇ 2 R
n, there is a solution v of (PDE) that is minimal and

without self-intersections such that ˛.v/ D ˇ.

For example, for ˛ D 0, such a v is obtained by minimizing

J0.u/ D
Z

Tn

L.u/dx

over

�0 D fu 2 W 1;2
loc .R

n/ j u is 1-periodic in x1; : : : ; xng:
An analogous minimization argument produces v for ˛ 2 Q

n. See Chapter 5.
Suppose now that ˛D 0. Except for Chapter 5, this is the case that we will

study. Set

c0 D inf
u2�0

J0.u/ (1.5)
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and
M0 D fu 2 �0 j J0.u/ D c0g:

Moser further proved:

Theorem 1.6. M0 is an ordered set, i.e., if v;w 2 M0, then v.x/ � w.x/,
v.x/ < w.x/, or v.x/ > w.x/ for all x 2 R

n.

Since by (F2), u 2 M0 implies u C j 2 M0 for any j 2 Z, Theorem 1.6
implies that either there is a continuum of members of M0 that join u and u C 1

and therefore M0 foliates R
nC1 or there is a gap in M0 given by a pair of adjacent

members v0;w0 2 M0 with v0 < w0. We will refer to v0;w0 as a gap pair. In the
presence of such a gap pair, M0 merely laminates R

nC1. Of course whenever there
is one gap pair v0, w0, there are infinitely many, namely v0 C j , w0 C j for any
j 2 Z.

Assuming this gap condition, e.g. given by v0 < w0, Bangert [2] showed that
there is a solution U1 of (PDE) that is minimal and WSI and that is heteroclinic
from v0 to w0 in x1 and periodic in x2; : : : ; xn. Thus U1 2 C2.R � T

n�1/. Likewise
there exists a solution U 1 of (PDE) that is minimal and WSI and that is heteroclinic
in x1 from w0 to v0. For these results, x1 can be replaced by xi , 2 � i � n, and even
by any direction j1e1 C � � � C jnen, where e1; : : : ; en is the usual Euclidean basis in
R
n and j 2 Z

n n f0g. The periodicity conditions in the remaining variables can also
be generalized. See Chapter 5.

For j 2 Z and k 2 N, set �kj u.x/ D u.x � jek/. Staying in the simplest setting,
supposeU1 is as above. Then �1�j U1 is also a solution of the same type, and Bangert
further proved the set of such heteroclinic solutions is ordered. Thus

U1 < �
1�1U1: (1.7)

More generally, when u � �1�1u, we say that u is 1-monotone in x1 and when
(1.7) holds, we say that U is strictly 1-monotone in x1. As above, either the region
between U1 and �1�1U1 in R

nC1 is foliated by such solutions or there is a gap given
by, e.g., an adjacent pair of solutions v1 < w1 lying between U1 and �1�1U1. When
such a gap is present, Bangert showed that there is a solution U2 of (PDE) that
is minimal and WSI and that is heteroclinic in x2 from v1 to w1 and 1-periodic
in x3; : : : ; xn, so U2 2 C2.R2 � T

n�2/. Likewise there is a U2 heteroclinic in x2
from w1 to v1. Continuing in this fashion with further observations about ordered
sets of solutions and gap conditions, Bangert found more complicated heteroclinic
solutions of (PDE) that were minimal and WSI.

Variants of what was just described for ˛ D 0 hold equally well for any ˛ 2 Q
n

and will be discussed in Chapter 5.
In the theory of dynamical systems, when one has families of basic solutions like

f�ijUi ; � ikU i j j; k 2 Zg for i D 1; 2; : : : ; n, one can often find further homoclinic
and heteroclinic solutions of the associated equations that shadow phase shifts of
the basic solutions, i.e., are near them in some sense. The simplest examples in our
setting are solutions of (PDE) in C2.R � T

n�1/ that are homoclinic to v0 in x1,
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near a phase shift of U1 for large negative x1 and near a phase shift for U 1 for
large positive x1. Similarly, given U2 and U 2, one can seek solutions of (PDE) in
C2.R2 � T

n�2/ that are homoclinic to v1 in x2, and have shadowing properties as
above. Such solutions obtained by variational arguments have also been referred
to as multibump solutions in the literature, but the terminology “multitransition
solutions” seems more appropriate here. Thus the above homoclinics to v0 are
2-transition solutions, and one can seek analogous 2k-transition homoclinics to v0
(or to w0; v1, or w1) as well as .2kC1/-transition heteroclinics from v0 to w0, etc. The
construction of such solutions is one of our main goals. In general these solutions
will not be minimal and without self intersections although they will possess a local
analogue of the minimality property (1.1).

Existence mechanisms to find such shadowing solutions have been developed
in the settings of both dynamical systems and partial differential equations using
constrained minimization arguments. See, e.g., Mather [6] for the dynamics case
and [7, 8] for PDE results. For example, Mather [6] used such methods in his
extensions of Aubry–Mather theory. There has also been a great deal of work using
other variational approaches to find multitransition solutions for dynamical systems
and partial differential equations. See, e.g., Séré [9, 10], who initiated work of this
nature for dynamics problems and also Coti Zelati and Rabinowitz [11, 12]. The
construction by Bangert [2] of the basic heteroclinic solutions that was mentioned
above is not variational. Therefore before attempting to use minimization methods
to find multitransition solutions of (PDE), a variational approach to obtain the basic
heteroclinic solutions is needed. This is the main goal of the first part of this memoir.
Work toward this end was initiated in [13,14] for the case of ˛ D 0 under the further
hypothesis that

F is even in x1; : : : ; xn: (F3)

This spatial reversibility condition yields functionals that are nonnegative and that
can be analyzed much more simply than without (F3).

Here we will drop (F3) and in Chapter 5 also handle general ˛ 2 Q
n. In doing

so, use will be made of some of the tools of [13, 14] and even more so of those
developed in [7, 8], which considered an Allen–Cahn model of phase-transitions.
In fact, our interest in (PDE) is an outgrowth of [7, 8] and earlier work on such
phase- transition models by Alama, Bronsard, and Gui [15] and Alessio, Jeanjean,
and Montecchiari [16, 17]. In [7, 8, 16, 17], model problems of the form

��u CGu.x; u/ D 0; x 2 R
2; (1.8)

were studied. Typically G is a double-well potential, e.g.,

G.x; u/ D a.x/u2.1 � u/2; (1.9)

with a.x/ > 0 and 1-periodic in x1; x2. Thus u � 0 and u � 1 are minima of
G and solutions of (1.8). Of interest are further solutions of (1.8) that lie between
0 and 1 and are asymptotic to these basic states. Due to its definition in (1.9), G
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is rather different from F in (PDE). However, if GjR2�Œ0;1� is extended evenly in

u to R
2 � Œ�1; 1� and then made 2-periodic in u, the resulting function bG satisfies

.F1–F2/ (with period 2 in u rather than 1). For some other work on Allen–Cahn
model equations, including results about cases not considered here such as nonpe-
riodic dependence of F on x and irrational ˛, see, e.g., Alessio and Montecchiari
[18–20], Bessi [21, 22], and de la Llave and Valdinoci [23, 24].

More generally, by their very nature, solutions of phase transition problems
are heteroclinics or homoclinics for the associated differential equations. Thus
the relatively simple equation (PDE) with its rich variety of solutions serves as a
paradigm for the study of spatial phase-transition problems.

To outline what we will do here, beginning with the case of ˛D 0, in Chapter 2
the function spaces and functional that will be used to find the basic heteroclinic
solutions like U1 and U 1 will be introduced and their properties developed.
Unfortunately, the natural functional to use to treat (PDE) in general is not bounded
from below on any reasonable class of admissible functions. Therefore a new
renormalized functional is introduced to overcome this difficulty. Then in Chapter 3,
minimizing the renormalized functional establishes the existence of the basic
heteroclinics. The relationship between the solutions of (PDE) obtained here by
variational methods and those discovered by Bangert [2] will also be clarified. To
obtain heteroclinics like U2, U 2 and their higher-dimensional counterparts in the
most precise way, an induction argument should be employed. However, unlike
the U1 case, at the level of U2 and higher, one has to deal with integrals over
noncompact domains, and more technicalities are involved. Therefore the induction
should begin after one has obtained U2 and U 2. The existence of U2, U 2 will be
carried out in Chapter 4, mainly by indicating the changes needed in the framework
of Chapters 2–3 to do so. Then Chapter 5 discusses how to modify the tools
and constructions of the previous sections to extend the earlier results in three
ways. In Section 5.1 higher-dimensional basic solutions defined on R

k � T
n�k

are constructed. Then in Section 5.2 we find additional sets of basic solutions for
the settings of Chapters 2–4 and Section 5.1. Finally in Section 5.3, the case of
˛ 2 Q

nnf0g in the contexts of Sections 5.1–5.2 and the earlier chapters is treated.
Parts II and III of the memoir employ the basic solutions of Part I to construct

shadowing or multitransition solutions on R � T
n�1 and on R

2 � T
n�2 respectively.

Several comparison results that will be useful for this purpose are obtained in
Chapter 6 and then used in Chapter 7 to establish the existence of infinitely many
two-transition solutions defined on R � T

n�1, lying between v0 and w0, homoclinic
to v0, and shadowing phase shifts of U1 and U 1. In Chapter 8, we extend the
results of Chapters 6–7 on 2-transition homoclinic solutions of (PDE) in the gap
between v0 and w0 to k- and 1-transition homoclinic and heteroclinic solutions.
While this can be done by a direct generalization of the methods used for the
simpler case, we introduce another more geometrical construction in the spirit
of [7, 8]. Chapters 9–10 study 2-transition solutions of (PDE) which are strictly
1-monotone in x1 (in the sense of (1.7)). Assuming that we have an ordered pair
of gap pairs v0 < w0 � Ov < Ow, in Chapter 9 the existence of infinitely many
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heteroclinics strictly 1-monotone in x1 from v0 to Ow is established. Such solutions
are present even if the region between w0 and Ov contains continua of periodics
or of heteroclinics. Several technical results that are required in Chapter 13 are
also proved in Chapter 9. Then Chapter 10 shows how to extend the results of
Chapter 9 to find k-transition solutions of (PDE) that are strictly1-monotone in x1.
Part II concludes with Chapter 11 where a study is made of solutions with behavior
intermediate to those of Chapters 6–10. Thus we treat cases in which there are
multitransition solutions of (PDE) on R � T

n�1 that neither are 1-monotone in x1
nor lie in a gap in M0. This requires ideas from the regularity theory of variational
inequalities, and we are indebted to Misha Feldman for his essential contributions
here.

There are natural analogues of the results of Chapters 6–11 in the context of
solutions on R

2 � T
n�2. However, we do not pursue them in Part III, but rather

study two cases that involve new phenomena. In Chapter 12, our main interest is in
the construction of solutions of (PDE) that are in a sense concatenations in x2 of
an infinite number of phase shifts of U2, are strictly 1-monotone in x1 and x2, and
are heteroclinic from v0 to w0 in both x1 and x2. This involves in part a monotone
rearrangement argument that is of independent interest. Then lastly, in Chapter 13,
we again study the existence of solutions of (PDE) that are strictly 1-monotone in
x1 and x2 but now are heteroclinic in x2 between a pair of solutions of (PDE) that
are 1-monotone in x1 and are of the type obtained in Chapter 9. This final case is
the most technically demanding one that we treat.
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Chapter 2
Function Spaces and the First
Renormalized Functional

Suppose M0 is as in the introduction, and the gap condition

there are adjacent v0;w0 2 M0 with v0 < w0 (*)0

holds. Our goal is to show there are solutions of (PDE) heteroclinic in x1 from v0
to w0 and 1-periodic in the remaining variables. This requires introducing a class of
admissible functions and an appropriate functional on this class whose minima will
be the desired solutions of (PDE). As a first attempt, take the class ofW 1;2

loc .R�T
n�1/

functions that are asymptotic to v0 and w0 as x1 ! ˙1 in some reasonable way and

minimize
Z

R�Tn�1

L.u/dx (2.1)

over this class. By writing u 2 W
1;2

loc .R � T
n�1/, we mean that u.x C ei / D u.x/,

2 � i � n. Unfortunately, this functional may not be bounded from below. In
addition, if F > 0 on T

nC1, the functional will be infinite for any admissible u. Thus
a more careful approach is required, and the functional in (2.1) must be modified.
Such a “renormalized” functional that is bounded from below will be introduced.
Toward that end, let v;w 2 M0, v < w, and define

b�1 D b�1.v;w/ D fu 2 W 1;2
loc .R � T

n�1/ j v � u � wg:

For i 2 Z, set Ti D Œi; i C 1� � T
n�1. Now for u 2 b�1 and i 2 Z, define

J1;i .u/ D
Z
Ti

L.u/dx � c0

with c0 as in (1.5). For p; q 2 Z with p � q and u 2 b�1, set

J1Ip;q.u/ D
qX

iDp
J1;i .u/:

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 2, © Springer Science+Business Media, LLC 2011
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10 2 Function Spaces and the First Renormalized Functional

It is easily seen that J1Ip;q.u/ is bounded from below, but its lower bound may
depend on q � p. The next result helps us obtain a better lower bound.

Proposition 2.2. Let ` 2 N
n and

�0.`/ D fu 2 W 1;2
loc .R

n/ j u.x C `i ei / D u.x/; 1 � i � ng:

Set

J `0 .u/ D
Z `1

0

� � �
Z `n

0

L.u/dx

and

c0.`/ D inf
u2�0.`/

J `0 .u/: (2.3)

Then

M0.`/ D fu 2 �0.`/ j J `0 .u/ D c0.`/g 6D ;:
Moreover, M0.`/ D M0 and c0.`/ D .

Qn
1 `i /c0.

Proof. The proof of Proposition 2.2 is contained in Moser’s work [1]. Some of
the arguments will be required repeatedly in this paper, so it is convenient to give
the proof in the current simple setting. Since J `0 is weakly lower semicontinuous
on �0.`/, M0.`/ 6D ;. Moreover, standard elliptic regularity arguments show that
u 2 M0.`/ implies that u is a classical solution of (PDE).

Next it will be shown that M0.`/ is an ordered set. If not, there exist v;w 2 M0.`/

and �; � 2 Qn
iD1.`iT1/ such that v.�/ D w.�/ and v.�/ < w.�/. Set ' D max.v;w/

and  D min.v;w/. Then '; 2 �0.`/ and

J `0 .'/C J `0 . / D J `0 .v/C J `0 .w/ D 2c0.`/: (2.4)

Since
J `0 .'/; J

`
0 . / � c0.`/;

(2.4) implies J `0 .'/ D J `0 . / D c0.`/, so '; 2 M0.`/. Therefore ' and  are
classical solutions of (PDE) with ' �  , '.�/ D  .�/, and '.�/ >  .�/. Thus
f � ' �  � 0 and satisfies the linear elliptic partial differential equation

��f C af D �bf; x 2 R
n; (2.5)

where a D max.A; 0/, b D min.A; 0/, and

A D

8̂
<
:̂
Fu.x; '.x// � Fu.x;  .x//

'.x/ �  .x/ if '.x/ >  .x/;

Fuu.x; '.x// if '.x/ D  .x/.
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Since a � 0 and b � 0 are continuous, the elliptic maximum principle applies to
(2.5) and shows that either f � 0 or f > 0 in R

n. But f .�/ D 0 and f .�/ > 0, a
contradiction. Hence no such v and w exist and M0.`/ is an ordered set.

Now to prove the final assertions of Proposition 2.2, let u 2 M0.`/. If each
u 2 M0.`/ satisfies

u.x C ei / D u.x/; 1 � i � n; (2.6)

then M0.`/ D M0 and c0.`/ D .
Qn
iD1 `i /c0. To verify (2.6), suppose u 2 M0.`/.

Since u.x C ei / 2 M0.`/, i D 1; : : : ; n, and M0.`/ is ordered, either (2.6) holds or

.i/ u.x C ei / > u.x/ or .ii/ u.x C ei / < u.x/ (2.7)

for each i . But if (2.7) (i) is satisfied,

u.x/ D u.x C `i ei / � � � � � u.x C ei/ > u.x/;

a contradiction. A similar argument when (2.7) (ii) holds shows that (2.6) is valid,
and the proposition is proved.

Now a better lower bound for J1Ip;q.u/ can be obtained.

Proposition 2.8. There is a constant K1 � 0, depending on v and w but
independent of p; q 2 Z and u 2 b�1, such that

J1Ip;q.u/ � �K1:

Proof. Let u 2 b�1. Then

J1;p.u/ D
Z
Tp

�
1

2
jr.u � v/j2 C r.u � v/ � rv

C1

2
jrvj2 C F.x; u/ � F.x; v/C F.x; v/

�
dx � c0

D 1

2
kr.u � v/k2

L2.Tp/
C
Z
Tp

.r.u � v/ � rv C F.x; u/� F.x; v//dx:

(2.9)

Now ˇ̌
ˇ̌
ˇ
Z
Tp

.F.x; u/ � F.x; v// dx
ˇ̌
ˇ̌
ˇ � M1kw � vkL1.T0/; (2.10)

whereM1 D max
TnC1 jFu.x; u/j. Also

Z
Tp

r.u � v/ � rv dx D
Z
@Tp

.u � v/
@v

@�
dS �

Z
Tp

.u � v/�v dx; (2.11)
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where � denotes the outward-pointing normal. Since u 2 b�1 and v is a solution of
(PDE),ˇ̌

ˇ̌
ˇ
Z
Tp

.u � v/�v dx

ˇ̌
ˇ̌
ˇ � kFu.�; v/kL1.Tp/

Z
Tp

.w � v/ dx � M1kw � vkL1.T0/:

(2.12)

The boundary term in (2.11) can be estimated by

ˇ̌
ˇ̌
ˇ
Z
@Tp

.u � v/
@v

@�
dS

ˇ̌
ˇ̌
ˇ � 2

���� @v

@x1

����
L1.T0/

kw � vkL1.T0/: (2.13)

Combining (2.9)–(2.13) yields

ˇ̌
ˇ̌J1;p.u/� 1

2
kr.u � v/k2

L2.Tp/

ˇ̌
ˇ̌ � M2kw � vkL1.T0/; (2.14)

where M2 D 2M1 C 2k @v
@x1

kL1.T0/. This proves Proposition 2.8 for q D p, p C 1,
or pC 2 withK1 D 3M2kw � vkL1.T0/. Thus suppose that q > pC 2. Define 	 via

	 D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

v; x1 � p;

.x1 � p/u C .p C 1 � x1/v; p � x1 � p C 1;

u; p C 1 � x1 � q;

.x1 � q/v C .q C 1� x1/u; q � x1 � q C 1;

v; q C 1 � x1:

(2.15)

Then 	 extends naturally to b�1 as a .q C 1 � p/-periodic function of x1. Hence by
Proposition 2.2,

0 � J1Ip;q.	/ D J1;p.	/C J1IpC1;q�1.u/C J1;q.	/;

or
J1IpC1;q�1.u/ � �J1;p.	/ � J1;q.	/: (2.16)

Next observe that

	 � v D .x1 � p/.u � v/; p � x1 � p C 1;

so

jr.	� v/j2 D .x1 � p/2jr.u � v/j2 C .u � v/2 C 2.x1 � p/.u � v/
@

@x1
.u � v/

D .x1 � p/2jr.u � v/j2 C @

@x1
..x1 � p/.u � v/2/
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and

kr.	 � v/k2
L2.Tp/

� kr.u � v/k2
L2.Tp/

C kw � vk2L1.T0/
: (2.17)

Hence by (2.14) and (2.17),

J1;p.	/ � 1

2
kr.u � v/k2

L2.Tp/
CM2kw � vkL1.T0/ C 1

2
kw � vk2L1.T0/

: (2.18)

Finally,

J1Ip;q.u/ D J1;p.u/C J1IpC1;q�1.u/C J1;q.u/

� �4M2kw � vkL1.T0/ � kw � vk2L1.T0/

� �K1: (2.19)

Remark 2.20. If v D v0 and w D w0, kw � vkL1.T0/ � 1.

The lower bound for J1Ip;q.u/ provided by Proposition 2.8 suggests defining

J1.u/ D lim
p!�1

q!1

J1Ip;q.u/ (2.21)

for u 2 b�1. For J1 so defined, there is also an upper bound for J1Ip;q.u/:

Lemma 2.22. If u 2 b�1 and p; q 2 Z with p � q,

J1Ip;q.u/ � J1.u/C 2K1: (2.23)

Proof. By (2.21) and Proposition 2.8,

J1.u/ D lim
s!�1

J1Is;p�1.u/C J1Ip;q.u/C lim
t!1

J1IqC1;t .u/

� J1Ip;q.u/� 2K1:

Define

�1 � �1.v;w/ �˚u 2 b�1 j ku � vkL2.Ti / ! 0; i ! �1;

ku � wkL2.Ti / ! 0; i ! 1�
:
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Fortunately, the expression for J1 simplifies when we are dealing with u 2 �1, since
the lim’s in (2.21) become limits. The next result shows this and more:

Proposition 2.24. If u 2 �1 and J1.u/ < 1, then

J1;i .u/ ! 0; ji j ! 1; (2.25)

k
1�iu � vkW 1;2.T0/ ! 0; i ! �1; (2.26)

k
1�iu � wkW 1;2.T0/ ! 0; i ! 1; (2.27)

J1.u/ D lim
p!�1

q!1

J1Ip;q.u/: (2.28)

Proof. By (2.23) with p D q D i , J1;i .u/ is bounded from above independently of
i 2 Z. Hence by (2.14), kr.
1�iu � v/kL2.T0/ is bounded independently of i 2 Z.
Since

k
1�iu � vkL2.T0/ � kw � vkL1.T0/; (2.29)


1�iu � v is bounded in W 1;2.T0/. Therefore there is a ' 2W 1;2.T0/ such that

1�iu � v ! ' weakly in W 1;2.T0/ and strongly in L2.T0/ for a subsequence of
i ’s ! �1. But since u 2�1, k
1�iu � vkL2.T0/ ! 0 as i ! �1. Hence ' D 0,
and it readily follows that 
1�iu ! v weakly in W 1;2.T0/ and strongly in L2.T0/ as
i ! �1 along the full sequence. By the weak convergence in W 1;2.T0/,Z

T0

rv � r.
1�iu � v/dx ! 0; i ! �1;

and by the convergence in L2.T0/,Z
T0

.F.x; 
1�iu/� F.x; v//dx ! 0; i ! �1:

These observations and (2.9) show that

lim
i!�1

J1;i .u/ D lim
i!�1

1

2
kr.
1�iu � v/k2

L2.T0/
� 0: (2.30)

If lim i!�1J1;i .u/ is positive, J1.u/D 1, contrary to hypothesis. Hence
lim i!�1 J1;i .u/ D 0. Providing a similar argument for i ! 1, (2.25) follows
with lim replaced by lim. Then (2.30) yields (2.26)–(2.27) along a subsequence.
Next it will be shown that

(i) lim
p!�1J1Ip;0.u/ and (ii) lim

q!1 J1I1;q.u/ (2.31)

exist. Then (2.25) and (2.28) are valid, and returning to (2.9) again shows that
(2.26)–(2.27) hold. A slight variant of an argument from [7] – see also Bosetto and
Serra [25] – will be employed.
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Their proofs being the same, the existence of (2.31) (i) will be verified. Set

P D fp 2 Z j p < 0 and J1;p.u/ � 0g:

If P is a finite set, J1Ip;0.u/ is a monotone nondecreasing sequence with
J1Ip;0.u/ � J1.u/C 2K1. Hence (2.31) (i) follows. If P is infinite, (2.9) shows that

lim
i!�1;i2P

k
1�iu � vkW 1;2.T0/ D 0: (2.32)

Suppose J1Ip;0.u/ does not converge as p ! �1. Set

`� D lim
p!�1

J1Ip;0.u/; `C D lim
p!�1J1Ip;0.u/;

so �K1 � `� < `C. Choose

0 < " < .`C � `�/=5: (2.33)

The following technical lemma is useful at this point.

Lemma 2.34. For any � > 0, there is a ı D ı.�/ > 0 such that if u 2 �1.v;w/,
p; q 2 Z, with p < q and

ku � vkW 1;2.Tj / � ı or ku � wkW 1;2.Tj / � ı (2.35)

for j D p and q, then
J1IpC1;q�1.u/ � ��: (2.36)

Assuming Lemma 2.34 for the moment, choose � D " and ı D ı."/. By (2.30)
and (2.32), there is a p0 2 P such that

(
J1;p.u/ � �" for all p � p0;

k
1�pu � vkW 1;2.T0/ � ı; p � p0; p 2 P:
(2.37)

Hence by Lemma 2.34,

J1IpC1;q�1.u/ � �"; (2.38)

whenever p; q 2 P and p < q � p0. Choose sequences .pk/; .qk/ � �N such that
qkC1 < pk < qk < p0 and

J1Ipk ;0.u/ ! `�I J1Iqk ;0.u/ ! `C; k ! 1: (2.39)

Therefore there is a k0 such that for k � k0,

J1Ipk ;0.u/ � `� C "I J1Iqk ;0.u/ � `C � ": (2.40)
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Next letbqk be the largest q 2 P such that q < qk and let bpk be the smallest p 2 P

such that p � pk . Then
J
1Ipk;bpk�1.u/ � 0 (2.41)

(where this term is not present ifbpk D pk). Thus by (2.40),

J
1Ibpk;0.u/ � `� C ": (2.42)

Similarly

J
1IbqkC1;qk�1.u/ � 0; (2.43)

so by (2.40) again,

J
1IbqkC1;0.u/ � `C � ": (2.44)

Consequently, by (2.42), (2.44), and (2.33),

J
1Ibpk;bqk .u/ D J

1Ibpk;0.u/� J
1IbqkC1;0.u/ � `� C " � .`C � "/ < �3": (2.45)

On the other hand, by (2.38),

J
1IbpkC1;bqk�1.u/ � �"; (2.46)

which combined with (2.37) with p D pk; qk yields

J
1Ibpk;bqk .u/ � �3"; (2.47)

contrary to (2.45). Thus `C D `� and the proof of Proposition 2.24 is complete
modulo the:

Proof of Lemma 2.34. Suppose, e.g., (2.35) holds with the v term. Take 	 as in
(2.15). Then (2.16) implies the result, provided that

jJ1;p.	/j C jJ1;q.	/j � �: (2.48)

But (2.48) follows from (2.35), the form of 	, and the continuity of J1;i (in
k � kW 1;2.Ti /) for i 2 Z.

Corollary 2.49. Suppose u 2 b�1.v;w/, J1.u/ < 1, and u � 
1�1u. Then either
(i) u 2 M0, or (ii) there are '; 2 M0 with v � ' <  � w such that
u 2 �1.';  /.
Proof. Set uk D 
1�ku. Since J1.u/ < 1 and by (2.23) .uk/ is bounded inW 1;2.T0/,
there is a ' 2 W 1;2.T0/ such that uk ! ' as k ! �1 along a subsequence, weakly
in W 1;2.T0/ and strongly in L2.T0/. Since 
1�1uk D ukC1 � uk , the entire sequence
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converges to ' in L2.T0/ and 
1�1' D ', i.e., ' 2 �0. If ' 62 M0, J0.'/ > c0 C "

for some " > 0. Since J0 is weakly lower semicontinuous,

c0 C " < J0.'/ � lim
k!1

J0.uk/:

But then J1.u/ D 1, a contradiction. Thus ' and similarly  , the weak limit of
uk as k ! 1, belong to M0. If ' D  , u � 
1�1u implies u D ' and (i) holds.
Otherwise ' <  and (ii) is valid.

Having established some convergence results for J1, next a compactness property
of minimizing sequences will be studied. It represents, in the current setting, the
analogue of the Palais–Smale condition in other contexts involving critical point
theory and is modeled on similar results in [7].

Proposition 2.50. Let Y � b�1.v;w/. Suppose Y possesses the following property:

(Y11) Let u 2 Y, p 2 N, and let U be a sequential weak limit (inW 1;2
loc .R � T

n�1/) of
.uk/ � Y. Define 	p � 	p.u; U / by

	p D

8̂
<̂
ˆ̂:

u; x1 � �p;
U; �p C 1 � x1 � p;

u; p C 1 � x1;

and extend 	p to the intermediate intervals as in (2.15). Then 	p.u; U / 2 Y

for all large p (independently of u).

Define

c.Y/ D inf
u2Y

J1.u/: (2.51)

If c.Y/ < 1 and .uk/ is a minimizing sequence for (2.51), then there is a U 2 b�1
such that along a subsequence, uk ! U in W 1;2

loc .R � T
n�1/.

Proof. Since .uk/ is a minimizing sequence for (2.51), there is an M > 0 such that

J1.uk/ � M: (2.52)

By Lemma 2.22, .uk/ is bounded in W 1;2
loc .R � T

n�1/. Therefore passing to a subse-
quence, it can be assumed that there is a U 2 W 1;2

loc .R � T
n�1/ such that uk ! U

weakly in W 1;2
loc .R � T

n�1/, strongly in L2loc.R � T
n�1/, and pointwise a.e. Thus

U 2 b�1. It remains to show that convergence is in W 1;2
loc .R � T

n�1/. For i 2 Z, set

ıi D lim
s!1

J1;i .us/� J1;i .U /: (2.53)
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Since J1;i is weakly lower semicontinuous, ıi � 0. By Proposition 2.8,
Lemma 2.22, and (2.53), for any p 2 N,

�K1 � J1I�p;p.U / D
pX

�p

�
lim
s!1

J1;i .us/� ıi

�
� lim

s!1
J1I�p;p.us/�

pX
�p
ıi

� lim
s!1

J1.us/C 2K1 �
pX

�p
ıi : (2.54)

Therefore by (2.52) and (2.54),

X
i2Z

ıi � M C 3K1: (2.55)

Consequently ıi ! 0 as ji j ! 1. Next observe that by (2.53), (2.9), and the
convergence already established for uk ,

ıi D 1

2
lim
s!1

�
kr.us � v/k2

L2.Ti /
� kr.U � v/k2

L2.Ti /

�
: (2.56)

Since

kr.us � U /k2
L2.Ti /

Dkr.us � v/k2
L2.Ti /

C kr.U � v/k2
L2.Ti /

� 2

Z
Ti

r.us � v/ � r.U � v/dx;

lim
s!1

kr.us � U /k2
L2.Ti /

D lim
s!1

kr.us � v/k2
L2.Ti /

� kr.U � v/k2
L2.Ti /

: (2.57)

Thus combining (2.56)–(2.57) yields

2ıi D lim
s!1

kr.us � U /k2
L2.Ti /

: (2.58)

By (Y 11 ), 	k;p � 	p.uk; U / 2 Y for large p. Therefore

c.Y/ � J1.	k;p/ DJ1I�1;�p.uk/C J1I�pC1;p�1.U /C J1Ip;1.uk/

C J1;�p.	k;p/ � J1;�p.uk/C J1;p.	k;p/ � J1;p.uk/: (2.59)

Passing to a subsequence of .uk/ for which (2.58) holds as a limit, it follows that
there is an ˛p ! 0 as p ! 1 such that

jJ1;�p.	k;p/� J1;�p.uk/j C jJ1;p.	k;p/� J1;p.uk/j � ˛p (2.60)
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for k � k0.p/. Thus by (2.59)–(2.60),

c.Y/ � J1.uk/C J1I�pC1;p�1.U / � J1I�pC1;p�1.uk/C ˛p

� J1.uk/C lim
s!1

J1I�pC1;p�1.us/� J1I�pC1;p�1.uk/�
p�1X

�pC1
ıi C ˛p: (2.61)

Letting k ! 1 gives
p�1X

�pC1
ıi � ˛p; (2.62)

and then letting p ! 1 shows that ıi D 0 for all i 2 Z, completing the proof of
Proposition 2.50.

Remark 2.63. For the results of Chapters 3–5, the choice of Y is such that a milder
version of .Y 11 / suffices: There is an R > 0 such that whenever u 2 Y and 	 2 b�1
with 	.x/ D u.x/ for jx1j � R, then 	 2 Y. However, for the results of the later
sections involving multitransition solutions, the sets Y used there involve additional
integral constraints. These constraints are also satisfied by the weak W 1;2

loc limits of
sequences of Y, and the full strength of .Y 11 / is needed for these settings.

In applications of Proposition 2.50 in later sections, the members of Y will satisfy
some asymptotic conditions as in the definition of �1. The convergence of uk to U is
merely inW 1;2

loc ; .R �T
n�1/ so a prioriU need not possess this asymptotic behavior.

Consequently, U may not belong to Y. Nevertheless, if an additional condition is
satisfied by the minimizing sequence,U will satisfy (PDE), as the next result shows.

Proposition 2.64. Under the hypothesis of Proposition 2.50, suppose

(Y12) there is a minimizing sequence .uk/ for (2.51) such that for some r 2 .0; 1
2
/,

some z 2 R
n, all smooth ' with support in Br.z/ D fx 2 R

n j jx� zj < rg and
associated t0.'/ > 0,

c.Y/ � J1.uk C t'/C ık (2.65)

for all jt j � t0.'/, where ık D ık.'/ ! 0 as k ! 1.

Then the weak limit U of uk satisfies (PDE) in Br.z/.

Proof. Suppose .uk/ is the minimizing sequence for (2.51) satisfying (2.65). Define
"k via

J1.uk/ D c.Y/C "k; (2.66)

so "k ! 0 as k ! 1. By (2.65),

c.Y/ � J1.uk/ D c.Y/C "k � J1.uk C t'/C ık C "k;
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or
J1.uk/ � J1.uk C t'/C ık C "k: (2.67)

Now Br.z/ � Œp; q C 1� � T
n�1 for some p; q 2 Z, p � q. Then by (2.67),

J1Ip;q.uk/ � J1Wp;q.uk C t'/C ık C "k: (2.68)

Letting k ! 1 and using theW 1;2
loc .R�T

n�1/ convergence of uk to U , (2.68) shows
that

J1Ip;q.U / � J1Ip;q.U C t'/;

or Z
Br .z/

L.U /dx �
Z
Br .z/

L.U C t'/dx: (2.69)

for all smooth ' with support in Br.z/ and jt j � t0.'/. Hence standard elliptic
regularity arguments imply that U is a solution of (PDE) in Br.z/.

The final result in this section provides a useful tool for comparison arguments
that will be used repeatedly later. For v 2 M0, set

�1.v/ D fu 2 b�1.v � 1; v C 1/ j ku � vkL2.Ti / ! 0; ji j ! 1g:

Remark 2.70. It is readily verified that the conclusions of Proposition 2.24 hold for
�1.v/, (2.27) being deleted and (2.26) valid for ji j ! 1.

Define
c1.v/ D inf

u2�1.v/
J1.u/ (2.71)

and set
M1.v/ D fu 2 �1.v/ j J1.u/ D c1.v/g:

Theorem 2.72. If F satisfies (F1)–(F2), then c1.v/ D 0 and M1.v/ D fvg.

Proof. Since v 2 �1.v/ and J1.v/ D 0,

c1.v/ � 0: (2.73)

To obtain the reverse inequality, it suffices to show that

J1.u/ � 0 (2.74)

for all u 2 �1.v/. Thus suppose u 2 �1.v/ and J1.u/ < 1. In the definition of
	p in .Y 11 / of Proposition 2.50, replace u by v, U by u, and denote the resulting
function by 	p . Thus 	p 2 �1.v/. Set 'p D 	pjŒ�p�1;pC1��Tn�1 and extended as a
(2pC 2)-periodic function of x1. Then 'p 2 �0.`/ with ` D .2p C 2; 0; : : : ; 0/, so
by Proposition 2.2,

0 � J1I�p�1;p.'p/ D J1I�p;p.'p/ D J1I�p;p.	p/ D J1.	p/: (2.75)
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Now

J1.	p/ D J1.u/C J1;�p.	p/ � J1;�p.u/
C J1;p.	p/� J1;p.u/� J1I�1;�p�1.u/� J1IpC1;1.u/

� J1.u/� Rp.u/;

so by (2.75),
Rp.u/ � J1.u/: (2.76)

Now to prove (2.74), it will be shown that Rp.u/ ! 0 as p ! 1. By Remark 2.70
and Proposition 2.24, the tails J1I�1;�p�1.u/, J1IpC1;1.u/ approach 0 as p ! 1
and likewise the differences

J1I�p.	p/� J1;�p.u/; J1;p.	p/� J1;p.u/

go to 0 as p ! 1, since 
1˙p	p , 
1˙pu ! v in W 1;2.T0/ via (2.26).

Remark 2.77. The above argument holds equally well if v ˙ 1 is replaced by v ˙ j

for any j 2 N.

It remains to prove that M1.v/ D fvg. Let u 2 M1.v/. Then v�1 � u � vC1, so
for any z 2 R

n, r 2 .0; 1
2
/, ' smooth with support in Br.z/, and jt j small (depending

on '), v�2 � uC t' � vC2. Hence with the aid of Remark 2.77, and uk D u, note
that (Y1

2) of Proposition 2.64 (with ık D 0) is satisfied. Consequently, u satisfies
(PDE) for all z 2 R

n. By (F2), u 2 M1.v/ implies 
1�1u 2 M1.v/. If 
1�1u D u, u is
1-periodic in x1, and ku � vkL2.Ti / ! 0 as ji j ! 1 then implies u � v, completing
the proof. Thus suppose u 6D 
1�1u. An argument like that of Proposition 2.2 (and
essentially due to Moser [1]) then leads to a contradiction. We claim that

(i) u < 
1�u or (ii) u > 
1�1u: (2.78)

Otherwise, set ' D max.u; 
1�1u/ and  D min.u; 
1�1u/. Then ' �  and there are
points � and � such that '.�/ D  .�/ and '.�/ >  .�/. Note that for any i 2 Z,

Z
Ti

.L.'/C L. //dx D
Z
Ti

.L.u/C L.
1�1u//dx;

or
J1;i .'/C J1;i . / D J1;i .u/C J1;i .


1�1u/: (2.79)

Therefore summing over i leads to

J1.'/C J1. / D J1.u/C J1.

1�1u/ D 0: (2.80)

Since '; 2 �1.v/, J1.'/, J1. / � 0. Hence by (2.80), '; 2 M1.v/ and thus
they satisfy (PDE). Consequently their difference f D ' �  is nonnegative and
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satisfies (2.5). Hence a contradiction as in the proof of Proposition 2.2 obtains,
yielding (2.78). The remaining argument is the same for (i) or (ii) in (2.78), so
suppose (i) holds. Then for all j 2 N,


1j u < u < 
1�j u: (2.81)

Letting j ! 1 gives
v � u � v; (2.82)

and the proof of Theorem 2.72 is complete.

Remark 2.83. Suppose (	)0 holds. Set

e�1.v0/ D fu 2 �1.v0/ j v0 � u � w0g

and
ec1.v0/ D inf

u2e�1.v0/ J1.u/:
Then since e�1.v0/ � �1.v0/,

0 D c1.v0/ �ec1.v0/ � J1.v0/ D 0; (2.84)

soec1.v0/ D 0 and likewise

eM1.v0/ D fu 2 e�1.v0/ j J1.u/ Dec1.v0/g D fv0g

via Theorem 2.72.

Remark 2.85. Suppose condition .F3/ holds, i.e., F is even in x1; : : : ; xn. Then as
was shown in [9],

c0 D inf
u2W 1;2.Œ0;1�n/

J0.u/

and any u 2 M0 is even in x1; : : : ; xn. Therefore if u 2 b�1.v0;w0/,

J1;i .u/ D
Z
Ti

L.u/dx � c0 � 0

for all i 2 Z and J1.u/ � 0 on this set of functions. This fact allows us to obtain
several of the results of this section and in the sequel much more simply. See, e.g.,
[13, 14] for a treatment of (PDE) under this additional hypothesis.



Chapter 3
The Simplest Heteroclinics

Using the preliminary results of Chapter 2, the existence of heteroclinic solutions of
(PDE) will be established in this section. To formulate the main result, set

c1 D c1.v0;w0/ � inf
u2�1.v0;w0/

J1.u/: (3.1)

Theorem 3.2. If F satisfies (F1)–(F2) and (�)0 holds,

1o There is a U1 2 �1 such that J1.U1/ D c1, i.e.,

M1 D M1.v0;w0/ � fu 2 �1.v0;w0/ j J1.u/ D c1g 6D ;I

2o Any U 2 M1 satisfies

(a) U is a solution of (PDE);
(b) kU � v0kC2.Ti / ! 0, i ! �1,

kU � w0kC2.Ti / ! 0, i ! 1,
i.e., U is heteroclinic in x1 from v0 to w0,

(c) v0 < U < �1�1U < w0, i.e., U is strictly 1-monotone in x1,

3o M1 is an ordered set.

Proof. Let .uk/ � �1 be a minimizing sequence for (3.1). Then there is an M > 0

such that for all k 2 N,
J1.uk/ � M: (3.3)

Since J1.u/ D J1.�
1�1u/ for u 2 �1 via (F2), unless a normalization is imposed

on .uk/, it may converge weakly to, e.g., v0, yielding no useful information. Thus
normalize uk via

Z
Ti

uk dx � 1

2

Z
T0

.v0 C w0/dx �
Z
T0

uk dx (3.4)

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 3, © Springer Science+Business Media, LLC 2011
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for all i 2 Z, i < 0, and for all k 2 N. This is possible by the definition of �1.
Noting that Y D �1.v0;w0/ satisfies (Y1

1) of Proposition 2.50, by that result there is
a U1 2 b�1.v0;w0/ such that uk ! U1 in W 1;2

loc .R � T
n�1/ along a subsequence that

can be taken to be the entire sequence. By (3.4), for 0 > i 2 Z,

Z
Ti

U1 dx � 1

2

Z
T0

.v0 C w0/dx �
Z
T0

U1 dx; (3.5)

so v0 6� U1 6� w0. By Proposition 2.8, (2.23), and the weak lower semicontinuity of
J1Ip;q ,

�K1 � J1Ip;q.U1/ � M C 2K1 (3.6)

for any p � q. Hence

�K1 � J1.U1/ � M C 2K1: (3.7)

To complete the proof, it will be shown that (A) U1 is a solution of (PDE), as is
any U 2 M1; (B) U1 and any U 2 M1 satisfy 2o(b) and 2o(c); (C) J1.U1/ D c1, so
1o holds, and lastly (D) 3o is valid.

Proof of (A). For the first statement it suffices to verify (Y1
2) of Proposition 2.64 for

.uk/. Since v0 � uk � w0, for t0 D t0.'/ sufficiently small,

w0 � 2 � v0 � 1 � uk C t' � w0 C 2:

Set fk D max.uk C t';w0/ and gk D min.uk C t';w0/. By Remark 2.77, it can be
assumed that fk 2 �1.w0/. Hence by Theorem 2.72,

J1.fk/ � 0: (3.8)

Since gk 2 b�1.v0 � 1;w0/, by (3.8),

J1.gk/ � J1.fk/C J1.gk/; (3.9)

and as in (2.79)–(2.80),

J1.fk/C J1.gk/ D J1.uk C t'/: (3.10)

Set �k D max.gk; v0/ and  k D min.gk; v0/. Then �k 2 �1 and  k 2 �.v0/, so as
in (3.8)–(3.10),

J1.�k/ � J1.�k/C J1. k/ D J1.gk/: (3.11)

Combining (3.9)–(3.11) gives

c1 � J1.uk/ � c1 C ık � J1.�k/C ık � J1.uk C t'/C ık; (3.12)

where ık ! 0 as k ! 1. Thus (Y1
2) holds and U1 is a solution of (PDE). Next

observe that if U 2 M1, the sequence .'k/, where 'k D U for all k 2 N, is a mini-
mizing sequence for (3.1). Hence by what was just shown, U is a solution of (PDE).
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Proof of (B). Suppose that

U1 � �1�1U1: (3.13)

Then since U1 2 b�1.v0;w0/ n fv0;w0g by (3.7), (3.13), and Corollary 2.49,
U1 2 �1.v0;w0/. Likewise anyU 2 M1 belongs to�1.v0;w0/. Hence by Proposition
2.24, ku � v0kW 1;2.Ti / ! 0 as i ! �1 and ku � w0kW 1;2.Ti / ! 0 as i ! 1 for
u D U1 or U . By (A), u is a solution of (PDE), and by the Schauder estimates, for
any ˛ 2 .0; 1/; u is bounded in C2;˛.R � T

n�1/. Hence the W 1;2 asymptotics and
standard interpolation inequalities yield 2o(b).

To verify (3.13), set ˆk D max.uk; �1�1uk/ and ‰k D min.uk; �1�1uk/. Then
ˆk;‰k 2 �1 and as in (2.79)–(2.80),

J1.ˆk/C J1.‰k/ D J1.uk/C J1.�
1�1uk/ D 2J1.uk/ ! 2c1 (3.14)

as k ! 1. Therefore ˆk and ‰k are also minimizing sequences for (3.1). Using
Propositions 2.50 and 2.64 again together with the fact that max.	; 	/ and min.	; 	/
are continuous on W 1;2

loc .R � T
n�1/ shows that ˆk ! ˆ D max.U1; �1�1U1/ and

‰k ! ‰ D min.U1; �1�1U1/ in W 1;2
loc .R � T

n�1/ as k ! 1 with ˆ;‰ solutions
of (PDE). Since ˆ � ‰, the maximum principle argument following (2.5) implies
either (i) ˆ � ‰ or (ii) ˆ > ‰ on R � T

n�1. If (i) occurs, U1 is 1-periodic in x1, so
U1 2 �0 \ b�1. Moreover, as noted earlier, v0 6� U1 6� w0. Therefore J0.U1/ > c0,
so J1.U1/ D 1, contrary to (3.7). Thus (ii) occurs, so either (a) U1 > �1�1U1 or
(b) U1 < �1�1U1. But (a) is not compatible with (3.5) (for i D �1). Therefore (b)
holds and (3.13) is valid. Note also that if U 2 M1 and ˆ;‰ are as above with U
replacing U1, (3.14) with J1.U / D c1 shows that ˆ and ‰ are solutions of (PDE).
Again as above this leads to (a) or (b), and since U 2 �1, its asymptotic behavior
excludes (a). Thus any U 2 M1 also satisfies (3.13). The remaining inequalities in
2o(c) for U1 or U 2 M1 follow from the maximum principle as in (2.5).

Proof of (C). Since U1 2 �1,
J1.U1/ � c1: (3.15)

An approximation argument will be used to obtain the reverse inequality. By (3.7),
J1.U1/ < 1 so Proposition 2.24 implies

8<
:

kU1 � v0kW 1;2.Ti / ! 0; i ! �1;

kU1 � w0kW 1;2.Ti / ! 0; i ! 1:
(3.16)

Set bT i D SiC1
jDi�1 Tj . Let " > 0.

By (3.16), p0 D p0."/ can be chosen such that if p � p0,

kU1 � v0kW 1;2.bT
�p/

� "=2: (3.17)



26 3 The Simplest Heteroclinics

By Proposition 2.50, there is a k0 D k0.p/ such that for k � k0,

kuk � U1kW 1;2.bT
�p/

� "=2: (3.18)

Hence for such k and p,
kuk � v0kW 1;2.bT

�p/
� ": (3.19)

Similarly for k � k0.p/, it can be assumed that

kuk � w0kW 1;2.bT p/ � ": (3.20)

Since uk 2 �1, there is a q0 D q0.k/ such that for q � q0,

kuk � v0kW 1;2.bT
�q/
; kuk � w0kW 1;2.bT q/ � ": (3.21)

Define

fk D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

uk; x1 � p � 1;
w0; p � x1 � p C 1;

uk; p C 2 � x1 � q � 1;

w0; q � x1 � q C 1;

uk; q C 2 � x1:

(3.22)

Extend fk to the intermediate intervals as in (2.15). Then by (3.20)–(3.21), there is
a �."/ such that

jJ1Ip;q.uk/� J1Ip;q.fk/j � �."/ (3.23)

and �."/ ! 0 as " ! 0. The function fk
ˇ̌
.p;qC1/�Tn�1 extends naturally to a

(q C 1 � p)-periodic function of x1, so by Proposition 2.2,

J1Ip;q.fk/ � 0: (3.24)

Since
J1I1;1.uk/ D J1I1;p�1.uk/C J1Ip;q.uk/C J1IqC1;1.uk/; (3.25)

by (3.23)–(3.25),

J1I1;1.uk/ � J1I1;p�1.uk/� �."/C J1IqC1;1.uk/: (3.26)

Letting q ! 1 in (3.26) and combining it with the analogous estimate for
J1I�1;0.uk/ yields

J1.uk/ � J1I�pC1;p�1.uk/� 2�."/: (3.27)

Thus letting k ! 1 and using Proposition 2.50 again shows that

c1 � J1I�pC1;p�1.U1/ � 2�."/: (3.28)
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Lastly, letting p ! 1 and then " ! 0 gives

c1 � J1.U1/: (3.29)

This with (3.15) completes the proof of 1o of Theorem 3.2.

Proof of (D). Let V;W 2 M1 and set ˆ D max.V;W / and ‰ D min.V;W /. Then

J1.ˆ/C J1.‰/ D J1.V /C J1.W / D 2c1; (3.30)

so by the argument of the end of (B),ˆ;‰ 2 M1 with ˆ � ‰ and either ˆ � ‰, in
which case V � W , orˆ > ‰, and then V > W orW > V . The proof of Theorem
3.2 is complete.

Remark 3.31. Reversing the roles of v0 and w0, there is also a solution of (PDE)
heteroclinic in x1 from w0 to v0 and periodic in x2; : : : ; xn. Using the natural
notation, it lies in

M1.w0; v0/ � fu 2 �1.w0; v0/jJ1.u/ D c1.w0; v0/g:

Next we will give another characterization of c1. For that purpose, set

S1 D fu 2 b�1 j u � �1�1u and v0 6� u 6� w0g:

Corollary 3.32.
c1 D inf

u2S1
J1.u/:

Proof. By Corollary 2.49, fu 2 S1 j J1.u/ < 1g � �1. Therefore

s � inf
u2S1

J1.u/ � c1:

But by Theorem 3.2, U 2 M1 implies U 2 S1, so J1.U / D c1 � s. Hence s D c1.

Remark 3.33. An examination of the proof of Theorem 3.2 shows that assertions
2o–3o do not require (�)0 directly but merely that M1 6D ;. Next we will show that
(�)0 is both necessary and sufficient in order that M1 6D ;.

Theorem 3.34. Suppose F satisfies (F1)–(F2), and v;w 2 M0 with v 6D w. Then
M1.v;w/ 6D ; iff v and w are adjacent members of M0.

Proof. The sufficiency follows from Theorem 3.2. Thus assume M1.v;w/ 6D ; with,
e.g., v < w. If v and w are not adjacent members of M0, there is a u 2 M0 with
v < u < w. Let U 2 M1.v;w/. Then f D min.u; U / 2 �1.v; u/ and
g D max.u; U / 2 �1.u;w/, so as in (2.79)–(2.80),

c1.v; u/C c1.u;w/ � J1.f /C J1.g/ D J1.U / D c1.v;w/: (3.35)
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We claim that there is strict equality in (3.35). Otherwise,

" D c1.v;w/� c1.v; u/� c1.u; v/ > 0:

With � free for the moment, choose ' 2 �1.v; u/ and  2 �1.u;w/ such that

8<
:

k' � ukW 1;2.Ti / � �; i � 0;

k � ukW 1;2.Ti / � �; i � 1;

(3.36)

and 8<
:
J1I�1;�1.'/ < c1.v; u/C "=3;

J1I1;1. / < c1.u;w/C "=3:

(3.37)

This is possible since h 2 �1.˛; ˇ/ implies �1�j h 2 �1.˛; ˇ/ for all j 2 Z. Set

� D
(
'; x1 � 0;

 ; x1 � 1;
(3.38)

with the usual interpolation in between. Choose � so small that

J1;0.�/ < "=3: (3.39)

Then by (3.37)–(3.39) and the choice of ",

J1.�/ < c1.v;w/: (3.40)

But � 2 �1.v;w/, so (3.40) is impossible. Hence there is equality in (3.35), so
f 2 M1.v; u/ and g 2 M1.u;w/. Therefore by Remark 3.33, f and g are solutions
of (PDE) and v < f < u. But f D u for large x1, a contradiction. Consequently
M1.v;w/ D ;.

Remark 3.41. Theorem 3.34 does not exclude the possibility of there being a
solution of (PDE) heteroclinic in x1 from v to w with v and w nonadjacent members
of M0. Indeed, such heteroclinics will be constructed in Chapter 9. Theorem 3.34
simply prohibits such solutions from being minimizers of J1 in �1.v;w/.

The next result shows that the gap condition (�)0 depends continuously on
F . First some notation is needed to deal with multiple functions and functionals
associated with .F1/–.F2/. SupposeH satisfies .F1/–.F2/. For u 2 �0, set

JH0 .u/ D
Z

Tn

�
1

2
jruj2 CH.x; u/

�
dxI

c0.H/ D inf
u2�0

JH0 .u/I
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and

M0.H/ D fu 2 �0 j JH0 .u/ D c0.H/g:
When .�/0 holds for H , an associated gap pair will be denoted by v0.H/, w0.H/.

Proposition 3.42. Let F satisfy (F1)–(F2). If (�)0 holds for F , there is an " such
that if

kF � F kL1.TnC1/ C kFu � F ukL1.TnC1/ � "; (3.43)

then (�)0 holds for F . Moreover, suppose v0, w0 is a gap pair for F and

˛0 D
Z
T0

v0 dxI ˇ0 D
Z
T0

w0 dx:

Then for any ı 2 .0;
ˇ0�˛0
2
/, there is an "1 D "1.F; ı/ such that (3.43) with "1

implies Z
T0

v dx 62 .˛0 C ı; ˇ0 � ı/ (3.44)

for all v 2 M0.F /.

Proof. If suffices to prove the second assertion. If it is false, for some such ı there
is a sequence .Fk/ satisfying .F1/–.F2/,

kF � FkkL1.TnC1/ C kFu � FkukL1.TnC1/ � 1

k
; (3.45)

and an associated uk 2 M0.Fk/ with

Z
T0

uk dx 2 .˛0 C ı; ˇ0 � ı/: (3.46)

By (3.45), if w 2 M0.F /,

c0.Fk/ D
Z
T0

�
1

2
jruk j2 C Fk.x; uk/

�
dx �

Z
T0

�
1

2
jrwj2 C Fk.x;w/

�
dx

D c0.F /C
Z
T0

.Fk.x;w/ � F.x;w//dx � c0.F /C 1: (3.47)

Therefore

kukkW 1;2.T0/ � M1; (3.48)
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where the constant M1 is independent of k. By the Poincaré inequality, for any
p > 1,

kuk �
Z
T0

ukkLp.T0/ � M2krukkLp.T0/;

and hence by (3.46),

kukkLp.T0/ � j˛0j C jˇ0j CM2krukkLp.T0/: (3.49)

Now (PDE) for Fk and the Lp elliptic theory imply

kukkW 2;p.T0/ � M3.kukkLp.T0/ C kFku.	; uk/kLp.T0//: (3.50)

By the Gagliardo–Nirenberg inequality [26],

krukkLp.T0/ � M4kukkaw2;p.T0/krukk1�aL2.T0/
; (3.51)

where a D n.p � 2/=.n.p � 2/C 2p/ 2 .0; 1/. Finally, for any ˛ 2 .0; 1/ and p
sufficiently large,

kukkC1;˛.T0/ � M5kukkW 2;p.T0/: (3.52)

Consequently, (3.48)–(3.52) yield

kukkC1;˛.T0/ � M6 (3.53)

with M6 independent of k. Hence there is a u 2C1;˛.T0/ such that along a
subsequence, uk ! u in C1.T0/. By (PDE) for Fk ,

Z
T0

.ru 	 r' C Fu.x; u/'/dx D 0 (3.54)

for all ' 2 W 1;2.T0/, i.e., u is a weak solution of (PDE). Standard regularity results
therefore imply that u 2 C2;˛.T0/ and that u is a classical solution of (PDE).
Moreover, by (3.45) and (3.47), J0.u/ D c0.F /, so u 2 M0.F /. But by (3.46),

Z
T0

u dx 2 .˛0; ˇ0/;

contrary to (�)0 for F .

Remark 3.55. By (3.44), there is a v0.F / 2 M0.F / with largest mean value that is
less than ˛0Cı and a w0.F / 2 M0.F / with smallest mean value that is greater than
ˇ0 � ı. The proof of Proposition 3.42 shows that the unique gap pair v0.F /, w0.F /
for (�)0 for F approaches v0.F /, w0.F / as F ! F in C1.TnC1/.
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Even if (�)0 fails, by perturbing F slightly, (�)0 can be regained, i.e., (�)0 is a
generic condition. More precisely:

Proposition 3.56. Let F satisfy .F1/–.F2/. Then there is a G satisfying .F1/–.F2/
such that if " 6D 0, (�)0 holds for (PDE) with F replaced by F C "G.

Proof. Let v 2 M0.F / and set

G.x; u/ D sin2 �.u � v.x//:

Then G satisfies (F1)–(F2), and so does F C "G for any " 6D 0. Moreover, since
G > 0 except on f.x; v.x/ C j / j x 2 T

n; j 2 Zg, it readily follows that
M0.F C "G/ D fv C j j j 2 Zg and the proposition follows.

Proposition 2.2 showed that M0 D M0.`/, i.e. by seeking solutions of (PDE)
with integer periods other than 1, nothing new is obtained. In the same vein, the
other results of Chapter 2 and this section required

u.x C ei / D u.x/; 2 � i � n; (3.57)

but that the period was 1 played no role. Thus with inessential changes, these results
are also true if (3.57) is replaced by

u.x C `i ei / D u.x/; 2 � i � n; (3.58)

where `i 2 N. In particular, Theorem 3.2 provides the set M1.`/ of solutions of
(PDE) heteroclinic in x1, satisfying (3.58), and minimizing J1.`; u/ over �1.`/,
where ` D .`2; : : : ; `n/ and J1.`; u/ and �1.`/ are the natural extensions of J1 and
�1 to this setting. Moreover the following version of Proposition 2.2, which will be
required in Chapter 4, shows that no new solutions are obtained in this fashion.

Proposition 3.59. M1.`/ D M1 and c1.`/ � infu2�1.`/ J1.`; u/ D �Qn
2 `i /c1.

Proof. Using that M1.`/ is ordered and u.x C ei/ 2 M1.`/, 2 � i � n, the proof
follows exactly as in Proposition 2.2.

To conclude this section, the relationship between the solutions of (PDE) that
have been constructed here, namely M0;M1.v0;w0/, and M1.w0; v0/, and solutions
of (PDE) that are minimal and WSI will be explored. As was mentioned in
Chapter 1, when .�/0 holds, Bangert found solutions of (PDE) of this type that
were heteroclinic in x1 from v0 to w0 and periodic in x2; : : : ; xn as well as solutions
heteroclinic from w0 to v0. Among other things, the next theorem shows that
Bangert’s solutions precisely constitute M1.v0;w0/[ M1.w0; v0/.

Theorem 3.60. Let F satisfy (F1)–(F2).

1o If u 2 M0 or if .�/0 holds and u 2 M1.v0;w0/ [ M1.w0; v0/, then u is minimal
and WSI.
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2o If u is a solution of (PDE) with u.x C ei/ D u.x/, 2 � i � n, with
rotation vector 0, and is minimal and WSI, then u 2 M0 or .�/0 holds and
u 2 M1.v0;w0/ [ M1.w0; v0/ for some adjacent pair v0;w0 2 M0.

Proof. 1o If u 2 M0 [ M1.v0;w0/ [ M1.w0; v0/, by 2o(c) of Theorem 3.2, it is
clear that u is WSI. To see that u is also minimal, let � be any bounded domain
in R

n with a smooth boundary. Suppose u 2 M0. By shifting the origin to some
appropriate j 2 Z

n, it can be assumed that � � Œ0; `1	 � 	 	 	 � Œ0; `n	 for some
` 2 N

n. Then in the notation of Chapter 2,

inf
S

Z
�

L.f /dx (3.61)

exists, where

S D ff 2 �0.`/jf D u in .Œ0; `1	 � 	 	 	 � Œ0; `n	/n�g:
Moreover, the inf in (3.61) is achieved by some g 2 S. If u is not a minimizer, then
via Proposition 2.2, J `0 .g/ < J `0 .u/ D c0.`/, a contradiction. Thus u is minimal.
Similarly, using Proposition 3.59 shows that if u 2 M1.v0;w1/ [ M1.w0; v1/, then
u is minimal and 1o holds.

To prove 2o, the following technical result is needed.

Lemma 3.62. If u 2 W 1;2
loc .R �T

n�1/ is minimal, then for any ' 2 W 1;2
loc .R �T

n�1/
with compact support,

Z
R�Tn�1

.L.u C '/ � L.u//dx � 0: (3.63)

Proof. Letbx D .x2; : : : ; xn/ and ` 2 N. For s 2 R, let 
`.s/ be a C1 function such
that 
` D 1 on jsj � `; 
` D 0 if jsj � ` C 1 � 1, and 0 � 
` � 1. Since u is
minimal,

0 �
Z

Rn

.L.u C 
`.j Oxj/'/ �L.u//dx: (3.64)

Suppose the support of ' lies in Œp; q C 1	 � T
n�1 with p; q 2 Z. Then (3.64)

can be rewritten as

0 �
Z
Œp;qC1	�Œ�`�1;`C1	n�1

.L.u C 
`'/ �L.u//dx

D .2`/n�1
Z
Œp;qC1	�Œ0;1	n�1

.L.u C '/ �L.u//dx C R`.u; '/; (3.65)

where
R`.u; '/ D

Z
A`

.L.u C 
`'/ �L.u//dx
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and A` is the region

Œp; q C 1	 � .Œ�` � 1; `C 1	n�1nŒ�`; `	n�1/:

Since u; ' 2 W 1;2
loc .R � T

n�1/, for each of the .q �pC 1/Œ.2.`C 1//n�1 � .2`/n�1	
unit cubes ai in R

n that make up A`, we have an estimate of the form

ˇ̌
ˇ̌Z
ai

.L.u C 
`'/ �L.u//dx
ˇ̌
ˇ̌ � M (3.66)

whereM depends on u and ' but not `. Therefore by (3.65)–(3.66),

0 � .2`/n�1
Z

R�Tn�1

.L.u C '/ �L.u//dx CMb`n�2; (3.67)

where b depends on n and '. Hence dividing (3.67) by .2`/n�1 and letting ` ! 1
yields (3.63).

Proof of 2o of Theorem 3.60. The proof here requires more work. Let u be a solution
of (PDE) with rotation vector ˛ D 0 that is minimal and WSI. Since ˛ D 0, by
Theorem 1.2, u is bounded. Therefore there are a smallest w and largest v in M0

such that v � u � w. If v D w, u 2 M0. Thus suppose that v < w. Then as in the
argument involving (2.5), v.x/ < u.x/ < w.x/ for all x. Since u is WSI, �1�1u D u,
�1�1u > u, or �1�1u < u.

Suppose

�1�1u < u: (3.68)

For k 2 Z, the sequence of functions uk D �1ku is bounded in C 2.T0/. Since
by (3.68),

ukC1 > uk; (3.69)

as k ! 1, uk converges in C2.T0/ to u � w. Similarly, as k ! �1, uk ! u � v.
By (3.69),

�1�1' D ' (3.70)

for ' 2 fu; ug. Thus u; u 2 �0.
We claim that ' 2 M0 for ' 2 fu; ug. For example, if ' D u and

J0.'/ > c0; (3.71)

there is a k0 2 N such that for k � k0,

J0.uk/ � c0 � 1

2
.J0.u/� c0/ � � > 0: (3.72)
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Therefore for q � p C 4 � k0,

J1Ip;q.u/ � .q � p/�: (3.73)

Set

fp;q D

8̂
ˆ̂̂<
ˆ̂̂̂
:

.p C 2 � x1/u C .x1 � .p C 1//w; p C 1 � x1 � p C 2;

w; p C 2 � x1 � q � 2;

.q � 2 � x1/w C .x1 � .q � 1//u; q � 2 � x1 � q � 1;
u; otherwise.

By Lemma 3.62,
0 � J1Ip;q.u/� J1Ip;q.fp;q/: (3.74)

Then by (3.73)–(3.74),

0 � J1IpC1;q�1.u/� J1;pC1.fp;q/� J1;q�2.fp;q/

� .q � p � 2/� � J1;pC1.fp;q/ � J1;q�2.fp;q/: (3.75)

Since for � 2 Œ0; 1	, �uk C .1 � �/w ! �u C .1 � �/w as k ! 1,

J0.�uk C .1 � �/w/ ! J0.�u C .t � �/w/:

Therefore the last two terms on the right in (3.75) are bounded. Hence (3.75) cannot
hold for q�p large. Thus J0.u/ D c0 and similarly J0.u/ D c0. It follows that u D v,
u D w, and u 2 �1.v;w/. The argument of this paragraph also shows �1�1u D u is
not possible unless v D w.

Next it will be shown that

J1.u/ D c1.v;w/: (3.76)

Therefore by Theorem 3.34, v and w are adjacent members of M0, so .�/0 holds and
u 2 M1.v;w/. If (3.76) is false, since u 2 �1.v;w/,

J1.u/ > c1.v;w/: (3.77)

(Note that the left-hand side of (3.77) may be infinite.) Choose U 2 �1.v;w/ such
that for some � > 0,

c1 � J1.U / < J1.U /C � < J1.u/: (3.78)

Let � > 0. Then there is a q D q.�/ 2 N such that for ' 2 fu; U g,
8<
:

k' � vkW 1;2.Ti / � �; i � �q;
k' � wkW 1;2.Ti / � �; i � q:

(3.79)
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For i 2 Z and i � x1 � i C 1, set

gi D .i � x1/U C .x1 C 1 � i/u:

Thus for � D �.�/ sufficiently small and ' 2 fu; U; gi ; hi g,

jJ1;i .'/ � c0j � �=6 (3.80)

for ji j � q.�/. Let p 2 N; p > q. For p sufficiently large,

J1;�p;p.U / � J1.U /C �=6: (3.81)

Set

 D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

u; x1 � �p;
g�p; �p � x1 � �p C 1;

U; �p C 1 � x1 � p � 1;

gp; p � 1 � x1 � p;

u; p � x1:

Consider
Z
Œ�p;p	�Tn�1

.L.u/� L.U //dx

D
Z
Œ�p�1;pC1	�Tn�1

.L.u/� L. //dx C J1;�p. / � J1;�p.U /

C J1;p�1. / � J1;p�1.U /: (3.82)

By Lemma 3.62, the first term on the right in (3.82) is � 0, while by (3.80), each of
the other terms on the right is � �=6 in magnitude. On the other hand,

Z
Œ�p;p	�Tn�1

.L.u/�L.U //dx D J1I�p;p�1.u/� J1I�p;p�1.U /

� J1;�p;p�1.u/� J1.U / � �=6 (3.83)

via (3.81). If J1.u/ D 1, the right-hand side of (3.83) goes to 1, as p ! 1 while
if J1.u/ < 1, the right-hand side of (3.83) exceeds 2�=3 for large p, contrary
to (3.82).

The remaining case of u < �1�1u is treated similarly, and Theorem 3.60 is proved.





Chapter 4
Heteroclinics in x1 and x2

In this section the results of Chapters 2–3 will be extended to the next level of
complexity, providing solutions of (PDE) heteroclinic in both x1 and x2. To describe
such solutions more precisely, suppose that (�)0 holds and also M1 D M1.v0;w0/
has gaps, i.e.,

there are adjacent v1;w1 2 M1.v0;w0/ with v1 < w1. .�/1

It will be shown using minimization arguments in the spirit of Chapters 2–3
that there is a solution of (PDE) heteroclinic in x2 from v1 to w1 (and therefore
heteroclinic in x1 from v0 to w0) and also periodic in x3; : : : ; xn. This provides
a variational characterization of the corresponding part of Bangert’s work. In
Chapter 5, it will be indicated how to get heteroclinics in x1; : : : ; xi for any i � n.
The general program and many of the technical details for this section are close to
those of Chapters 2–3 and therefore we will be brief whenever possible, focusing
on the additional features present here. The new difficulties are mainly due to
the compact sets Ti of Chapters 2–3 being replaced here by unbounded regions
R � Œi; i C 1� � T

n�2.
To begin, let v;w 2 M1, v < w, and define

b�2 � b�2.v;w/ � fu 2 W 1;2
loc .R

2 � T
n�2/ j v � u � wg:

For u 2 b�2 and `; i 2 Z,

k�2�i �1�`u � v0kL2.Œ0;1�2�Tn�2/ � kw � v0kL2.T`/ ! 0; ` ! �1 (4.1)

and similarly k�2�i �1�`u � w0kL2.Œ0;1�2�Tn�2/ ! 0; ` ! 1: (4.2)

Thus �2�iu satisfies the asymptotic conditions required of members of �1. However,
�2�iu is not periodic in x2, so a priori, J1.�2�iu/ is not defined. It will be shown next
how to extend J1 to �2�iu for u 2 b�2. For such u, define

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 4, © Springer Science+Business Media, LLC 2011
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J1.u/ D lim
p!�1

q!1

J1Ip;q.u/: (4.3)

We claim that J1Ip;q.u/ is bounded from below independently of u 2 b�2 and p; q.
Further observing that �`�i W b�2 ! b�2 for i 2 Z and ` D 2; : : : ; n, it then follows
that the extension of J1 can be carried out. To verify the claim, for i 2 Z, set
Si D R � Œi; i C 1� � T

n�2. Then as in (2.9),

J1Ip;q.u/ D
Z
S0\fp�x1�qC1g

�
1

2
jr.u � v/j2 C r.u � v/ � rv

C1

2
jrvj2 C F.x; u/� F.x; v/C F.x; v/

�
dx � .q C 1 � p/c0

DJ1Ip;q.v/C
Z
S0\fp�x1�qC1g

�
1

2
r.u � v/j2 C r.u � v/ � rv

C .F.x; u/ � F.x; v//
�
dx: (4.4)

As �p; q ! 1, J1Ip;q.v/ ! J1.v/ D c1. To analyze the remaining terms, note
first that

Z
S0

ˇ̌
F.x; u/ � F.x; v/ˇ̌dx � kFukL1.TnC1/

Z
S0

.u � v/dx

� kFukL1.TnC1/

Z
S0

.w � v/dx: (4.5)

Since v;w 2 M1, w < �1�j v for some smallest j > 0. Therefore

Z
S0

.w � v/dx �
Z
S0

.�1�j v � v/dx � j

Z
T0

.w0 � v0/dx � j: (4.6)

Thus the integral on the left in (4.5) is finite, and as estimates like (4.5)–(4.6) show,
Z
S0

.F.x; u/� F.x; v//dx

differs from the corresponding term in (4.4) by the tail of a convergent integral.
Hence it is the limit of the corresponding term in (4.4) as �p; q ! 1. Next as
in (2.11),

Z
S0\fp�x1�qC1g

r.u � v/ � rv dx D
Z
@.S0\fp�x1�qC1g/

.u � v/
@v

@�
dS

�
Z
S0\fp�x1�qC1g

.u � v/�v dx: (4.7)
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Since �v D Fu.x; v/, the argument of (4.5)–(4.6) shows that
Z
S0

.u � v/�v dx

exists, is bounded as in (4.5)–(4.6), and is the limit of the corresponding integral
over S0 \ fp � x1 � q C 1g. The boundary integral in (4.7) has contributions from
x2 D 0; 1 and from x1 D p; qC 1. Each of the x2 boundary integrals is bounded by

���� @v

@x2

����
L1.R�Tn�1/

Z
S0\fx2D0g

.w � v/dS � j

���� @v

@x2

����
L1.R�Tn�1/

as in (4.6). The remaining two boundary integrals are bounded by
���� @v

@x1

����
L1.R�Tn�1/

Z
S0\fx1Dp or qC1g

.w � v/dS:

Since k�1�p'�v0kC2.T0/ ! 0 as p ! �1, and k�1�q'�w0kC2.T0/ ! 0 as q ! 1,
where ' D v or w, these integrals go to 0 as p ! �1, q ! 1. Therefore

Z
S0\fp�x1�qC1g

r.u � v/ � rv dx

has a finite limit. Thus it has been verified that J1 extends to b�2. Moreover, the
above shows that

J1.u/ D 1 , kr.u � v/k2
L2.S0/

D 1; (4.8)

and if kr.u � v/k2
L2.S0/

< 1, a variation of this argument implies

J1.u/ D c1 C 1

2
kr.u � v/k2

L2.S0/
C
Z
S0

.F.x; u/ � F.x; v//dx

C
Z
S0\fjx1j<rg

r.u � v/ � rv dx

C
Z
@.S0\fjx1j�rg/

.u � v/
@v

@�
dS �

Z
S0\fjx1j�rg

.u � v/�v dx; (4.9)

the latter two integrals bounded independently of r , with zero limits as r ! 1. In
particular, since w 2 b�2 and J1.w/ D c1, kr.w � v/kL2.S0/ < 1.

To find the type of solutions of (PDE) that we seek here, as in Chapter 2 a
renormalized functional, J2.u/, is required. It is defined in a similar fashion to J1.
For u 2 b�2 and i 2 Z, set

J2;i .u/ � J1.�
2�iu/� c1 D J1.u

ˇ̌
Si
/� c1:
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By the above remarks, J2;i is defined onb�2 for each i 2 Z, as is

J2Ip;q.u/ D
qX
p

J2;i .u/

for p � q in Z. To continue, an analogue of Proposition 2.8 is required.

Proposition 4.10. Suppose that u 2 b�2.v;w/ and p; q 2 Z. Then there is a
constantK2 � 0 depending on v and w but independent of p; q; u such that

J2Ip;q.u/ � �K2:

Proof. If kr.u � v/k2
L2.Si /

D 1 for some i then J2Ip;q.u/ D 1 by (4.8); otherwise,

kr.u � v/k2
L2.Si /

< 1 for all i 2 Z and by (4.5)–(4.9), with r D 0,

ˇ̌
ˇ̌J2;i .u/� 1

2
kr.u � v/k2

L2.Si /

ˇ̌
ˇ̌ � M2; (4.11)

where M2 is a constant independent of i . This proves the proposition for q D p;

p C 1; p C 2 with any K2 � 3M2. Thus suppose q > p C 2 and define � as in
(2.15) with x1 replaced by x2. By Proposition 3.59, J2Ip;q.�/ � 0. Continuing as in
(2.16)–(2.19) (using ju � vj � w0 � v0 � 1, and arguing as following (4.7) to handle
the boundary integral term resulting from the “new” (2.17)) yields Proposition 4.10
for this case.

Proposition 4.10 permits us to define

J2.u/ D lim
p!�1

q!1

J2Ip;q.u/ (4.12)

for u 2 b�2. Note that (4.8) implies

kr.u � v/kL2.Si / D 1 for some i 2 Z ) J2.u/ D 1: (4.13)

Then as in Chapter 2, J2.u/ provides an upper bound for J2Ip;q.u/:

Lemma 4.14. If u 2 b�2, p; q 2 Z with p � q, then

J2Ip;q.u/ � J2.u/C 2K2: (4.15)

Proof. As in Lemma 2.22.

Now the class of functions in which the new heteroclinic solutions of (PDE) will
be obtained is

�2 � �2.v;w/ � ˚
u 2 b�2 j ku � vkL2.Si / ! 0; i ! �1; and

ku � wkL2.Si / ! 0; i ! 1g:
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As in Chapter 2, J2 has nicer properties on �2:

Proposition 4.16. If u 2 �2 and J2.u/ < 1, then

J2;i .u/ ! 0; ji j ! 1; (4.17)

k�2�iu � vkW 1;2.S0/ ! 0; i ! �1; (4.18)

k�2�iu � wkW 1;2.S0/ ! 0; i ! 1; (4.19)

J2.u/ D lim p!�1

q!1

J2Ip;q.u/: (4.20)

Proof. The proof follows the same lines as that of Proposition 2.24. However, since
the compact set T0 is replaced by the unbounded set S0 here, some modifications
are necessary. Replacing (2.29) by

k�2�iu � vk2
L2.S0/

� kw � vkL1.Rn/

Z
S0

.w � v/dx � jkw � vkL1.Rn/ (4.21)

(where (4.6) was used) and arguing as in the proof of Proposition 2.24 shows that
�2�iu � v ! 0 weakly inW 1;2.S0/ and strongly in L2.S0/ as i ! �1. This implies

Z
S0

.F.x; �2�iu/� F.x; v//dx ! 0 (4.22)

as i ! �1. Indeed,

ˇ̌
ˇ̌Z
S0

.F.x; �2�iu/� F.x; v//dx
ˇ̌
ˇ̌ � kFukL1.TnC1/

Z
S0

.�2�iu � v/dx; (4.23)

and for any r > 0,

Z
S0

.�2�iu � v/dx D
Z
S0\fjx1j>rg

.�2�iu � v/dx C
Z
S0\fjx1j�rg

.�2�iu � v/dx

�
Z
S0\fjx1j>rg

.w � v/dx C
Z
S0\fx1j�rg

.�2�iu � v/dx: (4.24)

As r ! 1, the first term on the right approaches 0, while for any r , the second
term approaches 0 as i ! �1 via theL2.S0/ convergence of �2�iu to v. Thus (4.22)
follows, and arguing as in the proof of Proposition 2.24 and above, (4.9) shows that

lim
i!�1

J2;i .u/ D lim
i!�1

1

2
kr.�2�iu � v/k2

L2.S0/
D 0: (4.25)
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A similar result for i ! 1 holds, and this gives (4.17) with lim replaced by lim
and (4.18)–(4.19) along a subsequence. The proof now continues and concludes in
a manner similar to that of Proposition 2.24. The inequality

kr.� � v/k2
L2.Sp/

� 2kr.u � v/k2
W 1;2.Sp/

is used, and continuity of J1;i is replaced by (4.9). To show that the left-hand side
of (4.9) is close to c1, one takes r large enough so the last two terms are small, then
takes kr.u � v/k2

W 1;2.S0/
small enough that the remaining terms are small. The term

involving F is estimated as in the proof of (4.22).
Next it is useful to show that J2;i is weakly lower semicontinuous. The

corresponding result for J1;i was trivial.

Lemma 4.26. Suppose i 2 Z and Y 	 b�2 with J2;i .u/ < 1 for all u 2 Y. Then
J2;i is weakly lower semicontinuous (with respect to k kW 1;2.Si /

) on Y.

Proof. Let .uk/ 	 Y; u 2 Y, and uk � u ! 0 weakly in W 1;2.Si /. By (4.9) with
r D 0,

J2;i .uk/ D 1

2
kr.uk � v/k2

L2.Si /
C
Z
Si

.F.x; uk/� F.x; v//dx

C
Z
@Si

.uk � v/
@v

@�
dS �

Z
Si

.uk � v/�v dx: (4.27)

The argument of (4.22)–(4.24) shows that
Z
Si

.F.x; uk/� F.x; u//dx ! 0 as k ! 1:

A similar argument handles the last two terms on the left-hand side of (4.27).
Therefore by the weak lower semicontinuity of k � kW 1;2.Si /,

lim
k!1

J2;i .uk/ � 1

2
kr.u � v/k2

L2.Si /
C
Z
Si

.F.x; u/� F.x; v//dx

C
Z
@Si

.u � v/
@v

@�
dS �

Z
Si

.u � v/�v dx D J2;i .u/: (4.28)

The next result is a further compactness property of J2 corresponding to
Proposition 2.50.

Proposition 4.29. Let Y 2 b�2.v;w/ with the property

(Y21) if u 2 Y and �R 2 b�2 with �R.x/ D u.x/ for jx2j � R, then �R 2 Y for all
large R.

Define

c.Y/ D inf
u2Y

J2.u/: (4.30)
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If c.Y/ < 1 and .uk/ is a minimizing sequence for (4.30), then there is a U 2 b�2
such that along a subsequence, uk ! U in W 1;2.Si/ for all i 2 Z.

Proof. Let .uk/ be a minimizing sequence for (4.30). By (4.9), (4.15), and argu-
ments as in (4.5)–(4.8), .uk � v/ is bounded in W 1;2.Si/ independently of i for all
i 2 Z. Therefore there is a U 2 b�2 such that uk�v goes toU �v weakly inW 1;2.Si /

for each i along a subsequence that can be taken to be the entire sequence. Thus the
weak lower semicontinuity of k � kW 1;2.Si / implies that kr.U � v/kL2.Si / is bounded
in W 1;2.Si / independently of i . Since uk ! U in L2loc.R

2 � T
n�2/, a slight variant

of (4.24) shows that uk � U ! 0 in L2.Si/ for each i 2 Z. Define

ıi D lim
s!1

J2;i .us/� J2;i .U /: (4.31)

By (4.9) with r D 0, estimating terms as in the proof of Lemma 4.26,

ıi D 1

2
lim
s!1

.kr.us � v/k2
L2.Si /

� kr.U � v/k2
L2.Si /

/: (4.32)

Since

kr.us � U /k2
L2.Si /

D kr.us � v/k2
L2.Si /

C kr.U � v/k2
L2.Si /

� 2
Z
Si

r.us � v/ � r.U � v/dx;

lim
s!1

krus � U /k2
L2.Si /

D lim
s!1

kr.us � v/k2
L2.Si /

� kr.U � v/k2
L2.Si /

: (4.33)

Combining (4.32)–(4.33) gives

2ıi D lim
s!1

kr.us � U /k2
L2.Si /

: (4.34)

Now slightly modifying (2.59)–(2.62) completes the proof of Proposition 4.29, with
standard arguments involving (4.9) implying the analogue of (2.60).

The regularity result Proposition 2.64 readily carries over to this section:

Proposition 4.35. Under the hypotheses of Proposition 4.29, suppose

(Y22) there is a minimizing sequence .uk/ for (4.30) such that for some r 2 �
0; 1

2

�
,

some z 2 R, all smooth ' with support in Br.z/, and associated t0.'/ > 0,

c.Y/ � J2.uk C t'/C ık (4.36)

for all jt j � t0.'/; where ık D ık.'/ ! 0 as k ! 1.

Then the weak limit U of uk satisfies (PDE) in Br.z/.

Proof. As earlier with appropriate changes in notation.
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As a final preliminary, for v 2 M1.v0;w0/, set

�2.v/ D fu 2 b�2.�11 v; �1�1v/ j k�2�iu � vkL2.Si / ! 0 as ji j ! 1g:

Define

c2.v/ D inf
u2�2.v/

J2.u/ (4.37)

and set

M2.v/ D fu 2 �2.v/ j J2.u/ D c2.v/g:

Then we have:

Theorem 4.38. If F satisfies (F1)–(F2) and (�)0 holds, then c2.v/ D 0 and
M2.v/ D fvg.

Proof. Following the proof of Theorem 2.72 (with the natural changes due to
the current setting) until Remark 2.77 shows that c2.v/ D 0. The analogue of
Remark 2.77 here is that �11 v � u � �1�1v can be replaced by �1j v � u � �1�j v for
any j 2 N. The proof then continues and concludes as earlier.

Now the main existence result of this section can be stated. To formulate it, set

c2 D c2.v1;w1/ D inf
u2�2.v1;w1/

J2.u/: (4.39)

Theorem 4.40. If F satisfies (F1)–(F2) and (�)i holds, i D 0; 1, then

1o There is a U2 2 �2 such that J2.U2/ D c2, i.e., M2 � M2.v1;w1/
� fu 2 �2.v1;w1/ j J2.u/ D c2g 6D ;.

2o Any U 2 M2 satisfies

(a) U is a solution of (PDE),
(b) kU � v1kC2.Si / ! 0, i ! �1,

kU � w1kC2.Si / ! 0, i ! 1,
i.e., U is heteroclinic in x2 from v1 to w1,

(c) v1 < U < �2�1U < w1 and U < �1�1U .

3o M2 is an ordered set.

Proof. Proceed as in Chapter 3, changing the normalization to

Z
Œ0;1��Œi;iC1��Tn�2

uk dx � 1

2

Z
T0

.v1 C w1/ dx �
Z
T0

uk dx (4.41)

for all i 2 Z; i < 0, and for all k 2 N to get U2 satisfying the modified versions of
(3.5). Moreover as, e.g., in the proof of Proposition 4.29, kr.U2 � v/kL2.Si / < 1
for all i 2 Z and the analogues of (3.6)–(3.7) hold. In particular, J2.U2/ < 1. Now
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follow (A)–(D) as earlier with some small modifications, e.g., in (A), we require
�12w1 � �11 v1 � uk C t' � �1�1w1 for jt j � t0.'/, and in (B), (3.13) now becomes

U2 � �2�1U2 (4.42)

and U2 2 b�2.v1;w1/ n fv1;w1g, so an analogue of Corollary 2.49 shows that
U2 2 �2.v1;w1/. Continuing in this fashion, the argument of Chapter 3 yields all of
Theorem 4.40 except for

U < �1�1U (4.43)

whenever U 2 M2.
To verify (4.43), a slight variant of the argument used to show that (4.42) holds

will be used. Set ˆ D max.U; �1�1U / and ‰ D min.U; �1�1U /. We claim that

ˆ 2 �2.�1�1v1; �1�1w1/ (4.44)

and

‰ 2 �2.v1;w1/: (4.45)

If so, by earlier arguments,

J2.ˆ/C J2.‰/ D J2.U /C J2.�
1�1U / D c2.v1;w1/C c2.�

1�1v1; �1�1w1/: (4.46)

(Actually the two numbers on the right are equal.) Therefore by (4.44)–(4.46),
J2.ˆ/ D c2.�

1�1v1; �1�1w1/ and J2.‰/ D c2.v1;w1/. Hence by 2o(a) of
Theorem 4.40, ˆ and ‰ are solutions of (PDE) with ˆ � ‰. By the maximum
principle argument of (2.5), either (i) ˆ � ‰, or (ii) ˆ > ‰ on R

n. If (i) holds,
U � �1�1U . so U is 1-periodic in x1. But then the requirement that v1 < U < w1
fails. Therefore (ii) occurs, so (a) U > �1�1U or (b) U < �1�1U . If (a),

w0 > w1 > U � lim
j!1 �1�j U D w0;

a contradiction. Thus (b), i.e. (4.43), is valid.
It remains to check that (4.44)–(4.45) hold. The arguments are the same for each

inclusion, so (4.45) will be verified. Since v1 < U and v1 < �1�1v1 < �1�1U ,
v1 < ‰ � U < w1. Therefore ‰ 2 b�2. To check the asymptotic requirements
of �2, note first that

k‰ � v1kL2.Si / � kU � v1kL2.Si / ! 0; i ! �1:

Next observe that
Z
Si

j‰ � w1j2dx D
Z
Si\fjx1j�rg

j‰ � w1j2dx C
Z
Si\fjx1j�rg

j‰ � w1j2dx: (4.47)
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As in earlier arguments,
Z
Si\fjx1j>rg

j‰ � w1j2dx �
Z
S0\fjx1j>rg

.�1�1v1 � v1/dx; (4.48)

and the right-hand side of (4.48) is the tail of a convergent integral. Therefore it
goes to 0 as r ! 1. Since �2�iU ! w1 and �1�1�2�iU ! �1�1w1 > w1 as i ! 1,
convergence being in C2

loc.S0/,Z
Si\fjx1j�rg

j‰ � w1j2dx ! 0; as i ! 1: (4.49)

Combining (4.47)–(4.49) shows that

k‰ � w1kL2.Si / ! 0; i ! 1;

and Theorem 4.40 is proved.

Next as in Theorem 3.34 we have:

Theorem 4.50. Suppose F satisfies .F1/–.F2/, .�/0 holds, and v;w 2 M1.v0;w0/
with v 6D w. Then M2.v;w/ 6D ; iff v and w are adjacent members of M1.v0;w0/.

Proof. The proof is the same as that of Theorem 3.34 with some obvious changes
in notation.

Remark 4.51. It is straightforward to show that Proposition 3.59 carries over to the
current setting.

The analogues of Propositions 3.42, 3.56 and Theorem 3.60 will be given next.
To formulate a version of Proposition 3.42 for the current setting, suppose .�/0
holds for F with a gap pair v0.F /, w0.F /. Then by Remark 3.55, for any F near
F , there is a unique associated gap pair v0.F /, w0.F / for F . Suppose .�/1 also
holds for F and v1.F /, w1.F / is any associated gap pair for .�/1 for F (with
v0.F / < v1.F / < w1.F / < v0.F /). Then we expect a corresponding gap pair
v1.F /, w1.F / for F . The next result is the first step in showing that this is the case.

Proposition 4.52. Let F satisfy .F1/–.F2/, .�/0, and .�/1. Then there is an � > 0

such that if (3.43) is satisfied, .�/1 holds for F . Moreover, suppose v1;w1 is a gap
pair for F for .�/1 and

˛1 D
Z
Œ0;1�2�Tn�2

v1 dxI ˇ1 D
Z
Œ0;1�2�Tn�2

w1 dx:

Then there is an �2 D �2.F; ı/ > 0 such that (3.43) with �2 implies
Z
Œ0;1�2�Tn�2

u dx 62 .˛1 C ı; ˇ1 � ı/ (4.53)

for all u 2 M1.v0.F /;w0.F //.
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Proof. As in the proof of Proposition 3.42, if (4.53) is false, there are a
ı 2 .0; .ˇ1 � ˛1/=2/ and a sequence .Fk/ satisfying .F1/–.F2/ and (3.45) with
uk 2 M1.v0.Fk/; w0.Fk// such that

Z
Œ0;1�2�Tn�2

uk dx 2 .˛1 C ı; ˇ1 � ı/: (4.54)

Since v0.Fk/ � uk � w0.Fk/ and by Remark 3.55, v0.Fk/;w0.Fk/ are near
v0.F /;w0.F /, it follows that .uk/ are bounded in L1.R � T

n�1/. Therefore by
the Lploc elliptic theory and estimates like (3.52), the functions uk are bounded in
C1;˛

loc .R � T
n�1/ for any ˛ 2 .0; 1/. Passing to a limit as in Proposition 3.42 yields a

solution u of (PDE) for F with

Z
Œ0;1�2�Tn�2

u dx 2 Œ˛1 C ı; ˇ1 � ı�: (4.55)

The functions uk are minimal, so u is also minimal. Likewise �1�1uk > uk implies

�1�1u � u; (4.56)

and by the maximum principle, there is never equality in (4.56) unless u is 1-periodic
in x1. In either event, u is also WSI. Consequently, by 2o of Theorem 3.60, u 2 M0

or u 2 M1.v0.F /, w0.F //. But either of these possibilities is contrary to (4.55).
Thus (4.53) must hold, and Proposition 4.52 is proved.

Remark 4.57. by Proposition 4.52, the remarks immediately preceding it, and
Remark 3.55, for � small in (3.43) there is a unique gap pair v1.F /;w1.F / near
v1.F /;w1.F /.

The next result is a version of Proposition 3.56 for the current setting.

Theorem 4.58. Suppose F satisfies .F1/–.F2/. Then for any � > 0, there is a G
satisfying .F1/–.F2/ with

1o kG � F kL1.TnC1/ C kGu � FukL1.TnC1/ � �:

2o .�/0, .�/1 hold for G.
3o M0.G/ D fv C j j j 2 Zg for some prescribed v 2 M0.F /:

4o If M1.v; v C 1;G/ is the set of minimizers given by Theorem 3.2, M1.v; v C 1;G/

D f�1�kU j k 2 Zg for some U 2 M1.v; v C 1;G/.

Proof. By Proposition 3.56, for any prescribed v 2 M0.F /, there is a G1 � 0

satisfying .F1/–.F2/ and such that F C ı1G1 satisfies .�/0 for any ı1 > 0 and
M0.F / D M0.F C ı1G1/ D fv C j j j 2 Zg. Therefore c0.F / D c0.F C ı1G1/.

Consider the family of functionals J FCı1G1
1 on �1.v; v C 1/. Note that

J
FCı1G1
1 .u/ D J F1 .u/C ı1

Z
R�Tn�1

G1.x; u.x//dx: (4.59)
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Denote the associated minimum on �1.v; v C 1/ by c1.v; v C 1; F C ı1G1/ or more
simply by c1.F C ı1G1/. Likewise let M1.v; v C 1; F C ı1G1/ or M1.F C ı1G1/

denote the corresponding set of minimizers. By Theorem 3.2, M1.F C ı1G1/ 6D ;
for all ı1 > 0. Choose ı1 so that

ı1.kG1kL1.TnC1/ C kG1ukL1.TnC1// � �=2: (4.60)

If .�/1 holds for M1.F C ı1G1/, we have 1o–3o via Proposition 4.52. If not,
M1.F C ı1G1/ foliates

A � f.x; z/ j x 2 R � T
n�1; v.x/ � z � v.x/C 1g:

Choose any U1 2 M1.F C ı1G1/. We will show there is a G2 satisfying
.F1/–.F2/ such that G2 � 0, G2.x; '.x// D 0 for x 2 R � T

n�1 and
' 2 fv; v C 1g [ f�1�jU1 j j 2 Zg and G2.x; z/ > 0 on A aside from the above set
of fx; '.x/g. For such a G2, considerG D F C ı1G1 C ı2G2. Then JG0 .v/ D c0.F /

and if u 2 �0nfv C j j j 2 Zg,

JG0 .u/ � J0.u/ > c0.F /:

Hence c0.F / D c0.G/. Similarly if u 2 �1.v; v C 1/,

JG1 .u/ D J
FCı1G1
1 .u/C ı2

Z
R�Tn�1

G2.x; u/dx � c1.F C ı1G1/: (4.61)

Therefore (4.61) shows that

c1.F C ı1G1/ D c1.G/: (4.62)

Moreover, if u 2 M1.G/n [ f�1�jU1 j j 2 Zg, then u is continuous and
f.x; u.x// j x 2 R � T

n�1g contains points in A where G2 is positive. Therefore
JG1 .u/ D c1.G/ > c1.F C ı1G1/, contrary to (4.62).

Finally, to constructG2, it suffices to define it on

A D f.x; z/ j x 2 Œ0; 1� � T
n�1; v.x/ � z � v.x/C 1g

and extend it periodically to R
nC1. Set G2 D 0 on

f.x; v.x// j x 2 Œ0; 1� � T
n�1g [ f.x; �1�jU1.x// j j 2 Z; x 2 Œ0; 1� � T

n�1g:

For z between �1�jU1 and �1�j�1U1 define

G2.x; z/ D jz � U1.x C j /j4jz � U1.x C j C 1/j4:
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ThenG2 is C2 and positive in the desired set. Taking ı2 sufficiently small, 2o holds,
and the proof of Theorem 4.58 is complete.

Lastly, the versions of Theorem 3.60 in the context of this section will be
considered. Using Remark 4.51 and the proof of 1o of Theorem 3.60 readily shows

Theorem 4.63. Let F satisfy .F1/–.F2/ and let .�/0, .�/1 hold. If u 2 M2.v1;w1/
(or M2.w1; v1//, then u is minimal and WSI.

The most natural extension of 2o of Theorem 3.60 would assume that u is
1-periodic in x3; : : : ; xn and offer the earlier alternatives plus allow the possibility
that a version of .�/1 holds and u 2 M2.v1;w1/ for some adjacent pair v1;w1 2 M1.
Unfortunately, this is not true. In fact, there are many other possibilities for u. This
point will be taken up in Chapter 5 where the additional cases will be discussed. For
now a milder result will be proved.

Proposition 4.64. Let F satisfy .F1/–.F2/ and .�/0, .�/1 hold. If U 2 �2.v1;w1/
is minimal and WSI, then U 2 M2.v1;w1/.

Proof. Being minimal, U is a solution of (PDE).
Since U 2 �2.v1;w1/,

J2.U / � c2: (4.65)

We claim that
J2.U / D c2: (4.66)

If so,U 2 M2.v1;w1/ and the proof is complete. To verify (4.66), an argument in the
spirit of the analogous conclusion in the proof of Theorem 3.60 will be employed.
First, in order to cut and paste, it must be shown that as j ! 1,

kU � w1kW 1;2.Sj /; kU � v1kW 1;2.S
�j / ! 0: (4.67)

Indeed, both U and w1 are solutions of (PDE). Setting ˆ D U � w1, as in (2.5),
ˆ satisfies

��ˆC Aˆ D 0; (4.68)

where kAkL1.Rn/ � kFuukL1.TnC1/. Choose 	 2 C1 such that j	j � 1, 	 D 1 onS1
iD�1 SjCi , 	 D 0 outside of

S2
iD�2 SjCi , and jr	j � 3. Multiply (4.68) by 	2ˆ

and integrate by parts to get

0 D
Z
S2
iD�2 SjCi

�
	2jrˆj2 C 2	ˆr	 � rˆCA	2ˆ2

�
dx: (4.69)

Consequently, for any � > 0,

Z
S2
iD�2 SjCi

	2jrˆj2dx�
Z
S2
iD�2 SjCi

�
�2	2jrˆj2C

�
9

�2
CkAkL1.Rn/

�
ˆ2
�
dx:

(4.70)



50 4 Heteroclinics in x1 and x2

Choosing �2 D 1
2

yields

1

2

Z
S1
iD�1 SjCi

jrˆj2dx � 1

2

Z
S2
iD�2 SjCi

	2jrˆj2dx

�
Z
S2
iD�2 SjCi

.18C kAkL1.Rn//ˆ
2dx;

i.e.,

Z
S1
iD�1 SjCi

jr.U � w1/j2dx � 2.18C kAkL1.R2//

Z
S2
iD�2 SjCi

jU � w1j2 dx:

(4.71)

The right-hand side of (4.71) goes to 0 as j approaches infinity since
U2 �2 .v1;w1/. This fact with (4.71) and its analogue for v1 imply (4.67).

Now to prove (4.66), we slightly modify the corresponding argument in the proof
of Theorem 3.60. If (4.66) is false,

J2.U / > c2: (4.72)

Choose  2 �2.v1;w1/ such that for some 
 > 0,

c2 � J2. / < J2. /C 
 < J2.U /: (4.73)

By (4.67) and Proposition 4.16, for any � > 0, there is a q D q.�/ 2 N such that
for ' 2 fU; g,

k' � v1kW 1;2.Si / � �; i � �q;
k' � w1kW 1;2.Si /

� �; i � q: (4.74)

For i 2 Z and x2 2 Œi; i C 1�, set

Gi D .x2 � i/ C .i C 1 � x2/U;

HiC1 D .x2 � i/U C .i C 1 � x2/ :

Thus for � D �.
/ sufficiently small and ' 2 fU; ;Gi ;HiC1g,

jJ2;i .'/j � 
=6 (4.75)

for ji j � q.�/. Let p 2 N; p > 1. For p sufficiently large,

J2I�p;p�1. / � J2. /C 
=6: (4.76)
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Set

‰ D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

U; x2 � �p;
G�p; �p � x2 � �p C 1;

 ; �p C 1 � x2 � p � 1;

Hp; p � 1 � x2 � p;

U; p � x2:

ConsiderZ
R�Œ�p;p��Tn�2

.L.U / � L. //dx D
Z

R�Œ�p�1;pC1��Tn�2

.L.U / �L.‰//dx

C J2;�p.‰/ � J2;�p. /C J2;p�1.‰/ � J2;p�1. /: (4.77)

The first term on the right is � 0, since U is minimal. By (4.75), each of the
remaining terms on the right is � 
=6 in magnitude. To estimate the left-hand side
of (4.77), we write
Z

R�Œ�p;p��Tn�2

.L.U /� L. //dx D
p�1X
iD�p

Z
Si

.L.U /� L. //dx

D
p�1X
iD�p

.J1.�
2�iU / � J1.�2�i //

D J2I�p;p�1.U / � J2W�p;p�1. / � J2I�p;p�1.U / � J2. / � 
=6
(4.78)

via (4.76). Thus if J2.U / D 1, by (4.78) the left-hand side of (4.77) ! 1 as
p ! 1, while if J2.U / < 1, by (4.73), the left-hand side of (4.77) exceeds 2
=3.
In either case, we have a contradiction and (4.66) is valid, completing the proof of
Proposition 4.79.

To conclude this section, a result that is needed to obtain extensions of Proposi-
tion 4.52 will be presented. To set the stage, suppose .Fk/, F satisfy .F1/–.F2/ and
Fk , F satisfy (3.43) with � D �k ! 0 as k ! 1. Suppose also that .�/0, .�/1
hold for F . Then by Remark 4.57, for any gap pair v1.F /, w1.F / for .�/1 for F ,
whenever k is large there is a unique gap pair v1.Fk/, w1.Fk/ for .�/1 for Fk that is
near v1.F /, w1.F /. Moreover, as k ! 1, v1.Fk/ ! v1.F / and w1.Fk/ ! w1.F /.
Let Uk 2 M2.v1.Fk/;w1.Fk// be a solution of (PDE) given by Theorem 4.40. Then
we have:

Proposition 4.79. Along a subsequence,

Uk ! U 2 M2.v1.F /;w1.F // [ fv1.F /;w1.F /g;

convergence being in C1;˛
loc .R

2 � T
n�2/.
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Proof. Note that v1.Fk/ � Uk � w1.Fk/. It follows as in the proof of
Proposition 4.52 that Uk converges along a subsequence to U , a solution of
(PDE) with v1.F / � U � w1.F /, and U is minimal and WSI. Moreover, if
v1.F /.z/ D U.z/ for some z, then as earlier, v1.F / � U , and likewise for w1.F /.
Thus suppose that

v1.F / < U < w1.F /: (4.80)

Since U is WSI, the functions �2�j U form a monotone increasing sequence in j .

Hence as j ! 1; �2�jU jR�Œ0;1��Tn�2 converges in C 2;˛
loc to a solution u of (PDE)

that is minimal and WSI and is 1-periodic in x2; : : : ; xn. By (4.80),

v1.F / < u � w1.F /: (4.81)

Theorem 3.60 implies u 2 M0 [ M1.v0.F /;w0.F //. Since

v0.F / < v1.F / < w1.F / < w0.F /;

u 2 M1.v0.F /;w0.F //. But v1.F /;w1.F / is a gap pair for .�/1, so u D w1.F /.
Similarly �2�jU ! v1.F / as j ! �1. Therefore U 2 b�2.v1.F /;w1.F //.

We claim that U 2 �2.v1.F /;w1.F //. This requires showing that

kU � v1.F /kL2.S
�j /; kU � w1.F /kL2.Sj / ! 0; j ! 1: (4.82)

Since for any R > 0,

kU � w1.F /k2L2.Sj / D
Z
S0

j�2�jU � w1.F /j2dx

D
Z

fjx1j�Rg\S0
C
Z

fjx1j>Rg\S0
� P1 C P2

and �2�j U ! w1.F / in L1
loc as j ! 1, P1 ! 0 as j ! 1. As in (4.6) or (4.24),

P2 �
Z

fjx1j>Rg\S0
.w1.F / � �2�j U /dx �

Z
fjx1j>Rg\S0

.�1�1v1.F / � v1.F //dx

D �
Z
ŒR;RC1��Tn�1

v1.F /dx C lim
N!1

Z
ŒRCN;RCNC1��Tn�1

v1.F /dx

C
Z
Œ�R;�RC1��Tn�1

v1.F /dx � lim
N!1

Z
Œ�R�N;�R�NC1��Tn�1

v1.F /dx:

As R ! 1, v1.F / ! w0.F / uniformly on ŒR;R C 1� � T
n�1 and as R ! �1,

v1.F / ! v0.F / uniformly on ŒR;RC 1/� T
n�1. Therefore P2 ! 0 as R ! 1. It

follows that (4.82) holds.
Consequently, U satisfies the hypotheses of Proposition 4.64. Hence

U 2 M2.v1.F /;w1.F // and Proposition 4.79 is proved.



Chapter 5
More Basic Solutions

The purpose of this chapter is to extend the results of Chapters 2–4 in three ways.
This will be carried out in Sections 5.1–5.3 that follow. In Section 5.1, we briefly
indicate how to modify Theorems 3.2 and 4.40 to obtain more complex heteroclinic
solutions of (PDE). These new solutions, Uk , 3 � k � n, are higher-dimensional
analogues ofU1 of Theorem 3.2 andU2 of Theorem 4.40. By higher-dimensional we
mean that Uk is periodic in xkC1; : : : ; xn, lies between Uk�1 and �k�1�1 Uk�1, and is
heteroclinic in xk from Uk�1 to �k�1�1 Uk�1. All of these new solutions have rotation
vector ˛ D 0.

Still keeping ˛ D 0, in Section 5.2 it will be shown that for k D 1; : : : ; n, in
addition to the solutions of Chapters 2–4 and Section 5.1, there is a further infinitude
of basic heteroclinic solutions corresponding to each of the Uk’s. For example, in
the simplest case, for 1 � i � n, let ˛ij 2 Z be relatively prime, 1 � j � n,
and set !i D Pn

1 ˛ij ej . Suppose that !1; : : : ; !n are orthogonal. Then there is a
solution U1.!1; : : : ; !n/.x/ of (PDE) that is heteroclinic from v0 to w0 in the !1
direction and periodic in the !i direction, 2 � i � n. When !1 is not a multiple
of e1, these solutions are all distinct from U1.e1; : : : ; en/. Moreover, there are also
solutions U2.!1; : : : ; !n/.x/ in the spirit of Chapter 4, etc.

Lastly in Section 5.3, it will be discussed how all of the results obtained up to
this point carry over to ˛ 2 Q

nnf0g.
To begin, some remarks about notation are in order. When .�/0 holds,

Theorem 3.2 and Remark 3.31 provide at least two solutions of (PDE) heteroclinic
in x1 and periodic in x2; : : : ; xn. Namely, up to the phase shifts, �1�j , there is a pair
of solutions, each heteroclinic in x1, one from v0 to w0, and the other from w0 to
v0. This leads to two versions of .�/1, one each for M1.v0;w0/ and M1.w0; v0/.
Likewise, each version of .�/1 and Theorem 4.40 then provide a pair of solutions of
(PDE) heteroclinic in x2 between gap pairs in M1. Hence there are four versions of
.�/2, and at step k, 2k versions of .�/k. For simplicity this section will deal with the
version of .�/i for which U 2 Mk.vk�1;wk�1/ implies � i�1U > U , 1 � i � k. The
remaining cases are treated in the same way.

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 5, © Springer Science+Business Media, LLC 2011
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5.1 Higher-Dimensional Heteroclinics

Suppose the theory of Chapters 2–4 has been extended to level ` < n. Using the
notation just explained, to obtain results for level `C 1, assume

there is a gap in M` � M`.v`�1;w`�1/ given by adjacent v`;w` 2 M` with v` < w`:
(�)`

For v;w 2 M` with v < w define

b�`C1 D b�`C1.v;w/ D ˚
u 2 W 1;2

loc .R
`C1 � T

n�.`C1// j v � u � w
�
:

As in (4.1)–(4.2), for u 2 b�`C1 and i 2 Z, the functions �`C1�i u have asymptotic
limits in the directions xj , 1 � j � `, but J`.�

`C1
�i u/ is not yet defined. Setting

S`C1i D R
` � Œi; i C 1� � T

n�.`C1/ and replacing S0 of Chapter 4 by S`C10 shows
how J` extends to this setting and as in (4.9),

J`.u/ D c` C 1

2
kr.u � v/k2

L2.S
`C1
0 /

C
Z
S0
`C1
.F .x; u/� F.x; v// dx

C
Z
@S

`C1
0

.u � v/ � @v

@�
dS �

Z
S
`C1
0

.u � v/�v dx: (5.1)

This permits us to define J`C1;i .u/ for u 2 b�`C1 via

J`C1;i .u/ � J`.�
`C1
�i u/� c` D J`

�
u
ˇ̌
S
`C1
i

�
� c`:

Continuing to follow the template of Chapter 4 yields a version of Proposition 4.10
for the current setting and the definition of J`C1:

J`C1.u/ D lim
p!�1

q!1

J`C1Ip;q.u/:

An updated form of Lemma 4.14 holds, and setting

�`C1 � �`C1.v;w/ �˚u 2 b�`C1 j ku � vk
L2.S

`C1
i /

! 0; as

i ! �1I ku � wk
L2.S

`C1
i /

! 0; i ! 1�

leads to extensions of Proposition 4.16, Lemma 4.26, Propositions 4.29 and 4.35,
and Theorem 4.38. Setting

c`C1 D c`C1.v`;w`/ D inf
u2�`C1.v`;w`/

J`C1.u/; (5.2)
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as earlier the above results yield:

Theorem 5.3. If F satisfies .F1/–.F2/ and .�/i holds, i D 0; : : : ; `, then:

1o There is a U`C1 2 �`C1 such that J`C1.U`C1/ D c`C1, i.e.,

M`C1 � M`C1.v`;w`/ � fu 2 �`C1.v`;w`/jJ`C1.u/ D c`C1g 6D ;:

2o Any U 2 M`C1 satisfies

(a) U is a solution of (PDE);
(b) kU � v`kC2.R`�Œi;iC1��Tn�.`C1// ! 0; i ! �1,

kU � w`kC2.R`�Œi;iC1��Tn�.`C1// ! 0; i ! 1;

i.e., U is heteroclinic in x`C1 from v` to w`;
(c) v` < U < �i�1U < w`; i D 1; : : : ; `C 1:

3o M`C1 is an ordered set.

The remaining results of Chapter 4 also have extensions here. Thus Theorem 4.50
extends to:

Theorem 5.4. Suppose F satisfies .F1/–.F2/, .�/i holds, 0 � i � ` � 1, and
v;w 2 M` with v 6D w. Then M`C1.v;w/ 6D ; iff v and w are adjacent
members of M`.

Proof. As earlier.

The continuity result for .�/1 (Proposition 4.52) and the genericity result for .�/1
(Theorem 4.58) carry over to .�/`; and as in Theorem 4.63, we have:

Theorem 5.5. Let F satisfy .F1/–.F2/ and let .�/i hold, 0 � 1 � ` � 1. If
u 2 M`.v`�1;w`�1/, then u is minimal and WSI.

Proof. As earlier.

Likewise, there is a version of Proposition 4.79 here. As was noted in Chapter 4,
Proposition 4.79 could be viewed as a weak extension of 2o of Theorem 3.60.
However, the most natural extension of that result fails. This situation will be studied
in Section 5.2.

5.2 Other Coordinate Systems

Consider ! D Pn
iD1 pi ei , where pi 2 Z. Then F.x C !; z/ D F.x; z/ for any

.x; z/ 2 R
nC1. Suppose !i D Pn

jD1 ˛ij ej with ˛ij 2 Z, 1 � i; j � n; and the
vectors !i are linearly independent. Using the standard Gram–Schmidt process, it
can be assumed that the !i are orthogonal and for fixed i , the components ˛ij of !i
have no common factor. Now one can seek solutions of (PDE) that are periodic in the
directions !i , i.e., u.xC!i/ D u.x/, 1 � i � n. For brevity, set ! D .!1; : : : ; !n/,

R D R.!/ D
(

mX
iD1

ti!i j 0 � ti � 1; 1 � i � n

)



56 5 More Basic Solutions

and set

�0.!/ D fu 2 W 1;2
loc .R

n;R/ j u.x C !i / D u.x/; 1 � i � ng: (5.6)

For u 2 �0.!/, let

J!0 .u/ D
Z

R

L.u/dx (5.7)

and set
c0.!/ D inf

u2�0.!/
J !0 .u/: (5.8)

As in Theorem 1.6, there is a set M0.!/ of minimizers of this variational problem
and M0.!/ is ordered. Moreover, continuing as in Chapters 2–4 and part (A) of
this chapter produces versions of our earlier results with e1; : : : ; en replaced by !.
However, as Proposition 2.2 hints, this generalization of the previous results is not
as extensive as it first appears. In particular:

Lemma 5.9. M0.!/ D M0.e1; : : : ; en/.

Proof. Let u 2 M0.!/. Thus for each i , u.x C ei/ 2 �0.!/ and

J !0 .u.x C ei // D
Z

RCfei g
L.u/dx D J!0 .u/ D c0.!/;

so u 2 M0.!/. Since M0.!/ is ordered, we have (a) u.x C ei/ > u.x/,
(b) u.x C ei / < u.x/, or (c) u.x C ei / D u.x/. Suppose (a) holds. Since
ei D P

k pik!k for some pik 2 Q, there is a j 2 N such that jpik 2 Z, 1 � k � n.
Now (a) implies

u.x/ < u.x C ei/ < � � � < u.x C jei / D u.x/;

a contradiction. Similarly, (b) cannot occur. Thus (c) holds for 1 � i � n, so
u 2 �0.e1; : : : ; en/. Moreover, u 2 M0.!/ implies that u is minimal. Therefore as
in the proof of 2o of Theorem 3.60, u 2 M0.e1; : : : ; en/.

Conversely, u 2 M0.e1; : : : ; en/ implies

J !0 .u/ D .vol R/c0 D det.˛ij /c0 D c0.!/;

so u 2 M0.!/.
With Lemma 5.9 in hand, when .�/0 holds, following the arguments of

Chapters 2–3 yields a class of functions �1.v0;w0I!/ with !i replacing ei , etc.
Likewise, there are a corresponding renormalized functional J !1 .u/ and minimiza-
tion value

c1.v0;w0I!/ D inf
u2�1.v0;w0I!/

J !1 .u:/ (5.10)

This leads to a version of Theorem 3.2 for the current setting and shows that

M1.v0;w0I!/ D fu 2 �1.v0;w0I!/jJ !1 .u/ D c1.v0;w0I!/g 6D ;
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and that it is an ordered set of solutions of (PDE). However, as the next proposition
shows, the flexibility with respect to ! again is less than it first appears to be.

Proposition 5.11. Let ! D .!1; : : : ; !n/ and O! D . O!1; : : : ; O!n/ be admissible sets
of orthogonal vectors. Then

M1.v0;w0I!/ D M1.v0;w0I O!/ ” !1 D O!1;

i.e., M1.v0;w0I �/ is determined by !1.

Proof. Suppose u 2 M1.v0;w0I!/ D M1.v0;w0I O!/. Since O!2 D Pn
kD1 q2k!k ,

j 2 N can be chosen so that jq2k 2 Z, 1 � k � n. Then for ` 2 N,

u.x/ D u.x C O!2/ D u.x C j O!2/ D u.x C jq21!1/ D u.x C j̀q21!1/; (5.12)

so
v0.x/ < u.x C jq21!1/ D u.x C j̀q21!1/ < w0.x/: (5.13)

If q21 6D 0; u.x C j̀q21!1/ ! v0.x/ or w0.x/ as ` ! 1, contrary to
(5.13). Therefore q21 and similarly qi1 D 0, 2 � i � n. Thus !1 lies in the
orthogonal complement of span . O!2; : : : ; O!n/, i.e., !1 D � O!1 for some � 2 R. But
!1 D Pn

1 ai ei and O!1 D Pn
1 Oaiei . Hence ai D � Oai . The earlier normalization that

the components of O!i have no common factors implies � D ˙1. If � D �1 and
� 2 f!1; O!1g,

u.x C `�/ ! w0.x/ as ` ! 1; (5.14)

but
u.x C ` O!1/ D u.x � `!1/ ! v0.x/ (5.15)

as ` ! 1, contrary to (5.14). Thus � D 1 and !1 D O!1.
Next suppose !1 D O!1 and let u 2 M1.v0;w0I!/. Then

u.x C O!2/ 2 �1.v0;w0I!/, and since O!2 2 span .!2; : : : ; !n/,

J !1 .u/..x C O!2// D J!1 .u/;

so u.x C O!2/ 2 M1.v0;w0I!/, an ordered set. Therefore (a) u.x C O!2/ > u.x/,
(b) u.x C O!2/ < u.x/, or (c) u.x C O!2/ D u.x/. If (a) occurs, as in (5.12), for
appropriate j ,

u.x/ < u.x C j O!2/ D u.x/: (5.16)

Thus (a) and likewise (b) cannot occur. A similar argument shows that
u.x C O!i / D u.x/, 2 � i � n. Consequently u 2 �1.v0;w0I O!/. Moreover, by
the analogue here of Theorem 3.60 1o, u is minimal and WSI. Then 2o of that
theorem implies u 2 M1.v0;w0I O!/. Reversing the roles of ! and O! then yields
M1.v0;w0I!/ D M1.v0;w0I O!/.

Proposition 5.11 shows that the sets M1.v0;w0I!/ are more properly denoted
by M1.v0;w0I!1/. In particular, to get heteroclinics at the next level of com-
plexity merely requires a gap in M1.v0;w0I!1/ independently of the choice of
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!2; : : : ; !n. Thus condition .�/1 depends only on !1 and will be denoted by
.�/1.!1/. If it holds, denoting the associated gap pair by v1.!1/, w1.!1/ and
defining �2.v1.!1/;w1.!1/I!/; J !2 , c2.!/ in the natural fashion leads to a version
of Theorem 4.40 for this setting. A priori, the set M2.v1.!1/;w1.!1/I!/ depends
on !2; : : : ; !n; but again as for Proposition 5.11, it depends only on !2:

Proposition 5.17. Let ! D .!1; !2; : : : ; !n/ and O! D .!1; O!2; : : : ; O!n/. Then

M2.v1.!1/;w.!1/I!/ D M2.v1.!1/;w1.!1/I O!/ iff !2 D O!2:

Proof. That the equality of the sets implies !2 D O!2 follows as in the proof of
Proposition 5.11 with small modifications. For the converse, suppose !2 D O!2 and
u 2 M2.v1.!1/;w1.!1/I!/. Then again as earlier, u.x C O!i/ D u.x/; 3 � i � n,
so u 2 b�2.v1.!1/;w1.!1//. We claim that u 2 �2.v1.!1/;w1.!1/I O!/. To show this
requires proving

ku � v1.!1/kL2.S O!
i /

! 0; i ! �1; (5.18)

ku � w1.!1/kL2.S O!
i /

! 0; i ! 1: (5.19)

Here S O!
i is the analogue of the earlier strips Si . Thus S O!

i D S O!
0 C i!2 and

S O!
0 D

(
t1!1 C t2!2 C

nX
3

ti O!i j t1 2 R; 0 � ti � 1; 2 � i � n

)
:

Note that

S O!
0 D

(
t1!1 C t2!2 C

nX
3

tiqik!k j t1 2 R; 0 � ti � 1; 2 � i � n

)

� fti!i jt1 2 R; 0 � t2 � 1; jti j � j g � S�

for some j 2 N. Therefore

ku � v1.!1/kL2.S O!
i /

� ku � v1.!1/kL2.S�Ci!2/; (5.20)

and since u 2 �2.v1.!1/;w1.!1/; !/, the right-hand side of (5.20) goes to
0 as i ! �1. Thus (5.18) and similarly (5.19) are satisfied. Consequently,
u 2 �2.v1.!1/;w1.!1/; O!/. Since u is also minimal and WSI, by a variant of
Proposition 4.79, u 2 M2.v1.!1/;w1.!1/; !/; and Proposition 5.17 is proved.

Continuing in this fashion leads to further solutions of (PDE) as in (A) of this
chapter with properties as in Chapters 2–4 as well as corresponding versions of
Proposition 5.17.
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5.3 Generalizations to ˛ 2 Q
n

So far, only the case of the rotation vector ˛ D 0 has been treated. This section
indicates how our earlier results extend to ˛ 2 Q

n.
Let r 2 N

n and s 2 Z
n. Suppose u� satisfies

u�.x C ri ei / D u�.x/C si ; 1 � i � n: (5.21)

By Theorem 1.1, if such a u� is a solution of (PDE) that is minimal and WSI, there
are an ˛ 2 Q

n and M > 0 such that

ju�.x/ � ˛ � xj � M

for all x 2 R
n. By (5.21) for 1 � i � n and k 2 Z,

ju�.x C kriei /� ˛ � .x C kriei /j D ju�.x/C ksi � ˛ � x � ˛ikri j; (5.22)

and (5.22) is bounded in k iff

˛i D si=ri ; 1 � i � n: (5.23)

Thus given ˛ 2 Q
n, choosing r 2 N

n, s 2 Z
n with ri ; si relatively prime and

satisfying (5.23), solutions of (PDE) having rotation vector ˛ can be sought in the
class of functions satisfying (5.21). For u� in this class, set u D u� � ˛ � x. Then for
1 � i � n,

u.x C riei / D u�.x C riei /� ˛ � .x C riei / D u�.x/C si � ˛ � x � ˛i ri D u.x/;
(5.24)

i.e., u is ri -periodic in xi , or in the notation of Chapter 2, u 2 �0.r/, where
r D .r1; : : : ; rn/. Moreover, if u� satisfies (PDE),

��u C Fu.x; u C ˛ � x/ D 0: (5.25)

Thus to find solutions u� of (PDE) of rotation vector ˛, it suffices to find u 2 �0.r/
satisfying (5.25).

With these observations, results paralleling our main earlier theorems obtain for
each ˛ 2 Q

n. We will indicate them for the simplest cases and make some remarks
about the more general ones. To begin using suggestive notation, the results of
Chapters 1–3 become the following: There is an ordered set of solutions of (PDE),
M˛

0 , satisfying (5.25). In addition, whenever there is a gap pair v˛ < w˛ in M˛
0 ,

there is a solution of (PDE), U˛
1 , lying in the gap, heteroclinic in x1 from v˛ to

w˛ and satisfying (5.24) for i D 2; : : : ; n. The function U˛
1 is a minimizer of an

associated functional J ˛1 defined on �˛1 .v˛;w˛/, and the set of such minimizers
M˛

1 .v˛;w˛/ is nonempty. Conversely if M˛
1 .v˛;w˛/ 6D ;, v˛;w˛ are adjacent
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members of M˛
0 . Moreover, u is a solution of (PDE) having rotation vector ˛

satisfying (5.23) for 2 � i � n which is minimal and WSI iff u 2 M˛
0 or

u 2 M˛
1 .v˛;w˛/ [ M˛

1 .w˛; v˛/ for some adjacent pair v˛;w˛ in M˛
0 . The changes

required of the material in Chapters 1–3 to obtain these results are minor. Therefore
the new classes of functions and functionals that are needed will be defined, but
most proofs will be omitted.

To introduce M˛
0 , a version of Proposition 2.2 will be needed, so for the moment

we work with r 2 N
n and s 2 Z

n rather that ˛. Define

�
r;s
0 D fu� 2 W 1;2

loc .R
n/ j u� satisfies (5.21)g:

Setting ˛i D si=ri , 1 � i � n, by (5.24),

�
r;s
0 D fu C ˛ � x j u 2 �0.r/g D �0.r/C ˛ � x:

For u 2 �0.r/ and J r0 as in Chapter 2, define

cr;s0 D inf
u2�r0

J r0 .u C ˛ � x/: (5.26)

Set

M
r;s
0 D fu C ˛x j u 2 �r0 and J r0 .u C ˛x/ D c

r;s
0 g:

In [1], Moser proved

Theorem 5.27. 1o M
r;s
0 6D ;.

2o Any u� D u C ˛ � x 2 M
r;s
0 is a solution of (PDE) that is minimal and WSI.

3o M
r;s
0 is an ordered set.

4o For k 2 N
n and t 2 Z

n, set Ok.t/ D .k1t1; : : : ; kntn/. Then M
Ok.r/; Ok.s/
0 D Mr;s

0 and

c
Ok.r/; Ok.s/
0 D

 
nY
1

ki

!
cr;s0 :

Proof. 1o–3o are proved as earlier. For 4o, let u C ˛x 2 � Ok.r/; Ok.s/
0 . Then using (F2),

a computation shows that for 1 � i � n, � iriu C ˛ � x 2 �
Ok.r/; Ok.s/
0 . Therefore

u C ˛ � x 2 M
Ok.r/; Ok.s/
0 implies �iri u C ˛ � x 2 M

Ok.r/; Ok.s/
0 . Note that 3o is equivalent to

the statement that

fu 2 �0.r/ j u C ˛ � x 2 M
r;s
0 g � M0.r/

is ordered. Hence, (i) �iri u D u, (ii) �iri u > u, or (iii) �iri u < u. Possibilities (ii) and
(iii) are excluded as in Proposition 2.2, so (i) holds. Thus u 2 �0.r/ and it satisfies
(5.21) with r; s.
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To continue, henceforth for a given ˛ 2 Q
n, choose the unique r 2 N

n and
s 2 Z

n such that ˛i D si =ri and si ; ri are relatively prime, 1 � i � n. Further set
�˛0 � �

r;s
0 , c˛0 � c

r;s
0 , and M˛

0 � M
r;s
0 .

Assume that

there are adjacent v˛0 ;w
˛
0 2 M0.r/ with v˛0 < w˛0 : (�)˛0

We seek a solution U � D U C ˛ � x of (PDE) with U heteroclinic in x1 from v˛0
to w˛0 . To formulate a variational problem for U , replace T

n�1 and Ti of Chapter 2
by R=Œ0; r2� � � � � � R=Œ0; rn� � T

n�1
˛ and Œir1; .i C 1/r1� � T

n�1
˛ � T

˛
i . Then for

v;w 2 M0.r/, define

b�˛1 � b�˛1 .v;w/ � ˚
u 2 W 1;2

loc .R � T
n�1
˛ / j u lies between v and w

�
:

For u 2 b�˛1 and i 2 Z, set

J ˛1;i .u/ D
Z

T
˛
i

L.u C ˛ � x/dx � c˛0

and

J ˛1Ip;q.u/ D
qX
p

J ˛1;i .u/:

Then with the aid of 4o of Theorem 5.27, the proof of Proposition 2.8 carries over
to the current setting with minor modifications. This allows us to define

J ˛1 .u/ D lim
p!�1

q!1

J ˛1Ip;q.u/;

and Lemma 2.22 extends to this functional. Next defining

�˛1 � �˛1 .v;w/ D˚u 2 b�˛1 j ku � vkL2.T˛i / ! 0; i ! �1;

ku � wkL2.T˛i / ! 0; i ! 1�
;

Proposition 2.24 extends to J ˛1 and �˛1 as do the remaining results of Chapter 2 with
small changes. For example, in Corollary 2.49, u � �1�1u is replaced by u � �1�r1u,
the space �1.v/ becomes

�˛1 .v/ � ˚
u 2 b�˛1 .v � 1; v C 1/ j ku � vkL2.T˛i / ! 0; as ji j ! 1�

;

c˛1 .u/ � inf
u2�˛1 .u/

J ˛1 .u/;

and
M˛

1.v/ D fu 2 �˛1 .v/ j J ˛1 .u/ D c˛1 .v/g:
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These preliminaries lead to:

Theorem 5.28. If F satisfies (F1)–(F2) and (�)˛0 holds:

1o There is a U˛
1 2 �˛1 .v

˛
0 ;w

˛
0 / such that J ˛1 .U

˛
1 / D c˛1 , i.e.,

M˛
1 D M˛

1 .v
˛
0 ;w

˛
0 / � fu 2 �˛1 .v˛0 ;w˛0 / j J ˛1 .u/ D c˛1 g 6D ;.

2o If U 2 M˛
1 ,

(a) U C ˛ � x is a solution of (PDE),
(b) kU � v˛0kC2.T˛i / ! 0, i ! �1,

kU � w˛0kC2.T˛i / ! 0, i ! 1,
(c) v˛0 < U < �1�r1U < w˛0 .

3o M˛
1 is an ordered set.

The proof of Theorem 5.28 follows that of Theorem 3.2.
With the above observations, it is straightforward to extend the remaining results

of Chapters 3–4 to ˛ 2 Q
n. Likewise, Sections 5.1 and 5.2 of this chapter carry over

to ˛ 2 Q
n. For example, for Section 5.2, we replace .e1; : : : ; en/ by .!1; : : : ; !n/

in (5.16).



Part II
Shadowing Results





Chapter 6
The Simplest Cases

In the second part of this memoir, the existence and variational characterizations
of the basic solutions of (PDE) that were found in Part I will be used to construct
more complex solutions. The new solutions are near formal concatenations of the
basic solutions. Hence in the terminology of dynamical systems, they shadow basic
solutions, while in the language that has been used in other related settings, they
are “multibump” solutions of (PDE). The term “multitransition” solution is more
accurate, and it will be used here.

Two of the simplest cases will be studied first. To describe them, observe that by
(�)0, M1.v0;w0/ 6D ; and therefore

M1.v0 C 1;w0 C 1/ D f1C u j u 2 M1.v0;w0/g 6D ;:
This suggests trying to find solutions of (PDE) that are heteroclinic in x1 from v0
to w0 C 1, are 1-periodic in x2; : : : ; xn, and shadow members of M1.v0;w0/ and
M1.v0 C 1;w0 C 1/. It will be shown that there are infinitely many such solutions
of (PDE), provided that (�)1 holds, i.e., M1.v0;w0/ has gaps. These heteroclinics u,
whose existence was alluded to in Remark 3.41, are strictly 1-monotone in x1 and
also possess some minimality properties, but they are not minimal as in Chapter 1.

Next observe that (�)0 implies that both M1.v0;w0/ and M1.w0; v0/ are nonempty.
Thus one can seek solutions of (PDE) homoclinic to v0 (or to w0) that shadow mem-
bers of M1.v0;w0/ and M1.w0; v0/. Under the further assumptions that M1.v0;w0/
and M1.w0; v0/ have gaps, it will be shown that there are infinitely many such
solutions. Unlike the previous case, they are not monotone but again possess local
minimality properties. Consequently, here we leave the realm of solutions that are
minimal and WSI.

As in Part I, the main tools for obtaining these new heteroclinic and homoclinic
solutions are minimization and comparison arguments. However, in contrast to the
earlier settings, the new variational problems involve additional integral constraints
that force admissible functions to have the shadowing properties we seek. Such
constrained variational approaches have been used in dynamical systems settings
by Mather [6] and others and also for partial differential equations as in [7, 8].

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 6, © Springer Science+Business Media, LLC 2011
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There are different kinds of shadowing results one can attempt to find. The most
precise sort of result, which requires the greatest technical effort, is to seek solutions
that are globally near a given pair of isolated basic solutions (or if the basic solutions
are not isolated, the new solutions should shadow the corresponding respective
components of solutions). A less onerous approach gives shadowing orbits in a
“controlled region” of the function space under consideration, a region that may
contain many basic solutions. By a controlled region, we mean that constraints are
imposed on the functions that require them to have the form we seek. Our results
are mainly of this latter type.

Turning to the two cases that are the current focus, the second is simpler in that it
concerns only solutions lying in the gap between v0 and w0. The first case deals with
the region between v0 and w0 C 1, which may contain a complicated set of periodic,
heteroclinic, or homoclinic solutions of (PDE). The simpler case will be treated in
Chapters 6–8 and the monotone case in Chapter 9. To formulate the main result for
two-transition heteroclinic solutions of (PDE) between v0 and w0, assume (�)0 and
also (�)1 for M1.v0;w0/ and M1.w0; v0/. Define

8<
:
��.u/ D ku � v0kL2.T0/;
�C.u/ D ku � w0kL2.T0/:

(6.1)

By Theorem 3.2, M1.v0;w0/ and M1.w0; v0/ are ordered sets. Therefore �� is
strictly increasing on M1.v0;w0/, and M1.w0; v0/ while �C is strictly decreasing
on these two sets. Set � D kw0�v0kL2.T0/. Choose constants �i 2 .0; �/, 1 � i � 4,
such that 8<

:
�1 62 ��.M1.v0;w0//; �2 62 �C.M1.v0;w0//;

�3 62 �C.M1.w0; v0//; �4 62 ��.M1.w0; v0//:
(6.2)

Let ` 2 N and m 2 Z
4 with

m1 < m2 < m2 C 2` < m3 < m4: (6.3)

Now the class of admissible functions for our first minimization problem can be
introduced. Set

Ym;` � Ym;`.v0;w0/ � fu 2 b�1.v0;w0/ j u satisfies (6.5)–(6.6)g; (6.4)

where

(i) ��.�1�iu/ � �1; m1 � ` � i � m1 � 1;
(ii) �C.�1�iu/ � �2; m2 � i � m2 C ` � 1;

(iii) �C.�1�iu/ � �3; m3 � ` � i � m3 � 1;

(iv) ��.�1�iu/ � �4; m4 � i � m4 C ` � 1; (6.5)
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and
k�1�iu � v0kL2.Ti / ! 0; ji j ! 1: (6.6)

Define

bm;` � bm;`.v0;w0/ � inf
u2Ym;`

J1.u/: (6.7)

The main result of this section is:

Theorem 6.8. Let F satisfy (F1)–(F2). Assume that (�)0 holds and also (�)1 for
M1.v0;w0/ and M1.w0; v0/. Then for each sufficiently large ` 2 N, there is a
U D Um;` 2 Ym;` such that J1.U / D bm;`. If in additionm2 �m1 andm4 �m3 are
sufficiently large, U is a solution of (PDE) and

kU � v0kC2.Ti / ! 0 as ji j ! 1. (6.9)

Remark 6.10. (i) Applying Theorem 6.8 with larger and larger choices for
`; m2 �m1 andm4 �m3 produces infinitely many distinct solutions of (PDE).

(ii) Stronger statements about shadowing can be made. For example, U will be
close to v0 in k � kW 1;2.Ti / for i � m1 and i � m4 and to w0 in k � kW 1;2.Ti / for
m2 � i � m3.

The proof of Theorem 6.8 will be given in Chapter 7. It requires a few
preliminaries, which will be stated and proved in this section. Using Theorem 6.8 as
the main tool, the existence of multitransition solutions will be studied in Chapter 8.

Lemma 6.11. c1.v0;w0/C c1.w0; v0/ > 0.

Proof. Let V 2 M1.v0;w0/ and W 2 M1.w0; v0/. Set ˆ D max.V;W / and
‰ D min.V;W /. Then ˆ 2 �1.w0/ n fw0g and ‰ 2 �1.v0/ n fv0g. Therefore by
Theorem 2.72, J1.ˆ/, J1.‰/ > 0, and as in (2.79)–(2.80),

0 < J1.ˆ/C J1.‰/ D J1.V /C J1.W / D c1.v0;w0/C c1.w0; v0/: (6.12)

The next result is related to Lemma 6.11 and provides an estimate useful in future
comparison arguments. Set

X0 �
2[

iD�2
Ti :

Proposition 6.13. Suppose (�)0 holds. Let � > 0. Then for any u 2 �1.v0/ (resp.
u 2 �1.w0/) satisfying

ku � v0kL2.X0/ � � .resp.ku � w0kW 1;2.X0/ � �/; (6.14)

there is a ˇ D ˇ.�/ > 0 independent of u such that J1.u/ � ˇ.
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Proof. The proofs are the same for the v0 and w0 cases, so the former case will be
proved. Set

Y D fu 2 �1.v0/ j u satisfies (6.14)g
and

c.Y/ D inf
u2Y

J1.u/: (6.15)

Then by Theorem 2.72,
0 D c1.v0/ � c.Y/ < 1: (6.16)

If c.Y/ > 0, Proposition 6.13 follows with ˇ.�/ D c.Y/. Hence it suffices to show
that c.Y/ D 0 is not possible. Thus suppose c.Y/ D 0 and let .uk/ be a minimizing
sequence for (6.15). Then .uk/ is also a minimizing sequence for (2.71). Since
Y � �1.v0/, which satisfies (Y1

1)–(Y1
2), by Propositions 2.50 and 2.64, it can be

assumed that there is a P 2 W 1;2
loc .R 	 T

n�1/ such that uk ! P in W 1;2
loc .R 	 T

n�1/
as k ! 1, thereby satisfying (6.14), and P is a solution of (PDE). Moreover,
as, e.g., in (3.6)–(3.7), J1.P / < 1. Consider ˆk D max.uk; �1�1uk/ and ‰k D
min.uk; �1�1uk/. Then as in (3.14) (with c1 D 0) and the argument following it, ˆk ,
‰k converge to ˆ D max.P; �1�1P / and ‰ D min.P; �1�1P /, which are solutions
of (PDE) with ˆ � ‰ and either (i) ˆ � ‰ or (ii) ˆ > ‰ on R 	 T

n�1. If (i) is
satisfied, P D �1�1P , so P 2 �0. Therefore J1.P / < 1 implies P 2 fv0;w0g.
By (6.14), P D v0 is not possible. Thus (i) implies P D w0. If (ii) is valid,
(a) �1�1P > P or (b) P > �1�1P . Alternative (a) shows that P 2 �1.v0;w0/, while
(b) implies P 2 �1.w0; v0/. A similar argument applies in either event, so suppose
(a) is satisfied. Then by Proposition 2.24,

kP � w0kW 1;2.Ti / ! 0; i ! 1: (6.17)

Note that (6.17) also is valid for case (i). Thus to verify that c.Y/ > 0 and complete
the proof, it suffices to prove that (6.17) is impossible. A comparison argument
exploiting Lemma 6.11 will be employed to do so.

Let " > 0. Since uk ! P in W 1;2.Ts/ for each s 2 Z, (6.17) shows that there is
a q D q."/ 2 N such that for all large k 2 N,

kuk � w0kW 1;2.Tq/ � ": (6.18)

Define

fk D

8̂
<̂
ˆ̂:

uk; x1 � q � 1;

w0; q � x1 � q C 1;

uk; q C 2 � x1;

(6.19)

and interpolate in between as usual. Then as in (3.23), there is a function �.s/
satisfying �.s/ ! 0 as s ! 0 and such that

jJ1.uk/� J1.fk/j � �."/ (6.20)
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for large k. Further, choose " so that

�."/ <
1

2
.c1.v0;w0/C c1.w0; v0//: (6.21)

Hence by (6.20)–(6.21), for large k,

J1.fk/ � J1.uk/C 1

2
.c1.v0;w0/C c1.w0; v0//: (6.22)

Define

gk D
(
fk; x1 � q;

w0; q � x1;
(6.23)

and

hk D
(

w0; x1 � q;

fk; q � x1:
(6.24)

Then

J1.fk/ D J1.gk/C J1.hk/ (6.25)

and gk 2 �1.v0;w0/, hk 2 �1.w0; v0/. Consequently, by (6.22)–(6.25),

c1.v0;w0/C c1.w0; v0/ � J1.uk/C 1

2
.c1.v0;w0/C c1.w0; v0//;

or via Lemma 6.11,

0 <
1

2
.c1.v0;w0/C c1.w0; v0// � J1.uk/ (6.26)

for all large k. But J1.uk/ ! 0 as k ! 1, contrary to (6.26). Thus c.Y/ > 0, and
Proposition 6.13 is proved.

The next result provides a crucial tool for future cutting and pasting arguments
and for analyzing asymptotic behavior. Define Xi D S2

jD�2 TiCj . Then roughly

speaking, the result says that if u 2 b�1.v0;w0/ and J1.u/ < 1, u must get L2 close
to v0 or w0 at least for a sequence of sets Xi with i ! ˙1.

Proposition 6.27. Suppose (�)0 holds and u 2 b�1.v0;w0/ with J1.u/ � M < 1.
Then for any � > 0 and t 2 Z, there is an `0 D `0.�;M/ 2 N independent of u and
t such that whenever ` 2 N and ` � `0,

ku � 'kL2.Xi / � � (6.28)

for some i D i.`; t/ 2 .t � `C 2; t C ` � 2/ and ' D '`;t 2 fv0;w0g.
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Proof. If the proposition is false, there are a � > 0, t 2 Z, and a sequence .uk/ � b�1
such that

J1.uk/ � M (6.29)

and
kuk � 'kL2.Xi / � � (6.30)

for ' D v0 and w0 and for all i 2 .t � k; t C k/. By Lemma 2.22, .uk/ is bounded
in W 1;2

loc .R 	 T
n�1/. Hence there is a U � 2 W

1;2
loc .R 	 T

n�1/ such that along a
subsequence, uk ! U � weakly inW 1;2

loc .R 	T
n�1/, strongly in L2loc.R 	T

n�1/, and
pointwise a.e. as k ! 1. Therefore U � 2 b�1,

�K � J1.U
�/ � M C 2K (6.31)

as in (3.6)–(3.7), and
kU � � 'kL2.Xi / � � (6.32)

for all i 2 Z and ' 2 fv0;w0g.
To complete the proof, it suffices to show that such a U � cannot exist.
Choose U 2 M1.v0;w0/ as given by Theorem 3.2 and further require that

kU � w0kL2.X0/ � �

3
: (6.33)

Set
B D f�1�j U �jj 2 Zg

and define

Y D˚u 2 b�1.v0;w0/j u � U and

ku � gkL2.Ti / ! 0; as i ! 1 for some g D g.u/ 2 B
�
:

Note that Y satisfies .Y 11 / of Proposition 2.50. Setting

f D

8̂
<̂
ˆ̂:

v0; x1 � 0;

x1 min.U; U �/C .1 � x1/v0; 0 � x1 � 1;

min.U; U �/; x1 � 1;

shows f 2 Y 6D ;. Thus if
c1.Y/ D inf

u2Y
J1.u/; (6.34)

by Proposition 2.8 and (6.34),

�K1 � c1.Y/ � J1.f / < 1: (6.35)
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Let .'k/ be a minimizing sequence for (6.34). Then for each k 2 N, there are an
sk 2 N and gk 2 B such that if s � sk ,

k'k � gkkL2.Xs/ � �

3
: (6.36)

Note that J1.'k/ D J1.�
1�sk 'k/. Since �1�sk 'k need not belong to Y, .�1�sk 'k/ may

not be a minimizing sequence in Y for J1. However, .�1�sk 'k/ can be modified to
produce such a minimizing sequence. This will be shown next.

Let  k D max.�1�sk 'k; U / and �k D min.�1�sk 'k; U /. We claim that
 k 2 �1.v0;w0/ and �k 2 Y. The only point that need be checked is the asymptotic
behavior of the functions as x1 ! 1. We will show that

k�k � �1�sk gkkL2.Ti / ! 0 (6.37)

as i ! 1. Indeed, observe that

Z
Ti

j�k � �1�sk gk j2dx �
Z
Ti\fU��1

�sk
'kg

j�1�sk 'k � �1�sk gk j2dx

C
Z
Ti\f�1

�sk
gk�U<�1

�sk
'kg

j�1�sk 'k � �1�sk gk j2dx

C
Z
Ti\fU<min.gk;�1

�sk
'k/g

jU � w0j2dx

�
Z
TiCsk

j'k � gk j2dx C
Z
Ti

jU � w0j2dx ! 0 (6.38)

as i ! 1. The asymptotics for  k follow in a similar but simpler fashion.
Next we show that

J1. k/C J1.�k/ D J1.'k/C J1.U /: (6.39)

Expressions like (6.39) have been used several times earlier. They have always
involved functions u for which J1.u/ < 1. In general, as defined J1.u/ is a lim inf
but when J1.u/ < 1, it has a simpler form as a limit. Equation (6.39) represents the
first time we may actually encounter a lim inf. Thus more care is needed to verify
(6.39) for this case. As earlier, for any p < q 2 Z,

J1Ip;q. k/C J1Ip;q.�k/ D J1Ip;q.�1�sk 'k/C J1Ip;q.U /: (6.40)

We can assume J1.'k/<1. Therefore (6.40) and (2.23) imply J1. k/, J1.�k/<1.
Choose pi ! �1, qi ! 1 as i ! 1 such that J1Ipi ;qi .�1�sk 'k/ ! J1.'k/. This
plus Proposition 2.24 for  k and U gives us control of the limits of three of the
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terms in (6.40). Hence by (6.40) as i ! 1, J1Ipi ;qi .�k/ converges to ˛ � J1.�k/.
In fact, ˛ D J1.�k/, for otherwise ˛ > J1.�k/ and

J1. k/C J1.�k/ < J1.'k/C J1.U /: (6.41)

On the other hand, if s�
m ! �1 and t�m ! 1 as m ! 1 and

J1Is�m;t�m.�k/ ! J1.�k/, by (6.40),

J1. k/C J1.�k/ D lim
m!1J1Ism;tm.'k/C J1.U /; (6.42)

so by (6.41)–(6.42),

lim
m!1J1Ism;tm.'k/ < J1.'k/ D lim

p!�1;
q!1

J1Ip;q.'k/; (6.43)

a contradiction. Therefore (6.39) is valid for the current setting.
Since  k 2 �1.v0;w0/, (6.39) shows that

J1.�k/ � J1.'k/: (6.44)

Consequently, .�k/ is a minimizing sequence for (6.34). Thus by Proposition 2.50, it
can be assumed that there is aˆ 2 b�1.v0;w0/ such that �k ! ˆ inW 1;2

loc .R 	T
n�1/

as k ! 1. For any t; ' as in .Y 12 / of Proposition 2.64

c1.Y/ � J1.�k/ � c1.Y/C ık � J1.�k C t'/C ık

with ık ! 0 as k ! 1. Therefore .Y 12 / is satisfied, and by Proposition 2.64, ˆ is
a solution of (PDE) in R 	 T

n�1.
We claim that for i � 0,

kˆ � w0kL2.Xi / � �

2
: (6.45)

It suffices to show that

k�k � w0kL2.Xi / � �

2
: (6.46)

By (6.32),

k�k � w0kL2.Xi / � kw0 � �1�sk gkkL2.Xi / � k�k � �1�sk gkkL2.Xi /
� � � k�k � �1�sk gkkL2.Xi /: (6.47)
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Now as in (6.38),Z
Xi

j�k � �1�sk gk j2dx �
Z
Xi\fU��1

�sk
'kg

j�1�sk 'k � �1�sk gk j2dx

C
Z
Xi\fgk�U��1

�sk
'kg

j�1�sk 'k � �1�sk gk j2dx

C
Z
Xi\fU<min.gk;�1

�sk
'k/g

jU � w0j2dx: (6.48)

Therefore by (6.36) and (6.33),

k�k � �1�sk gkk2L2.Xi / �
��
3

�2 C
��
3

�2 D 2

9
�2; (6.49)

so (6.46) follows from (6.47) and (6.49).
Next chooseW 2 M1.v0;w0/ such thatW < ˆ in X0. This is possible, provided

that ˆ > v0 in X0. Assume for the moment that this is the case. Let

Pk D min.W; �k/ and Qk D max.W; �k/:

As above, Pk 2 Y and Qk 2 �1.v0;w0/. Therefore as in (6.44) and the lines that
follow it,

J1.Pk/ � J1.�k/; (6.50)

and as k ! 1, Pk converges in W 1;2
loc .R 	 T

n�1/ to a solution P of (PDE) with
P D min.W;ˆ/. Hence P � W , and by construction, P D W < ˆ on
X0. Therefore the maximum principle argument of Theorem 3.2 yields P � W .
Consequently, kP � w0kL2.Xi / ! 0 as i ! 1. But P � ˆ, so by (6.45),
kP � w0kL2.Xi / � �=2 for all i � 0. This contradiction shows that U � cannot
exist.

Now to complete the proof of Proposition 6.27, we must show that ˆ > v0 in
X0. If not, ˆ.z/ D v0.z/ for some z 2 X0. Since ˆ 2 O�1.v0;w0/, ˆ � v0. Thus ˆ
is a solution of (PDE) with a global minimum at z. Hence the maximum principle
argument of Theorem 3.2 implies ˆ � v0. Therefore �k ! v0 in L2.X0/. On the
other hand, U > v0, so �k D min.�1�sk 'k; U / implies

k�1�sk 'k � v0kL2.X0/ D k'k � v0kL2.Xsk / ! 0 (6.51)

as k ! 1. But by (6.32), (6.36), and (6.51),

� � kgk � v0kL2.Xsk / � kgk � 'kkL2.Xsk / C k'k � v0kL2.Xsk / � �

3
C �

3
(6.52)

for large k, a contradiction. Thus the proof of Proposition 6.27 is complete.
The next result shows how Proposition 6.27 can provide asymptotic information

about solutions of (PDE).
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Proposition 6.53. Under the hypotheses of Proposition 6.27, suppose there is an
R > 0 such that u is a solution of (PDE) for x1 � R (resp. x1 � �R). Then for
some ' 2 fv0;w0g, ku � 'kW 1;2.Xi / ! 0 as i ! 1 (resp. ku � 'kW 1;2.Xi / ! 0 as
i ! �1).

A more refined conclusion is:

Corollary 6.54. Under the hypotheses of Proposition 6.53, ku � 'kC2.Ti / ! 0 as
i ! �1 (resp. ku � 'kC2.Ti / ! 0 as i ! �1).

Proof of Proposition 6.53. Choose � > 0 and free for the moment. Apply
Proposition 6.27 to a sequence tk ! 1 to obtain a ' 2 fv0;w0g and a corresponding
sequence .sk.�// � N with sk.�/ ! 1 as k ! 1 and such that

ku � 'kL2.Xsk.�// � �: (6.55)

With ' so determined, it suffices to show that

ku � 'kL2.Xi / ! 0; i ! 1: (6.56)

Indeed, assuming (6.56) for now, we claim that there is a constant M3 independent
of u and i such that whenever si > R C 2,

ku � 'kW 1;2.Zsi .�//
� M3ku � 'kL2.Xsi .�//; (6.57)

where Zp D S1
jD�1 TpCj . To verify (6.57), set ˆ D u � '. Then as in (2.5), ˆ

satisfies
�	ˆC Aˆ D 0: (6.58)

Now following the argument from (4.69)–(4.71) shows that (6.57) follows from
(4.71). Moreover, (6.56) and (6.57) imply the proposition.

It remains only to verify (6.56). If it is false, there is are � > 0 and a sequence
pi ! 1 as i ! 1 such that

ku � 'kL2.Xpi / � �: (6.59)

Relabeling sk.�/, it can be assumed that pi 2 .si .�/; siC1.�//. Define

fi D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

u; x1 � si � 1;
'; si � x1 � si C 1;

u; si C 2 � x1 � siC1 � 1;

'; siC1 � x1 � siC1 C 1;

u; siC1 C 2 � x1;

(6.60)
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with the usual interpolation in between. Then as in (3.23), there is a 
.�/ with

.�/ ! 0 as � ! 0 such that

jJ1Isi ;siC1�1.u/� J1Isi ;siC1�1.fi /j � 
.�/: (6.61)

Set

hi D

8̂
<̂
ˆ̂:
'; x1 � si ;

fi ; si � x1 � siC1;
'; siC1 � x1:

Then hi 2 �1.'/, so by (6.59) and Proposition 6.13,

J1.hi / � ˇ.�/: (6.62)

Since

J1.hi / D J1Isi ;siC1�1.fi /; (6.63)

by (6.61)–(6.63),

J1Isi ;siC1�1.u/ � ˇ.�/� 
.�/: (6.64)

Choose � so small that

2
.�/ � ˇ.�/: (6.65)

Therefore (6.64) becomes

J1Isi ;siC1�1.u/ � 1

2
ˇ.�/: (6.66)

Now suppose that si > RC 2 for i � i0. With q 2 N free for the moment, write

J1.u/ D J1I�1;si0�1 .u/C
q�1X
jD0

J1Isi0Cj ;si0CjC1�1.u/C J1Isi0Cq ;1.u/: (6.67)

Since by hypothesis, J1.u/ � M , by (6.66)–(6.67) and Lemma 2.22,

M C 2K1 � q

2
ˇ.�/: (6.68)

But (6.68) is not possible for large q. Thus (6.56) holds, and Proposition 6.53 is
proved.
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Proof of Corollary 6.54. Observe that with ˆ D u � ' as in (6.58), jˆj � 1. Hence
by the Lploc elliptic estimates for (6.58) with p > 2, for any z 2 Ti and i > RC 2,

kˆkW 2;p.B1.z// � M4kˆkLp.B2.z// � M4kˆk2=p
L2.B2.z//

� M4kˆk2=p
L2.Xi /

; (6.69)

with M4 a constant independent of u; i , and z 2 Ti . Thus for p > n
2
, (6.69), the

Sobolev embedding theorem, and Proposition 6.53 imply

kˆkC1.Ti / ! 0; i ! 1: (6.70)

By the interior Schauder estimates, for any ˛ 2 .0; 1/, there is a constant M5 such
that

kˆkC2;˛.B1.z// � M5 (6.71)

for all z 2 ŒR C 2;1/ 	 T
n�1. Now (6.70)–(6.71) and standard interpolation

inequalities yield
kˆkC2.Ti / ! 0; i ! 1: (6.72)

One final comparison result is needed to prove Theorem 6.8. With �i as in (6.2),
define

ƒ1.v0;w0/ D ˚
u 2 �1.v0;w0/ j ku � v0kL2.T0/ D �1 or ku � w0kL2.T0/ D �2

�

and
d1.v0;w0/ D inf

u2ƒ1.v0;w0/
J1.u/: (6.73)

Replacing �1 by �4 and �2 by �3, ƒ1.w0; v0/ and d1.w0; v0/ are defined similarly.

Proposition 6.74. d1.v0;w0/ > c1.v0;w0/ and d1.w0; v0/ > c1.w0; v0/.

Proof. Their proofs being the same, only the first inequality will be proved. Since
ƒ1.v0;w0/ � �1.v0;w0/,

d1.w0; v0/ � c1.w0; v0/: (6.75)

To exclude equality in (6.75), let .uk/ be a minimizing sequence for (6.73). By
Propositions 2.50 and 2.64, it can be assumed that there is a P 2 b�1.v0;w0/ with
J1.P / < 1 such that uk ! P in W 1;2

loc .R 	 T
n�1/,

kP � v0kL2.T0/ D �1 or kP � w0kL2.T0/ D �2 (6.76)

and P is a solution of (PDE) whenever x 62 Œ0; 1� 	 T
n�1. Moreover,

Proposition 6.53 applies to P , so

kP � 'kW 1;2.Xi /; kP �  kW 1;2.X
�i / ! 0 (6.77)
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as i ! 1 for some '; 2 fv0;w0g. Suppose, e.g.,  D w0. Choose " > 0. Then
there is an s 2 �N such that for all k � k0.s/,

kuk � w0kW 1;2.Xs/
� ": (6.78)

Since uk 2 �1.v0;w0/, for any q D q.k/ 2 N and sufficiently large,

kuk � w0kW 1;2.Xq/ � ": (6.79)

Define

fk D
(

uk; x 62 Zs [Zq;
w0; x 2 Ts [ Tq;

(6.80)

with the usual interpolation in the remaining four regions. Then as for (6.61), there
is a function 
.�/ with 
.�/ ! 0 as � ! 0 such that

jJ1.uk/� J1.fk/j � 
."/: (6.81)

Set

gk D

8̂
<̂
ˆ̂:

w0; x1 � s;

fk; s � x1 � q C 1;

w0; q C 1 � x1;

(6.82)

and

hk D

8̂
<̂
ˆ̂:
fk; x1 � s;

w0; s � x1 � q C 1;

fk; q C 1 � x1;

(6.83)

so
J1.fk/ D J1.gk/C J1.hk/: (6.84)

Moreover, gk 2 �1.w0/ and

kgk � w0kL2.T0/ D kuk � w0kL2.T0/: (6.85)

Thus either
kP � w0kL2.T0/ D �2;

in which case it can be assumed that

kuk � w0kL2.T0/ D �2; (6.86)

or
kP � v0kL2.T0/ D �1;
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in which case

kuk � w0kL2.T0/ � � � �1: (6.87)

Recall � D kw0 � v0kL2.T0/. Thus by (6.85)–(6.87),

kw0 � gkkL2.T0/ � min.�2; � � �1/ � �; (6.88)

so by Proposition 6.13,

J1.gk/ � ˇ.�/: (6.89)

Since hk 2 �1.v0;w0/, by (6.81), (6.84), and (6.89),

J1.uk/ � �
."/C ˇ.�/C c1.v0;w0/: (6.90)

Choose " so small that
2
."/ � ˇ.�/ (6.91)

and let k ! 1 in (6.90), yielding

d1.v0;w0/ � c1.v0;w0/C 1

2
ˇ.�/: (6.92)

If ' D v0, a similar argument gives (6.92) with � replaced by min.�1; � � �2/.
One case remains:  D v0 and ' D w0. Then P 2 ƒ1.v0;w0/ and therefore
J1.P / � d1.w0; v0/. An argument essentially as in the proof of Theorem 3.2, in
particular the proof of (C) beginning with (3.15), shows that J1.P / D d1.v0;w0/.
If d1.v0;w0/ D c1.v0;w0/, the fact that P 2 �1.v0;w0/ and 2o of Theorem 3.2
show that P is a solution of (PDE). But P satisfies (6.76), which is incompatible
with (6.2). Thus d1.v0;w0/ > c1.v0;w0/ for all three cases, and Proposition 6.74 is
proved.

For the final result in this section we give a partial answer to a question posed
by Moser [1] and by Bangert [2]. They noted that for n D 1, if u is minimal, then
u is WSI. They asked what further conditions one needs for u to be WSI when
n > 1. Some sufficient conditions were given by Bangert in [2]. The next result
provides another partial answer of a different spirit from those of [2]. We thank
Sergey Bolotin for a helpful suggestion.

Proposition 6.93. Suppose u 2 b�1.v0;w0/, and u is minimal. Then u is WSI.

Proof. Since u is minimal, it is a solution of (PDE). Suppose for the moment
that J1.u/ < 1. Then by Corollary 6.54, ku � 'kC2.Ti / ! 0 as i ! �1 and
ku �  kC2.Ti / ! 0 as i ! 1, where '; 2 fv0;w0g. We consider two cases:
(a) ' D  and (b) ' 6D  . For (a), u 2 �1.v0/ [ �1.w0/. Let p 2 N and set
up D ', jx1j � p; up D u; jx1j � p C 1; and interpolate as usual for
p < jx1j < p C 1. Then by the minimality of u,

J1.u/ � J1.up/ ! 0; p ! 1: (6.94)
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Thus by Theorem 2.72, J1.u/ D 0 and u D '. Consequently u is WSI. Similarly for
(b), u 2 �1.v0;w0/ [ �1.w0; v0/. We claim that u 2 M1.v0;w0/ [ M1.w0; v0/ and
therefore u is WSI via 2o(c) of Theorem 3.2. If the claim is false, say u 2 �1.v0;w0/,
then

J1.u/ > c1.v0;w0/: (6.95)

Let U 2 M1.v0;w0/. As for case (a), set Up D U , jx1j � p; Up D u, jx1j � pC 1;
and interpolate for p < jx1j < p C 1. Then

J1.u/ � J1.Up/ ! c1.v0;w0/; p ! 1; (6.96)

so J1.u/ � c1.v0;w0/, contrary to (6.95). Thus u 2 M1.v0;w0/.
It remains to prove that J1.u/ < 1. Let up be defined as in case (a) with 
 D w0.

Then

0 �
pX

�p�1

˚
J1;i .up/� J1;i .u/

� D J1.up/ � J1.u/: (6.97)

Since u is a solution of (PDE), jJ1;�p�1.up/j and jJ1;p.up/j are bounded by a
constantK depending only on u. Therefore by (6.97),

pX
�p�1

J1;i .u/ � 2K

and letting p ! 1 shows J1.u/ < 1.





Chapter 7
The Proof of Theorem 6.8

The proof consists of several steps. Let .uk/ be a minimizing sequence for (6.7).
Thus there is an M > 0 such that

J1.uk/ � M (7.1)

for all k 2 N. In fact, if V1 2 M1.v0;w0/ andW1 2 M1.w0; v0/ such that V1 satisfies
(6.5) (i) andW1 satisfies (6.5) (iv), setting

bU D

8̂
<̂
ˆ̂:

V1; x1 � m1;

w0; m1 C 1 � x1 � m4 � 1;
W1; m4 � x1;

with the usual interpolation in between, J1.bU / furnishes an upper bound for J1.uk/
independently of m and `. The set Ym;` satisfies (Y1

1), so by Proposition 2.50,
it can be assumed that there is a U 2 b�1.v0;w0/ such that .uk/ converges to U in
W

1;2
loc .R � T

n�1/. Therefore U satisfies (6.5). As in (3.6)–(3.7),

J1.U / � M C 2K1: (7.2)

Moreover, as in the proof of Theorem 3.2, U is a solution of (PDE) except possibly
for the four integral constraint regions.

The remainder of the proof is divided as follows: We show (A) for ` sufficiently
large, there is an Xi in each integral constraint region such that U satisfies (PDE) in
the interior of Xi ; (B) U satisfies (6.6) and therefore U 2Ym;`; (C) J1.U / D bm;`;
(D) for m2 � m1 and m4 � m3 sufficiently large, U satisfies (PDE) in the integral
constraint regions; (E) U satisfies (6.9).

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 7, © Springer Science+Business Media, LLC 2011
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Proof of (A). Choose � so that

0 < � < min
1�j�4.�j ; N� � �j /: (7.3)

It can be assumed that ` � `0.�;M/ with M DJ1.bU / and `0 given by
Proposition 6.27. Let R be any of the integral constraint regions. Then by
Proposition 6.27, there are an Xi � R and 'i 2 fv0;w0g such that

kU � 'ikL2.Xi / � �: (7.4)

The choice of � in (7.3) implies 'i D v0 if R D R1 � Œm1 � `;m1� � T
n�1 or

R4 � Œm4;m4 C `� � T
n�1 and 'i D w0 if R D R2 � Œmi ;mi C `� � T

n�1 or
R3 � Œm3 � `;m3� � T

n�1. For example, if Xi � R2 and 'i D v0, by (7.4) and
(6.5) (ii),

� � kU � v0kL2.Xi / � kU � v0kL2.Ti / � N� � kU � w0kL2.Ti / � N� � �2; (7.5)

contrary to (7.3). The remaining cases are proved similarly. Thus (7.3) shows that
U satisfies the integral constraint for these special Xi ’s with strict inequality. Thus
so does uk for large k. Hence for z 2 Xi and r sufficiently small, the proof of (A) of
Theorem 3.2 shows that U is a solution of (PDE) in the interior of Xi .

Proof of (B). To obtain (6.6), note first that by Proposition 6.53 with R D m4 C `,

kU � 'kL2.Xj / ! 0; j ! 1; (7.6)

for some ' 2 fv0;w0g. If ' D v0, then (B) is proved. Otherwise, ' D w0. Then by
(7.6), for some p > m4 C `,

kU � v0kL2.Tp/ � 3

4
N�; (7.7)

and by the convergence of uk to U in W 1;2.Tp/,

kuk � v0kL2.Tp/ � 1

2
N� (7.8)

for all large k. By Proposition 6.27 and the argument of (A), there is an
i 2 .m4 C 2; m4 C ` � 2/ such that

kU � v0kL2.Xi / � �: (7.9)

Since U and v0 are solutions of (PDE) in Xi , as in (4.68)–(4.71),

kU � v0kW 1;2.Zi / � M3�: (7.10)
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Hence for large k, the W 1;2
loc convergence of uk to U yields

kuk � v0kW 1;2.Ti / � 2M3�: (7.11)

Now a cutting and pasting argument as in the proof of Proposition 6.53 will
establish (6.6). Choose qk > p so that

kuk � v0kW 1;2.Xqk /
� M3�: (7.12)

As in (6.60), define

fk D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

uk; x1 � i � 1;
v0; i � x1 � i C 1;

uk; i C 2 � x1 � qk � 1;

v0; qk � x1 � qk C 1;

uk; qk C 2 � x1;

(7.13)

with the usual interpolation otherwise. Then as in (6.61),

jJ1Ii;qk .uk/ � J1Ii;qk .fk/j � �.�/ (7.14)

with �.�/ ! 0 as � ! 0.
Define

hk D

8̂
<̂
ˆ̂:

v0; x1 � i;

fk; i � x1 � qk;

v0; qk � x1:

(7.15)

Thus hk 2 �1.v0/, and by (7.15) and (7.8),

J1.hk/ D J1Ii;qk .fk/ � ˇ. N�=2/; (7.16)

ˇ being given by Proposition 6.13. Now by (7.14) and (7.16),

J1.uk/ � J1I�1;i�1.uk/C ˇ. N�=2/� �.�/C J1IqkC1;1.uk/: (7.17)

But setting

gk D

8̂
<̂
ˆ̂:

uk; x1 � i � 1;

v0; i � x1 � qk C 1;

uk; qk C 2 � x1;

(7.18)

and interpolating in between as usual, it can be assumed that

jJ1Ii�1.uk/ � J1Ii�1.gk/j C jJ1;qkC1.uk/ � J1IqkC1.gk/j � �.�/: (7.19)
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Therefore (7.18)–(7.19) show that

J1I�1;i�1.uk/C J1IqkC1 ;1.uk/ � J1.gk/� �.�/: (7.20)

Combining (7.17) and (7.20) gives

J1.uk/ � J1.gk/C ˇ. N�=2/� 2�.�/: (7.21)

Choose � so small that

4�.�/ < ˇ. N�=2/: (7.22)

But then, since .gk/ � Ym;`, (7.21)–(7.22) show that .uk/ is not a minimizing
sequence for (6.7). Thus (6.6) holds as i ! 1, and a similar argument establishes
(6.6) as i ! �1.

Proof of (C). By (B), U 2 Ym;`, so

J1.U / � bm;`: (7.23)

The reverse inequality now follows exactly as in the proof of (C) of Theorem 3.2.

Proof of (D). As was shown in (A), whenever U satisfies one of the integral
constraints with strict inequality, it is a solution of (PDE) in the interior of the
corresponding Ti . Moreover, once it is known that there is strict inequality for all
of the constraint regions (or even a pair of adjacent ones), the argument of (A) also
shows that U is a solution of (PDE) at the associated boundary points. Thus to
prove (D), it suffices to verify that there is strict inequality in (6.5) with u D U for
each region. This will be shown for (6.5) (i)–(ii), the remaining cases being treated
similarly.

Suppose for some i in (6.5) (i)–(ii) there is equality. Then

kU � 'kL2.Ti / D �; (7.24)

where .'; �/ D .v0; �1/ or .w0; �2/. Using Proposition 6.27 and (6.57) again, there
is a q 2 Œm3 � `C 2;m3 � 3�\ Z such that

kU � w0kW 1;2.Xq/ � M3�: (7.25)

Define U � via

U � D

8̂
<̂
ˆ̂:
U; x1 � q � 1;
w0; q � x1 � q C 1;

U; q C 2 � x1;

(7.26)
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and interpolate as usual elsewhere. Then as in (4.71), by (7.25) and (7.26), there is
a function �.�/ with �.�/ ! 0 as � ! 0 such that

jJ1.U / � J1.U
�/j � �.�/: (7.27)

Define

ˆ D
(
U �; x1 � q C 1;

w0; q C 1 � x1;
(7.28)

and

‰ D
(

w0 x1 � q;

U �; q � x1;
(7.29)

Note that �1qˆ 2 ƒ1.v0;w0/. Therefore by Proposition 6.74,

J1.ˆ/ D J1.�
1
qˆ/ � d1.v0;w0/: (7.30)

Since ‰ 2 �1.v0;w0/,
J1.‰/ � c1.w0; v0/: (7.31)

Observing that

J1.U
�/ D J1.ˆ/C J1.‰/; (7.32)

by (7.30)–(7.32) and (7.27) we have:

J1.U / � d1.v0;w0/C c1.w0; v0/� �.�/: (7.33)

On the other hand, an upper bound can be obtained for J1.U / since it is a
minimizer of J1 in Ym:l . For m2 � m1 and m4 � m3 sufficiently large and any
" D ".m2 � m1;m4 � m3/ > 0, we can find V1 2 M.v0;w0) and W1 2 M.w0; v0/
such that if

OU D

8̂
<̂
ˆ̂:
V1; x1 � q � 1;
w0; q � x1 � q C 1;

W1; q C 2 � x1;

(7.34)

then

J1.U / � J1. OU / � c1.v0;w0/C c1.w0; v0/C ": (7.35)

Now combining (7.33)–(7.35) yields

d1.v0;w0/� c1.v0;w0/ � "C �.�/: (7.36)
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Finally choosing " and � so small that

2."C �.�// < min.d1.v0;w0/ � c1.v0;w0// (7.37)

holds shows (7.36) and (7.37) are not compatible. Thus we have a contradiction and
(D) is proved.

Proof of (E). Since kU � v0kW 1;2.Xp/ ! 0 as jpj ! 1, via Proposition 2.24, the
C2 convergence follows from Corollary 6.54.

The proof of Theorem 6.8 is complete.

Remark 7.38. For an instructive geometrical example that illustrates Theorem 6.8
as well as Theorem 3.2, set n D 1, so (PDE) describes the motion of a nonlinear
pendulum with x1 becoming a time variable, t . Suppose that F.t; z/ � 0 and
F.t; z/ D 0 if and only if z 2 Z. Then M0 D Z, and v0 D 0;w0 D 1 is a gap
pair. Changing variables so that v0;w0 become �	; 	 , these solutions represent a
pendulum in a vertically upright position. Any member of M1.v0;w0/ starts at v0
at t D �1 and rotates counterclockwise in a 1-monotone fashion, ending at w0 at
t D 1. Similarly, any solution U of (PDE) in Ym;l represents a pendulum motion
starting at �	 , approaching 	 , and remaining near and below it for a time interval
depending on m3 �m2 until finally returning to 	 at t D 1.

Remark 7.39. The solution U of (PDE) given by Theorem 6.8 depends on ` 2 N,
m 2 Z

4 as well as on �i , 1 � i � 4. Letting `, m2 � m1, m4 � m3 ! 1 shows
that there are infinitely many distinct two transition solutions for any fixed set of
�i ’s. What is a minimal set of parameters that determine such solutions and how
to give a more precise count of the number of distinct solutions remain interesting
open questions.

The sets M1.v0;w0/ and M1.w0; v0/ are ordered. Fixing the �i ; 1 � i � 4, the set
of two transition solutions in

S
m;` Ym;`.v0;w0/ is certainly not ordered. For example

u 2 Ym;`.v0;w0/ implies �1�1u 2 Ym�;`.v0;w0/, where m� D mC .1; 1; 1; 1/ and u
and �1�1u must intersect. However, the next result shows that there are ordered pairs
(and similarly ordered sequences) of solutions of (PDE) in

S
`;m Ym;`.v0;w0/.

Corollary 7.40. Suppose .`;m/ and . Ǹ; Nm/ 2 N � Z
4 satisfy the hypotheses of

Theorem 6.8 for the same set of �i ’s, 1 � i � 4. Let Um;` be a solution of (PDE)
corresponding to .`;m/. If also

Nm2 C Ǹ � m1 � `Im4 C ` � Nm3 � Ǹ; (7.41)

then there is a solution U Nm; Ǹ 2 Y Nm; Ǹ of .PDE/ such that U Nm; Ǹ > Um;`.

Proof. A construction following the same lines as the proof of Theorem 6.8 will be
employed. Set

Y.Um;`/ D fu 2 Y Nm; Ǹ j Um;` � ug:
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By (7.41), Y.Um;`/ 6D ;. Define

c.Y.Um;`// D inf
u2Y.Um;`/

J1.u/: (7.42)

Let .uk/ be a minimizing sequence for (7.42). Then as in the proof of
Theorem 6.8, there is a U 2 W

1;2
loc .R � T

n�1/ such that along a subsequence,
uk ! U in W 1;2

loc .R � T
n�1/. Therefore U � Um;`, and it satisfies the requirements

for membership in Y.Um;`/ aside possibly from the asymptotic conditions (6.6).
Moreover, U is a solution of (PDE) in any set Ti if this set does not involve
an integral constraint. To see this, arguing as in (3.8)–(3.12) of the proof of
Theorem 3.2 with v0 replaced by Um;` shows that .Y 12 / holds for any such Ti .
Therefore U is a solution of (PDE) in Ti . Next, following (A)–(D) of the proof
of Theorem 6.8 and the argument of (3.8)–(3.12) shows successively that (a) U
satisfies (PDE) in some Xi for each of the four integral constraint regions, (b) U
satisfies the asymptotic conditions (6.6) and hence U 2 Y.Um;`/, (c) J1.U / D
c.Y.Um;`//, and (d) U is a solution of (PDE) in the remaining integral constraint
regions. In particular, v0 is replaced by Um;` in (7.13), (7.15), and (7.18). By
construction, U � Um;` and a familiar maximum principle argument gives strict
inequality.





Chapter 8
k-Transition Solutions for k > 2

The methods of Chapter 7 can be extended to construct multitransition solutions of
(PDE) for k > 2. These solutions will be heteroclinic in x1 from v0 to w0 (or from w0
to v0) and periodic in x2; : : : ; xn if k is odd while if k is even, they will be homoclinic
to v0 (or to w0) in x1 and periodic in x2; : : : ; xn. For example, to get k-transition
solutions, let m 2 Z

2k , k > 2, with miC1 > mi and mi C 2` < miC1 for even i .
Choose numbers �i 2 .0; N�/, 1 � i � 2k, with �i as in (6.2) for 1 � i � 4 and
�iC4 D �i . If k is even, define Ym;` as in (6.4) with (6.5) replaced by the analogous
2k constraints. If k is odd, Ym;` D Ym;`.v0;w0/, and the asymptotic condition at
x1 D 1 becomes k�1�iu � w0kL2.Ti / ! 0 as i ! 1.

The theorem one obtains is

Theorem 8.1. Suppose F satisfies (F1)–(F2), k � 2, and (�)0 and suppose as well
that (�)1 for M1.v0;w0/ and M1.w0; v0/ are satisfied. If ` � 0, there is a U 2 Ym;`
such that J1.U / D bm;` � infYm;` J1. If also m2 �m1; : : : ; m2k �m2k�1 � 0, U is
a solution of (PDE) and kU � v0kC2.Ti / ! 0 as i ! �1, kU � 'kC2.Ti / ! 0 as
i ! 1 where ' D v0 if k is even and ' D w0 if k is odd.

The proof of Theorem 8.1 is essentially the same as that of Theorem 6.8.
Therefore the details will be omitted. We turn instead to the following question:
are there are solutions of (PDE) with an infinite number of transitions between v0
and w0? There are three cases one can consider: (i) m D .mk/k2N with mk ! 1
as k ! 1; (ii) m D .mk/k2�N with mk ! �1 as k ! �1; (iii) m D .mk/k2Z,
with mk ! �1 as k ! �1 and mk ! 1 as k ! 1. Case (i) corresponds to
solutions asymptotic to v0 (or w0) as x1 ! �1 and case (ii) to solutions asymptotic
to v0 (or w0) as x1 ! 1. A natural approach to any of these cases is the following:
truncate m, i.e., replace m by m�

j D fms j jsj � 2j g. Then invoke Theorem 8.1
to get a solution u�

j 2 Ym�

j ;`
of (PDE) for each j 2 N. Since v0 � u�

j � w0, one

can use the Lp and Schauder elliptic theories to get C2;˛
loc .R � T

n�1/ estimates for
u�
j independently of j . This permits us to pass to a limit along a subsequence as
j ! 1 to find a solution U � of (PDE) satisfying the constraints (6.5) associated
with m. There are two possible obstacles to carrying out this program. The lesser
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one is to show that for cases (i) and (ii), U � has the appropriate asymptotic behavior.
A more serious difficulty is in applying Theorem 8.1 to find u�

j . That result requires
`;m2i �m2i�1 � 0 and a priori ` and the difference in the mi ’s will depend on j
and possibly go to 1 as j ! 1.

Rather than pursue this point, we will carry out another more geometrical
approach in the spirit of [7] and [8] (see also [27]). This new approach employs
Theorem 6.8 and enables us to find k- and 1-transition solutions of (PDE) with
equal facility. To begin, choose .`;m/, . Ǹ; Nm/ 2 N � Z

4 so that there are solutions
V in Ym;`.v0;w0/ and W 2 Y Nm; Ǹ.w0; v0/ given by Theorem 6.8. Since V < w0,
W > v0, and V ,W (with v0 replaced by w0) satisfy (6.9), there is a constant ˇ0 > 0
such that for all x 2 R � T

n�1,

w0.x/ � V.x/;W.x/ � v0.x/ � 2ˇ0: (8.2)

Hence if V andW are sufficiently separated in the sense that

(i) Nm1 � Ǹ � �0 > m4 C `C �0 or

(ii) m1 � ` � �0 > Nm4 C Ǹ C �0; (8.3)

then (8.2) and (8.3) imply

W � V � ˇ0 > 0; x 2 R � T
n�1: (8.4)

Set
M.Ym;`.v0;w0// D fu 2 Ym;`.v0;w0/ j J1.u/ D bm;`g:

Then for any j 2 Z,

�1�j V 2 M.Ym�.j;j;j;j /;`.v0;w0//

and also
�1�jW 2 M.Y Nm�.j;j;j;j /; Ǹ.w0; v0//:

Consequently, by replacing V or W by such a phase shift, it can be assumed that
(8.3) (i) is satisfied. If j 2 N, �1j shifts Nm1 to Nm1 C j , so by (8.3) (i),

�1jW.x/ � V.x/ � ˇ0 > 0; x 2 R � T
n�1: (8.5)

Similarly, for any large p 2 N, say p � p�,

�1�pW.x/� V.x/ � ˇ0 > 0; x 2 R � T
n�1: (8.6)

Now a k-transition solution of (PDE) can be constructed for any k 2 N, k � 2.
For even k, the solutions are homoclinic (to v0 or w0), while for odd k, they are
heteroclinics. Choose p D .p0; : : : ; pk/ 2 Z

kC1 so that piC1 >pi , 0 � i < k.
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Set H D .h0; : : : ; hk/. To obtain solutions asymptotic to v0 as x1 ! �1, take
hi D �1�pi 'i , where 'i D W for even i and 'i D V for odd i . For solutions
asymptotic to w0 as x1 ! �1, take hi D �1�pi 'i , where now 'i D V for even i
and 'i D W for odd i . Further assume

piC1 � pi � �1 � Nm1 �m4 � ` � Ǹ � 2�0 (8.7)

and

piC1 � pi � p�: (8.8)

Note that �1 > 0 via (8.3) (i). Set Nh D . Nhi /i2Z, where

Nhi D

8̂
<̂
ˆ̂:
�1�i h0; i < 0;

hi ; 0 � i � k;

�1i�khk; i > k:

Therefore by the above remarks, for any i and j such that 'i D W and
'j D V , Nhi � Nhj � ˇ0. Hence if ˆk.x/ � inffhi .x/ j 'i .x/ D W.x/g and
‰k.x/ � supfhj .x/ j 'j .x/ D V.x/g,

ˆk.x/ �‰k.x/ � ˇ0: (8.9)

Note also that ˆk and ‰k are continuous.
Now a class of admissible functions to find k-transition solutions can be

introduced. Define

Y.‰k;ˆk/ D fu 2 W 1;2
loc .R � T

n�1/ j ‰k � u � ˆkg:

By (8.9), Y.‰k;ˆk/ 6D ;. Suppose that u 2 Y.‰k;ˆk/ is a solution of (PDE) with
J1.u/ < 1. Then in a familiar fashion, ku � �kL2.Ti / ! 0 as i ! �1 with
� 2 fv0;w0g. Since ‰k � u � ˆk , if, e.g., h0 D �1�p0W , ku � w0kL2.Ti / ! 0

as i ! �1 is not possible, i.e., ku � v0kL2.Ti / ! 0 as i ! �1. Similarly,
h0 D �1�p0V implies ku�w0kL2.Ti / ! 0 as i ! �1. Thus the asymptotic behavior
of u as x1 ! �1 is determined by h0, and likewise as x1 ! 1, it is determined
by hp.

Let
c.Y.‰k;ˆk// D inf

u2Y.‰k;ˆk/
J1.u/: (8.10)

Theorem 8.11. Let F satisfy (F1)–(F2) and assume that (�)0, and (�)1 (for
M1.v0;w0/ and M1.w0; v0/) hold. Then for each k 2 N, k >2, p 2 Z

kC1 satis-
fying (8.7) and corresponding ‰k;ˆk , there is a U 2 Y.‰k;ˆk/ such that
J1.U / D c.Y.‰k;ˆk//. Moreover, any such minimizer is a solution of (PDE),
satisfies the asymptotics associated with Y.‰k;ˆk/, and ‰k < U < ˆk .
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Proof. By Proposition 2.8, J1 is bounded from below on Y.‰k;ˆk/ and therefore
c.Y.‰k;ˆk// > �1. For x1 near �1, either (a) ‰k is a phase shift of V or (b)ˆk
is a phase shift of W . The same alternatives prevail for x1 near 1. Hence choosing
u 2 Y.‰k;ˆk/ so that u D ‰k (resp. u D ˆk) for x1 near �1 if (a) occurs (resp.
if (b) occurs) with analogous choices for x1 near 1 shows that J1.u/ < 1. Thus
c.Y.‰k;ˆk// < 1.

By the arguments of Chapters 2–3, a minimizing sequence for (8.10) converges
in W 1;2

loc .R � T
n�1/ to some U 2 Y.‰k;ˆk/ with J1.U / < 1. To show that U

satisfies (PDE), a local minimization property is required for members of M.Ym;`/.

Proposition 8.12. Any V 2 M.Ym;`.v0;w0// .resp. W 2 M.Y Nm; Ǹ.w0; v0///
possesses the minimization property: For any z 2 R � T

n�1 and small r > 0, V
minimizes

Ir;z.u/ D
Z
Br .z/

L.u/dx

over

Er;z � fu 2 W 1;2
loc .R � T

n�1/ j u D V on .R � T
n�1/ n Br.z/g:

Proof. Let z 2 R � T
n�1 and suppose r satisfies Br.z/ 	 R � T

n�1. Since Er;z is
closed and convex and Ir;z is weakly lower semicontinuous, there exists Nu 2 Er;z
such that

Ir;z.Nu/ D inf
u2Er;z

Ir;z.u/ � ˛r;z: (8.13)

Standard elliptic regularity arguments imply that any minimizer of Ir;z over Er;z is
a classical solution of (PDE) in Br.z/. Moreover, as in the proof of Theorem 1.6 or
Proposition 2.2,

M.Er;z/ � fu 2 Er;z j Ir;z.u/ D ˛r;zg
is an ordered set. Hence it has a least element u, i.e., u.x/ � u.x/ for all x 2 Br.z/
and u 2 M.Er;z/.

If
Ir;z.V / D ˛r;z; (8.14)

we are through. Otherwise,
Ir;z.V / > ˛r;z: (8.15)

We will show that (8.15) is not possible. It can be assumed that

v0 < u < w0: (8.16)

Indeed, since V 2 M.Ym;`.v0;w0//, v0 < V < w0 and (8.16) is true for x 62 Br.z/.
If u.x0/ < v0.x0/ for some x0 2 Br.z/,

Ir;z.u/ D
Z
Br .z/\fu<v0g

L.u/dx C
Z
Br .z/\fu�v0g

L.u/dx

>

Z
Br .z/\fu<v0g

L.v0/dx C
Z
Br .z/\fu�v0g

L.u/dx D Ir;z.max.u; v0//; (8.17)
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since v0 is monotone. But max.u; v0/ 2 Er;z, so max.u; v0/ 2 M.Er;z/. Since
M.Er;z/ is ordered, max.u; v0/ > u. But then max.u; v0/ D v0 and v0 62 Er;z, a
contradiction. Hence by a similar argument with w0, for x 2 Br.z/, v0 � u � w0.
Again our usual maximum principle argument shows that equality is not possible,
so (8.16) holds.

If z is not in a constraint region and r is small enough, Br.z/ also avoids the
constraint regions. Hence by (8.16), u 2 Ym;`.v0;w0/ and therefore by (8.15),

J1.V / > J1.u/; (8.18)

contrary to the minimality of V for J1 on Ym;`.v0;w0/. Thus (8.15) cannot hold and
Proposition 8.12 is valid for such z.

Next suppose z lies in a constraint region. For the constraint regions Ti of (6.5)
(i), set

r21 D minf�21 � kV � v0k2L2.Ti / j m1 � ` � i � m1 � 1g: (8.19)

Similarly let r2; r3; r4 be the analogues of r1 for the constraint regions of (6.5)
(ii)–(iv) and set

r20 D min
1�i�4 r

2
i : (8.20)

Since V satisfies the constraints with strict inequality, r0 > 0. Choose r so small
that

kw0 � v0k2L1.R�Tn�1/
jBr.0/j < 1

4
r20 ; (8.21)

where jBr.0/j denotes the measure of Br.0/. We claim that for r satisfying (8.21),
u 2 Ym;`.v0;w0/ and (8.15)–(8.18) again yield a contradiction. To see that u satisfies
the constraints (6.5), suppose (6.5) (i) fails. Then for some i in Œm1�`;m1�1�\Z,

Z
Ti

.V � v0/
2dx < �21 <

Z
Ti

.u � v0/
2dx

D
Z
Ti\Br .z/

.u � v0/
2dx C

Z
TinBr .z/

.V � v0/
2dx;

or

0 < r20 � �21 �
Z
Ti

.V � v0/
2dx <

Z
Ti\Br .z/

�
.u � v0/

2 � .V � v0/
2
�
dx

� 2kw0 � v0k2L1.R�Tn�1/
jBr.z/j (8.22)

which is contrary to (8.21). Thus for all cases (8.14) holds and V has a local
minimization property.
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Corollary 8.23. M.Er;z/ D fV g.

Proof. It suffices to show that V D u. The proof of Proposition 8.12 shows that
u 2 Ym;`.v0;w0/. Therefore since Ir;z.u/ D Ir;z.V / and u D V in .R�T

n�1/nBr.z/,
J1.u/ D J1.V /. Hence u is a solution of (PDE) via Theorem 6.8. But then V �u � 0,
equals 0 in .R � T

n�1/ n Br.z/, and satisfies a linear elliptic PDE to which the
maximum principle applies. Consequently, V � u � 0.

Completion of Proof of Theorem 8.11. To show that U , the limit of the minimizing
sequence .uk/ of (8.10), is a solution of (PDE), let z 2 R � T

n�1 and let r D r.z/
be given by Proposition 8.12. Set

Hr;z � fu 2 W 1;2
loc .R � T

n�1/ j u D U on .R � T
n�1/ n Br.z/g:

With Ir;z as in Proposition 8.12, minimize Ir;z over Hr;z. As in Proposition 8.12,
there is a minimizer Ou 2 Hr;z to this problem and any such minimizer is a solution
of (PDE) in Br.z/. Thus to prove that U is a solution of (PDE), it suffices to show
that Ir;z.U / D Ir;z.Ou/.

Since ‰k � U � ˆk , we claim that the local minimization property of
Proposition 8.12 implies

‰k � Ou � ˆk: (8.24)

To verify (8.24), suppose it is false and, e.g., for some Ox 2 Br.z/, Ou. Ox/ < ‰k. Ox/.
Now ‰k. Ox/ D �1�qV . Ox/ for some q 2 Z. Set ' D min.�1�qV; Ou/. Replacing V by
�1�qV and m by mC .q; q; q; q/ in Proposition 8.12 shows that ' 2 Er;z. Therefore

Ir;z.'/ � Ir;z.�
1�qV /: (8.25)

If there were equality in (8.25), by Corollary 8.23 ' � �1�qV on R � T
n�1. Since

'. Ox/ D Ou. Ox/ < ‰k. Ox/, '. Ox/ 6D �1�qV . Ox/. Thus

Ir;z.'/ > Ir;z.�
1�qV /: (8.26)

Set  D max.�1�qV; Ou/. Then

Ir;z. /C Ir;z.'/ D Ir;z.�
1�qV /C Ir;z.Ou/ (8.27)

and by (8.26)–(8.27),
Ir;z. / < Ir;z.Ou/: (8.28)

But  2 Hr;z, so (8.28) is contrary to the choice of Ou. A similar contradiction
obtains if Ou. Ox/ > ˆk. Ox/. Thus (8.24) holds, and it implies Ou 2 Y.‰k;ˆk/. If
Ir;z.U / > Ir;z.Ou/, set s D Ir;z.U / � Ir;z.Ou/ and define

Ouk D
(

Ou; x 2 B2r .z/;
uk; x 2 .R � T

n�1/ n B3r .z/:
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For the intermediate region B3r .z/ n B2r .z/, writing x D z C t� , where � 2 Sn�1
and t 2 Œ2r; 3r�,

Ouk.x/ D .3 � t=r/U.z C t�/C .t=r � 2/uk.z C t�/:

Thus Ouk 2 Y.‰;ˆ/ and

I3r;z.Ouk/ � Ir;z.Ou/C
Z
B3r .z/nBr.z/

L.uk/dx CRk: (8.29)

Since uk ! U in W 1;2
loc .R � T

n�1/ as k ! 1, Rk ! 0 and

Ir;z.uk/ ! Ir;z.U /:

Thus for large k,

J1.Ouk/ D J1.uk/C Ir;z.Ou/ � Ir;z.uk/CRk � J1.uk/� s

2
; (8.30)

contrary to .uk/ being a minimizing sequence for (8.10). Consequently
Ir;z.U / D Ir;z.Ou/ and U is a solution of (PDE).

For any other U 2 Y.‰k;ˆk/ with J1.U / D c.Y.‰k;ˆk//, replacing U in Hr;z

by U again yields a minimizer Nu 2 Hr;z as above. If Ir;z.U / > Ir;z.Nu/, then by
the above argument J1.U / > J1.Nu/, contrary to the minimality of U in Y.‰k;ˆk/.
Thus Ir;z.U / D Ir;z.Ou/, and again U is a solution of (PDE).

Next, since U and likewise U are solutions of (PDE) in Y.‰k;ˆk/ with J1
finite, by Proposition 6.53 and the form of ‰k and ˆk , U and U have the desired
asymptotic behavior as x1 ! ˙1. That J1.U / D c.Y.‰k;ˆk// follows as in
the proof of Theorem 3.2. Lastly, to see that ‰k < U < ˆk , suppose, e.g., that
for some x, U.x/ D ˆk.x/. Now ˆk.x/ D �1�`W.x/ for some ` 2 Z and by its
definition,ˆk � �1�`W . Since U and �1�`W are solutions of PDE with U � �1�`W ,
andU.x/ D �1�`W.x/, by the maximum principle,U � �1�`W . This is possible only
if ˆk � �1�`W , which in turn can occur only if k D 2, contrary to our hypothesis.

Remark 8.31. The proof of Proposition 8.12 shows that the solution U of (PDE)
given by Theorem 8.11 possesses a local minimization property and even a global
one within Y.‰k;ˆk/.

The final result of this section is the existence of solutions that make an infinite
number of transitions.

Theorem 8.32. Under the hypotheses of Theorem 8.11, if p D .pj /j2Z satisfies
(8.7), then for each k 2 N and corresponding ‰k;ˆk , there is a solution U of
(PDE) in Y.‰k;ˆk/ with ‰k < U < ˆk .

Proof. Choose k 2 N and set p�
k D .�pk; : : : ; pk/. Take the corresponding

Hk D .h�k; : : : ; hk/ and the associated ‰k;ˆk . Invoke Theorem 8.11 to get a
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solution Uk of (PDE) in Y.‰k;ˆk/. The L1 bounds on ‰k and ˆk uniform in
k imply C2;˛

loc .R � T
n�1/ bounds for Uk , uniform in k for any ˛ 2 .0; 1/. Therefore

there is a U 2 C
2;˛
loc .R � T

n�1/ such that Uk ! U in C2
loc.R � T

n�1/ along a
subsequence. Hence U is a solution of (PDE) with

‰k � U � ˆk; (8.33)

i.e., U2 Y.‰k;ˆk/. Strict inequality in (8.33) follows as in the proof of
Theorem 8.11.

Remark 8.34. Theorem 8.32 corresponds to case (iii) mentioned after Theorem 8.1.
There are also versions of Theorem 8.32 corresponding to cases (i) and (ii).

Remark 8.35. As in Remark 8.31, the solution U of (PDE) of Theorem 8.32
possesses local and global minimality properties.

Remark 8.36. Unlike the earlier existence results for multitransition solutions
such as Theorem 8.1 or Theorem 8.11, where the solutions were obtained by
minimization, in Theorem 8.32, the solutions are obtained by an approximation
argument. Thus there is no variational characterization of the solutions given by
Theorem 8.32. A direct minimization approach to Theorem 8.32 remains an
interesting open question. This question is akin to that of finding a variational char-
acterization of Bangert’s heteroclinic solutions [2]. Hence one possible approach
would be to find a renormalized functional here in the spirit of the argument used to
prove Theorem 3.2.



Chapter 9
Monotone 2-Transition Solutions

The second multitransition case mentioned in Chapter 6 will be studied here.
Proceeding somewhat more generally, suppose v0;w0;bv0;bw0 2 M0, where
v0 < w0 � bv0 < bw0 and the pairs v0;w0 and bv0;bw0 satisfy (�)0. The simplest
special case is that ofbv0 D v0 C 1 and bw0 D w0 C 1. The solutions constructed
here will be monotone in x1 in the sense of Theorem 3.2, i.e., u < �1�1u. This allows
us to work in a class of functions having this property and thereby use much less
restrictive constraints than employed in Chapter 6 to get existence results.

Assume that M0 and M1.v0;w0/ have gaps, i.e., .�/0 and .�/1 for M1.v0;w0/
hold. Set

T0 D
( Z

T0

h dx j h 2 M1.v0;w0/

)
:

Then T0 � .
R
T0

v0 dx;
R
T0

w0 dx/. By .�/1, gap pairs in M1.v0;w0/ are mapped byR
T0

� dx to members of T0 with the interval between them not in T0. Choose s < t

in a distinct pair of such intervals. Then

s; t 2
 Z

T0

v0 dx;
Z
T0

w0 dx

!
nT0 (9.1)

and

C0 �
(
h 2 M1.v0;w0/ j s <

Z
T0

h dx < t

)
6D ;: (9.2)

For later reference, note that C0, which is an ordered subset of M1.v0;w0/, has a
smallest and a largest element.

Assuming that .�/1 holds for M1.bv0;bw0/, replacing v0 and w0 in T0 bybv0;bw0
definesbT0. Choosingbs;bt 2 bT0 definesbC0 as in (9.2).

The goal here is to find solutions that shadow some h0 2 C0 and bh 2 bC0. To
formulate such a result, a class of admissible functions will be introduced. Choose
m 2 Z

2, m D .m1;m2/ with m1 C 4 < m2 and set

bY m D fu 2 b�1.v0;bw0/ j u � �1�1u and u satisfies (9.3)–(9.4)g;

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 9, © Springer Science+Business Media, LLC 2011
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where

s �
Z
Tm1

min.u;w0/dx � t (9.3)

and

bs �
Z
Tm2

max.u;bv0/dx �bt : (9.4)

By Proposition 2.8, the functional J1 is defined on bY m. Set

bbm D inf
u2bY m J1.u/: (9.5)

Our main result here is:

Theorem 9.6. Assume that F satisfies (F1)–(F2), (�)0 holds with associated gap
pairs v0 and w0 andbv0 andbw0, and M1.v0;w0/, M1.bv0;bw0/ satisfy (�)1. Then there
is a U 2 bY m such that J1.U / Dbbm. If m2 � m1, any such U satisfies (PDE),

8<
:

kU � v0kW 1;2.Ti / ! 0; i ! �1;

kU �bw0kW 1;2.Ti / ! 0; i ! 1;

(9.7)

and

v0 < U < �1�1U < bw0: (9.8)

Moreover, shadowing occurs in the following sense:

Theorem 9.9. Under the hypotheses of Theorem 9.6, given any �;R > 0, for
m2 �m1 possibly still larger, there are functions U0 2 C0 and bU 2bC0 such that

kU � �1m1U0kW 1;2.Ti / � � for i � m1 CR, (9.10)

and
kU � �1m2

bUkW 1;2.Ti / � � for i 	 m2 � R: (9.11)

Moreover, U < w0 for x1 � m1 CRC 1 and U > Ov0 for x1 	 m2 � R.

Remark 9.12. The freedom in choosing the parameters s and t shows that there are
infinitely many different such heteroclinic solutions of (PDE) for given v0;w0 and
bv0;bw0.
Remark 9.13. The sets T0; Tmi ; i D 1; 2, are used in the integral constraints as a
matter of convenience. For technical reasons, in Chapter 13 they will be replaced by
the sets B1=4.p0/ D fx j jx � p0j < 1=4g; �1miB1=4.p0/; i D 1; 2, with p0 the center
of T0. This will leave the results of the current section unchanged.
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The proofs of Theorems 9.6 and 9.9 require two preliminaries. The first is an
analogue of Proposition 6.74. With s; t as in (9.1), set

bƒ1 D bƒ1.v0;w0/ D ˚
u 2 b�1.v0;w0/ j u � �1�1u and u satisfies (9.14)

�
;

where Z
T0

u dx D � (9.14)

for � 2 fs; tg. Define bd1.v0;w0/ D inf
u2bƒ1.v0;w0/ J1.u/: (9.15)

Proposition 9.16. bd1.v0;w0/ > c1.v0;w0/.
Proof. Let .uk/ be a minimizing sequence for (9.15). Then as in Proposition 6.74,
it can be assumed that .uk/ is bounded in W 1;2

loc .R 
 T
n�1/ and there is a

P 2W 1;2
loc .R
T

n�1/ such that uk converges toP weakly inW 1;2
loc .R
T

n�1/, strongly
in L2loc.R 
 T

n�1/, and pointwise a.e. as k ! 1. Therefore P 2 bƒ1 and

J1.P / 	 bd1: (9.17)

Moreover,J1.P /<1. Hence by Corollary 2.49 and (�)0,P2 M0 orP2�1.v0;w0/.
Since u satisfies (9.14), the first alternative is not possible. Thus P 2�1.v0;w0/, and
by Proposition 2.24, (2.26)–(2.27) hold. It is readily checked that bƒ1 satisfies (Y1

1),
so in fact uk ! P in W 1;2

loc .R 
 T
n�1/.

We claim that J1.P / D bd1. Indeed, the proof of (C) of Theorem 3.2 shows that
J1.P / � bd1, so equality follows from (9.17). Since P 2 �1.v0;w0/,

J1.P / 	 c1: (9.18)

If there is equality in (9.18), P 2 M1.v0;w0/, so by Theorem 3.2, P is a solution of
(PDE). But then (9.14) is in contradiction to (9.2). Hencebd1 > c1.
Remark 9.19. Similarlybd1.bv0;bw0/ > c1.bv0;bw0/.

The next proposition is needed to prove the shadowing estimates (9.10)–(9.11).

Proposition 9.20. For any " > 0, there is a ı D ı."/ > 0 such that whenever
u 2 �1.v0;w0/ satisfies J1.u/ � c1.v0;w0/C ı, there is a ‰ 2 M1.v0;w0/ with

ku �‰kW 1;2.Xi / � " for all i 2 Z:

Proof. If not, for some " > 0, there is a sequence .uk/ � �1.v0;w0/ such that
J1.uk/ ! c1.v0;w0/ as k ! 1 while for any ‰ 2 M1.v0;w0/,

kuk �‰kW 1;2.Xpk /
> " (9.21)
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for some pk D pk.‰/ 2 Z. Replacing uk by �1�`kuk if necessary, it can be assumed
that Z

Ti

.uk � v0/dx � 1

2

Z
T0

.w0 � v0/dx �
Z
T0

.uk � v0/dx (9.22)

for all i 2 �N. Since .uk/ is a minimizing sequence for (3.1), by the proof of
Theorem 3.2, there is a U 2 M1.v0;w0/ such that uk ! U in W 1;2

loc .R 
 T
n�1/ as

k ! 1 and J1.U / D c1.v0;w0/. By (9.21) with ‰ D U ,

kuk � U kW 1;2.Xpk /
> ": (9.23)

Since uk ! U in W 1;2.Ti / for all i 2 Z, (9.23) implies jpkj ! 1 as k ! 1.
Passing to a subsequence, it can be assumed thatpk ! 1 or pk ! �1 as k ! 1.
The argument being the same in either event, suppose pk ! 1 as k ! 1.

Choose � > 0. Since U 2 �1.v0;w0/, there is a q 2 Z such that

kU � w0kW 1;2.Xi / � � (9.24)

for all i 2 Z with i 	 q. Thus for large k,

kuk � w0kW 1;2.Xq/
� 2�: (9.25)

Let fk; gk 2 �1.v0;w0/, hk 2 �1.w0/, and let � be defined as in (6.19)–(6.24), so

jJ1.uk/ � J1.fk/j � �.�/ (9.26)

and

J1.fk/ D J1.gk/C J1.hk/: (9.27)

Consequently, since J1.uk/ ! c1.v0;w0/ as k ! 1, for large k,

J1.fk/ � J1.uk/C �.�/ � c1.v0;w0/C 2�.�/ � J1.gk/C 2�.�/: (9.28)

Thus by (9.27)–(9.28),
J1.hk/ � 2�.�/: (9.29)

Choose � so small that

�.�/ � 1

4
ˇ."=2/; (9.30)

where ˇ is as in Proposition 6.13. By (9.23)–(9.24),

kuk � w0kW 1;2.Xpk /
	 kuk � U kW 1;2.Xpk /

� kU � w0kW 1;2.Xpk /
	 " � �: (9.31)
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Thus for � < "=2,

kuk � w0kW 1;2.Xpk /
	 "=2: (9.32)

But then since hk 2 �1.w0/ and hk D uk on Tpk ,

J1.hk/ 	 ˇ."=2/; (9.33)

contrary to (9.29)–(9.30).
Having completed these preliminaries, we are ready for the:

Proof of Theorem 9.6. Let .uk/ be a minimizing sequence for (9.5). By, e.g., the
argument of Proposition 9.16, it can be assumed that uk converges inW 1;2

loc .R
T
n�1/

to U 2 bY m with J1.U / < 1. To show that U possesses the asymptotic behavior
given by (9.7), observe that as in the proof of Corollary 2.49, as ` ! �1,
�1�`U ! ', and as ` ! 1, �1�`U !  , convergence being in L2.T0/. Moreover,
'; 2 M0, since J1.U / < 1. Clearly ' �  with equality impossible via (9.3) or
(9.4). If ' 6D v0, by (�)0 for the pair v0;w0, ' 	 w0. Hence by (9.3)

Z
T0

w0 dx D
Z
Tm1

min.';w0/dx �
Z
Tm1

min.U;w0/dx � t; (9.34)

contrary to (9.1). Thus ' D v0 and similarly  D bw0. Moreover, by
Proposition 2.24, the convergence to v0 and bw0 is in W 1;2.Ti /, so (9.7) holds. It
then follows as in the proof of (C) of Theorem 3.2 that J1.U / Dbbm.

Once it has been shown that U is a solution of (PDE), then as in earlier
arguments, the maximum principle implies v0 < U < �1�1U < bw0. The proof

that for m2 � m1, any U 2 bY m with J1.U / D bbm satisfies (PDE) consists of two
parts. The first is to show that if m2 � m1, the constraints (9.3)–(9.4) hold with
strict inequality. The second step employs a local minimization argument as in [7].

To begin, suppose that w0 <bv0 and set

bY Dfu 2 b�1.w0;bv0/ j u � �1�1u and u D w0 in Ti for i near �1I
u Dbv0 in Ti for i near 1g

and define

bc D inf
u2bY J1.u/: (9.35)

If w0 Dbv0,bY andbc can be dispensed with in the following argument. Withbd1 being
given by Proposition 9.16 and Remark 9.19, let ı satisfy

0 < ı <
1

3
min

�bd1.v0;w0/� c1.v0;w0/;bd1.bv0;bw0/ � c1.bv0;bw0/
�
: (9.36)
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Choose ˛ 2 M1.v0;w0/, ˇ 2 bY , and � 2 M1.bv0;bw0/ such that �1�m1˛ 2 C0,

J1.ˇ/ � bc C ı, and �1�m2� 2 bC0. Then for m2 � m1, there are a; b 2 Z with
m1 � a � b � m2 such that the function

A D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

˛; x1 � a;

w0; aC 1 � x1 � aC 2;

ˇ; aC 3 � x1 � b � 3;
bv0; b � 2 � x1 � b � 1;
�; b � x1;

and extended as usual to the remaining regions, satisfies

J1.A/ � J1.˛/C J1.ˇ/C J1.�/C ı � c1.v0;w0/Cbc C c1.bv0;bw0/C 2ı: (9.37)

By construction, A 2 bY m, so by (9.37),

bbm � c1.v0;w0/Cbc C c1.bv0;bw0/C 2ı: (9.38)

Choose any U 2 bY m such that J1.U / Dbbm. Set

f1 D min.U;w0/;

f2 D min.bv0;max.U;w0//;

f3 D max.U;bv0/:
A straightforward analysis shows that f1 2 �1.v0;w0/, f2 2 bY , and f3 2 �1.bv0;bw0/.
Now suppose that one of the integral constraints (9.3)–(9.4) holds with equality, e.g.,

� D
Z
Tm1

f1 dx (9.39)

with � 2 fs; tg. To see that (9.39) is impossible, note that �1�m1f1 2 bƒ1.v0;w0/, so
by Proposition 9.16,

J1.f1/ 	 bd1.v0;w0/: (9.40)

But by earlier arguments,

bbm D J1.U / D J1.f1/C J1.max.U;w0//

D J1.f1/C J1.f2/C J1.f3/ 	 bd1.v0;w0/Cbc C c1.bv0;bw0/ (9.41)
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which combined with (9.38) gives

bd1.v0;w0/ � c1.v0;w0/ � 2ı; (9.42)

contrary to (9.36). Similarly, equality in (9.4) is not possible.
The final step in the proof of Theorem 9.6 is to verify that U is a solution

of (PDE). To do so, choose r 2 �
0; 1

2

�
and let z 2 R 
 T

n�1. For p 2 Z, set
zp D z C pe1. Let

Ep.z/ D fu 2 W 1;2
loc .R 
 T

n�1/ j u D U for x 62 Br.zp/g

and for u 2 Ep.z/, set

Ip.u/ D
Z
Br .zp/

L.u/dx:

Define

�p.z/ D inf
u2Ep.z/

Ip.u/:

Then as in the proof of Proposition 8.12, there is an fp 2 Ep.z/ such that
Ip.fp/ D �p.z/, fp is a solution of (PDE) in Br.zp/, and

M.Ep.z// � fu 2 Ep.z/ j Ip.u/ D �p.z/g

is an ordered set. Observe that if u 2 M.Ep.z//, then v0 � u � bw0. Indeed, if
' D max.u; v0/ and  D min.u; v0/, then ' 2 �1.v0;bw0/ and  2 �1.v0/, so

J1.'/ � J1.'/C J1. / D J1.u/ (9.43)

with strict inequality if  6� v0. Since ' D u D U in R 
 T
n�1 n Br.zp/, (9.43)

implies
Ip.'/ � Ip.u/ (9.44)

with strict inequality if  6� v0. But u 2 M.Ep.z//, so there is equality in (9.44).
Hence  � v0 and u 	 v0. Similarly u � bw0. Lastly, observe that M.Ep.z// is
closed, so since it is ordered, it possesses a smallest element, f �

p .
Define

G.U / D
8<
:
f �
p ; x 2 Br.zp/; p 2 Z

U; x 2 .R 
 T
n�1/ nSi2Z

Br.zi /:
(9.45)

We claim that G.U / 2 bY m. Assuming this for the moment, then

J1.U / Dbbm � J1.G.U //; (9.46)
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which implies

Ip.U / � Ip.f
�
p /; p 2 Z: (9.47)

Since U 2 Ep.z/ for all p 2 Z, (9.47) shows that U 2 M.Ep.z// and therefore U
is a solution of (PDE) in

S
p2Z

Br.zp/ for all z 2 R 
 T
n�1.

To prove that G.U / 2 bY m, by an above observation, v0 � G.U / � bw0. Thus it
need only be shown that G.U / satisfies (9.3)–(9.4) and �1�1G.U / 	 G.U /. Recall
that U satisfies (9.3)–(9.4) with strict inequality. Moreover,
Z
Tm1

min.G.U /;w0/dx D
Z
Tm1

min.U;w0/dx

�
Z
�S

p2ZBr .zp//\Tm1
.min.U;w0/� min.G.U /;w0//dx

(9.48)

and
ˇ̌
ˇ̌
ˇ
Z
�S

p2Z Br .zp//\Tm1
..min.U;w0/� min.G.U /;w0//dx

ˇ̌
ˇ̌
ˇ

� jBr.z0/jkw0 � v0kL1.Tn/ � jBr.0/j: (9.49)

Hence for r small, G.U / satisfies (9.3) and similarly (9.4).
Finally, to verify that �1�1G.U / 	 G.U /, by the definition of G and properties

of U , this reduces to checking the result for x 2 Sp2Z
Br.zp/, i.e., to showing that

f �
pC1.x C e1/ 	 f �

p .x/; (9.50)

for p 2 Z and x 2 Br.zp/. If (9.50) fails for some p, there is a � 2 Br.zp/ such that

f �
p .�/ > f

�
pC1.� C e1/: (9.51)

For x 2 B1
2
.zp/, set '.x/ D max.f �

p .x/; �
1�1f �

pC1.x// and

 .x/ D min.f �
p .x/, �

1�1f �
pC1.x//. Therefore

Ip.'/C Ip. / D Ip.f
�
p /C Ip.�

1�1f �
pC1/

D Ip.f
�
p /C IpC1.f �

pC1/ D �p.z/C �pC1.z/: (9.52)

Note that for x 2 B1
2
.zp/ n Br.zp/,  D f �

p D U � �1�1U D �1�1f �
pC1 D '.

Extending  as U and ' as �1�1U to .R 
 T
n�1/ n B1

2
.zp/ shows that so extended,

 2 Ep.z/ and �11 ' 2 EpC1.z/. Thus

Ip. / 	 �p.z/; Ip.'/ D IpC1.�11 '/ 	 �pC1.z/: (9.53)
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Comparing (9.52) and (9.53) shows that  2 M.Ep.z// and �11 ' 2 M.EpC1.z//.
By the choice of f �

p ; f
�
p �  in Br.zp/. Consequently, by the definition of  ,

f �
p .�/ �  .�/ � �1�1f �

pC1.�/ D f �
pC1.� C e1/; (9.54)

contrary to (9.51). ThusG.U / 2 bY m, and Theorem 9.6 is proved.

Remark 9.55. (i) The proof of Theorem 9.6 shows that any U 2 M1;m has a local
minimality property, since U 2 M.Ep.z// for all small r and all z 2 R 
 T

n�1.
(ii) There is an interesting difference between the minimization values bbp given

by (9.5) and their close relatives bm;` of (6.7), at least when F is even
in x1 and we are in the simplest geometrical setting. To illustrate, suppose
M0 D fv0 C kjk 2 Zg, so w0 D v0 C 1 and M1 D f�1kv1jk 2 Zg. Take
bv0 D w0, so bw0 D v0 C 2. Then for any p 2 Z

2 and .m; `/ 2 Z
4 
 N as in

Theorems 9.6 and 6.8,

bbp > c1.v0;w0/C c1.w0; v0/ D 2c1.v0;w0/ > bm;`: (9.56)

To see this, note first that if bU is a monotone two-transition solution of (PDE)
as given by Theorem 9.6,

bbp D J1.bU / D J1.min.bU ;w0//C J1.max.bU ;w0// (9.57)

with
min.bU ;w0/2�1.v0;w0/nM1.v0;w0/

and
max.bU ;w0/2�1.bv0;bw0/nM1.bv0;bw0/:

Hence

bbp > c1.v0;w0/C c1.w0; v0/ D 2c1.v0;w0/; (9.58)

since F is even in x1.
On the other hand, for any u 2 Ym;`.v0;w0/,

bm;` � J1.u/ D
�1X

iD�1
J1;i .u/C

1X
iD0

J1;i .u/: (9.59)

For convenience, suppose m3 D �m2. Let v 2 M1.v0;w0/, so
v.�x1; x2; : : : ; xn/ � v�.x/ 2 M1.w0; v0/. We can assume that m; `, and v are
such that v satisfies (6.5) (i)–(ii) and v� satisfies (6.5) (iii)–(iv). Therefore if

u.x/ D
(

v.x/; x1 � 0

v�.x/; x1 	 0;



106 9 Monotone 2-Transition Solutions

then u 2 Ym;`.v0;w0/. Since F is even in x1, by Remark 2.85, J1;i .u/ 	 0 for
all i 2 Z. Thus by (9.59).

bm;` < J1.v/C J1.v
�/ D 2c1.v0;w0/; (9.60)

so combining (9.58) and (9.60) yields (9.56).
(iii) For the setting of the pendulum example of Remark 7.38, where v0 corresponds

to �	;w0 Dbv0 to 	 , andbw0 to 3	 , the 2-transition solution here represents the
1-monotone motion of a pendulum that starts at �	 at t D �1, approaches
and remains near 	 for a long time interval depending on m2 � m1, and then
tends to 3	 as t ! 1.

Next we give the:

Proof of Theorem 9.9. The shadowing estimates (9.10)–(9.11) must be verified.
Their proofs being the same, the details will be carried out for (9.10). Let � > 0 and
free for the moment. It can be assumed that ı of (9.36) further satisfies

2ı < ı.�/; (9.61)

where ı is given by Proposition 9.20. Arguing as in (9.41), for any U 2 bY m such
that J1.U / Dbbm,

J1.U / D J1.f1/C J1.f2/C J1.f3/ 	 J1.f1/Cbc C c1.bv0;bw0/; (9.62)

so by (9.38) and (9.61),

J1.f1/ � c1.v0;w0/C 2ı < c1.v0;w0/C ı.�/: (9.63)

Hence by Proposition 9.20, there is a ‰ 2 M1.v0;w0/ such that

kf1 �‰kW 1;2.Xi / � �; i 2 Z: (9.64)

Note that whenever U < w0 on Ti , f1 D U and (9.64) implies

kU � �1m1‰0kW 1;2.Ti / � � (9.65)

where ‰0 � �1�m1‰. Thus to prove (9.10), it suffices to show that (A) U < w0 on
Ti for all i � m1 C R and (B) ‰0 2 C0. Toward this end, by the definition of C0,
there are both a smallest h and largest h in M1.v0;w0/ such that

s �
Z
T0

h dx < s < t <

Z
T0

h dx � t : (9.66)

We further require that
� < min.t � t; s � s/: (9.67)
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Assuming (A), suppose ‰0 	 h. Then by (9.3), (9.64), and (9.67),

t �
Z
T0

‰0 dx D
Z
Tm1

‰ dx �
Z
Tm1

f1 dx C
Z
Tm1

j‰ � f1jdx � t C � < t;

(9.68)

which is impossible.
Similarly if ‰0 � h,

s 	
Z
T0

‰0 dx 	
Z
Tm1

f1 dx �
Z
Tm1

j‰ � f1jdx 	 s � � > s: (9.69)

Therefore
h < ‰0 < h .< w0/; (9.70)

i.e., ‰0 2 C0.
It remains to verify (A):

U < w0; (9.71)

for x 2 Ti and i � m1 CR. Set


 D 1

4
min

RC1�x1�RC2.w0 � h/;

so by the monotonicity of h and (9.70),

0 < 4
 � w0 � h � w0 �‰0; (9.72)

for x1 � RC 2. Define
' D max.f1 �‰; 0/:

Since f1 �‰ D min.U �‰;w0 �‰/,
(
' D 0 on fU � ‰g;
' 	 4
 on fU 	 w0g \ fx1 � m1 CRC 2g; (9.73)

via (9.72). If (9.71) fails for some i � m1 CR, by (9.73), there is a � 2 Ti such that
'.�/ 	 4
 and by (9.64),


2 meas.f' 	 
g \Zi/ �
Z
Zi

'2 dx � �2: (9.74)

Since both U and ‰ are solutions of (PDE) lying between v0 andbw0 on R 
 T
n�1,

they are bounded in L1.R 
 T
n�1/. Thus the Schauder estimates imply that there

is an M > 0 such that

krU kL1.R�Tn�1/; kr‰kL1.R�Tn�1/ � M: (9.75)
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Choose

r D min

 
1

3
;



2M

!
: (9.76)

Then Br.�/ � Zi . Further assume that

� < 


 
jBr.0/j
2

!1=2
: (9.77)

Suppose Br.�/ � .f' 	 
g \Zi/. Then by (9.74),

jBr.0/j D jBr.�/j � meas.f' 	 
g \Zi/ � �2=
2; (9.78)

which is contrary to (9.77). Therefore there is a q1 2 Br.�/ such that '.q1/ < 
 .
Choose q2; q3 on the line segment joining � and q1 such that '.q2/ D 
 , '.q3/ D 3
 ,
and 
 � ' � 3
 on ` D ftq2 C .1� t/q3 j t 2 Œ0; 1�g. Then on `, (9.73) shows that
' D U �‰. Moreover, for some q 2 `,
2


r
� 2


jq3 � q2j D '.q3/ � '.q2/
jq3 � q2j D jr'.q/j � jrU.q/j C jr‰.q/j � 2M;

(9.79)

contrary to (9.76). Thus (9.71) holds. A similar argument gives (9.11) and that
U > Ov0 for x1 	 m2 �R. The proof of Theorem 9.9 is complete.

Next some results that will be employed in Chapter 13 will be presented.
Define

M1;m D fu 2 bY m j J1.u/ Dbbm g: (9.80)

Proposition 9.81. Under the hypotheses of Theorem 9.6, form2 �m1 possibly still
larger, M1;m is ordered and contains a largest and smallest element.

Proof. Let u1; u2 2 M1;m and set ' D max.u1; u2/ and  D min.u1; u2/. We claim
that '; 2 bY m. Assuming this for the moment,

2bbm � J1.'/C J1. / D J1.u1/C J1.u2/; (9.82)

so '; 2 M1;m and hence are solutions of (PDE) with ' 	  . By the arguments
following (2.5), either ' �  and u1 � u2, or ' >  in which case u1 > u2 or
u2 > u1, and Proposition 9.81 is proved once the claim is established.

To verify that '; 2 bY m, it must be shown that they satisfy (9.3)–(9.4). Let g
and f (resp. bg and bf ) denote the smallest and largest elements in C0 (resp. bC0).
Choose � so that

0 < � <
1

2
min

�Z
T0

gdx � s; t �
Z
T0

fdx;

Z
T0

bgdx �bs;bt �
Z
T0

bf dx
�
: (9.83)
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With this choice of � and say RD 1, invoke Theorem 9.9 to get U1; U2 2 C0 andbU 1; bU 2 2bC0, which shadow u1; u2 as in (9.10) and (9.11). Set Vi D �1miUi ; i D 1; 2.
Without loss of generality,V2 D maxiD1;2 Vi . To check that ' satisfies (9.3), suppose
we have shown that

kmin.';w0/� V2kL1.Tm1 / � 2�: (9.84)

Then since

s C 2� �
Z
Tm1

Vi dx � t � 2�; i D 1; 2; (9.85)

(9.84)–(9.85) imply (9.3) for '. Likewise, if

kmin. ;w0/ � V1kL1.Tm1 / � 2�; (9.86)

(9.85)–(9.86) give (9.3) for  .
To prove (9.84), note that since w0 	 V2,

k min.';w0/� V2kL1.Tm1/ D
Z
Tm1\f'>w0g

.w0 � V2/dx C
Z
Tm1\f'�w0g

j' � V2jdx

�
Z
Tm1

j' � V2jdx �
Z
Tm1\fu2�u1g

ju2 � V2jdx

C
Z
Tm1\fV2�u1>u2g

.V2 � u1/dx C
Z
Tm1\fu2<V2<u1g

.u1 � V2/dx

C
Z
Tm1\fu1>u2�V2g

.u1 � V2/dx �
Z
Tm1\fu2�u1g

ju2 � V2jdx

C
Z
Tm1\fV2�u1>u2g

.V2 � u2/dx C
Z
Tm1\fu2<V2<u1g

.u1 � V1/dx

C
Z
Tm1\fu1>u2�V2g

.u1 � V1/dx �
Z
Tm1

.ju2 � V2j C ju1 � V1j/dx � 2�:

(9.87)

Related reasoning gives (9.86). Likewise, similar arguments with V2 and V1 replaced
by the larger and smaller of �m2bU 1 and �m2bU 2 yield (9.4) for '; and that M1;m is
ordered.

Finally, to show that M1;m has a largest and smallest element, let
A D fu.0/ j u 2 M1;mg. Since A is bounded, we can choose fukg � M1;m such that
uk.0/ ! supA. But fukg is a minimizing sequence for J1 overbY m, so as in the proof
of Theorem 9.6, uk ! u 2 M1;m. Since u.0/ D maxA, u is the largest element of
M1;m. Existence of a smallest element is established in essentially the same way, so
the proof of Proposition 9.81 is complete.

Next, pointwise upper and lower bounds for elements of M1;m will be obtained.
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Proposition 9.88. Under the hypotheses of Theorem 9.6, form2 �m1 possibly still
larger, if f is the largest element of C0,bg the smallest element ofbC0, and u 2 M1;m,
then

�1m1f < u < �1m2bg: (9.89)

Proof. Let ' D max.u; �1m1f / and  D min.u; �1m1f /, so  2 �1.v0;w0/. We

claim that ' 2 bY m. Assuming this for the moment,

bbm C c1.v0;w0/ � J1.'/C J1. / D J1.u/C J1.�
1
m1
f / Dbbm C c1.v0;w0/:

(9.90)

Hence ' 2 M1;m and ' 	  . But ' D u for large x1, so ' � u > �1m1f D  . The
second inequality in (9.89) follows in a similar manner.

To verify that ' 2 bY m, we must show that ' satisfies (9.3)–(9.4). Arguing as in
Proposition 9.81, to obtain (9.3), it suffices to prove

kmin.';w0/ � �1m1f kL1.Tm1 / � �; (9.91)

where � is as in (9.83). To get (9.91), note that since w0 	 �1m1f 	 �1m1U0, with U0
given by Theorem 9.9,

kmin.';w0/� �1m1f kL1.Tm1 /

�
Z
Tm1\f'>w0g

.w0 � �1m1f /dx C
Z
Tm1\fw0�'g

j' � �1m1f jdx

� k' � �1m1f kL1.Tm1 / D
Z
Tm1\fu>�1m1f g

.u � �1m1f /dx

�
Z
Tm1

ju � �1m1U0jdx � �: (9.92)

A similar argument gives (9.4).

Remark 9.93. By Proposition 9.88, the definition of f and (9.10), for m2 � m1

sufficiently large and i � m1 CR,

ku � �1m1f kL2.Ti / � ku � �1m1U0kL2.Ti / � �; (9.94)

since u and f are each solutions of (PDE) that are bounded in R 
 T
n�1, (9.94)

and the Lp elliptic theory imply an estimate like (9.10) with U0 replaced by f and
likewise (9.11) with OU replaced by Og.
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The next result allows the comparison of elements in two different M1;m classes.
By two different classes Mi

1;m; i D 1; 2, we mean that m1 and m2 are fixed but the

corresponding sets OY im differ via (9.3)–(9.4) where different parameters si ; ti ; Osi ; Oti
are allowed and therefore possibly different Ci0, OCi0. As above let fi be the largest

element of Ci0 andbgi the smallest element ofbCi0; i D 1; 2.

Corollary 9.95. Assume the hypotheses of Theorem 9.6, withm2�m1 possibly still
larger, f1 � f2,bg1 �bg2, and ui 2 Mi

1;m; i D 1; 2. If f1 < f2 orbg1 <bg2, then

u1 < u2: (9.96)

If f1 D f2 andbg1 Dbg2, then

M1
1;m D M2

1;m: (9.97)

Furthermore, assume f2 � �1�1f1 andbg2 � �1�1bg1. If f2 < �1�1f1 orbg2 < �1�1bg1,
then

u2 < �
1�1u1: (9.98)

If f2 D �1�1f1, bg2 D �1�1bg1, and if u1 is the largest element of M1
1;m or u2 is the

smallest element of M2
1;m, then

u2 � �1�1u1: (9.99)

Proof of Corollary 9.95. Let ' D max.u1; u2/ and  D min.u1; u2/. We claim that
 2 bY 1m and ' 2 bY 2m. If so,

bbm1 Cbbm2 � J1. /C J1.'/ D J1.u1/C J1.u2/ Dbbm1 Cbbm2:
Thus  2 M1

1;m, and ' 2 M2
1;m and by their definition,  � '. Since both  and

' are solutions of (PDE), again as following (2.5), either  � ' or  < '. To see
that the latter possibility obtains and in particular u1 < u2, suppose that f1 < f2.
By Remark 9.93, for any � > 0 andm2 �m1 sufficiently large,

kui � �1m1fikW 1;2.Tm1 /
� �; (9.100)

i D 1; 2. Since ui and fi are solutions of (PDE), there is an !.�/ such that

kui � �1m1fikL1.Tm1 /
� !.�/; (9.101)

where !.�/ ! 0 as � ! 0. Choose � so small that

2!.�/ < min
T0
.f2 � f1/: (9.102)
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Then, by (9.101)–(9.102) and (9.89), for x 2 T0,
�1�m1.u2 � u1/ D .�1�m1u2 � f2/C .f2 � f1/C .f1 � �1�m1u1/

	 f2 � f1 � 2!.�/ > 0: (9.103)

Thus � D u2 > u1 D  on Tm1 and therefore on R 
 T
n�1. A similar conclusion

obtains if f1 � f2 and g1 < g2.
To verify that  2 bY 1m and ' 2 bY 2m, we must check that the appropriate versions

of (9.3)–(9.4) hold. This follows from the argument of (9.83)–(9.87), since we can
assume that � satisfies (9.83) for both the i D 1; 2 settings.

Next if f1 D f2 and Og1 D Og2, since � satisfies (9.83) for i D 1; 2, the argument
of (9.83)–(9.87) shows that whenever u 2 M1

1;m, then u 2 M2
1;m and conversely.

Thus M1
1;m D M2

1;m.
Now consider the case that f2 � �1�1f1 andbg2 � �1�1bg1. We can analyze this by

applying the first part of the corollary. To do so, define sets C
1;�
0 D C20;C

2;�
0 D �1�1C10,bC1;�0 D bC20;bC2;�0 D �1�1bC10. We wish to produce sets of solutions M

1;�
1;m D M2

1;m and

M2;�
1;m D �1�1M1

1;m. This requires a careful definition of s�
i ; t

�
i ;bs�

i ;bt�i ; i D 1; 2. Let

s�
1 D s2; t

�
1 D t2,bs�

1 Dbs2;bt�1 Dbt 2, so M1;�
1;m D M2

1;m. The definition of s�
2 ; t

�
2 ;bs�

2 ;bt�2
is more delicate due to the translation used in the definitions of C2;�0 ;bC2;�0 .

Let hi 2 M1.v0;w0/; i D 1; : : : ; 4, such that h2 D g1; h3 D f1 are respectively
the smallest and largest elements of C10, and h1; h3 are the elements of M1.v0;w0/
with h1 < h2; h4 > h3, h1; h2 and h3; h4 being gap pairs. Now pick s�

2 in the interval� R
T0
�1�1h1 dx;

R
T0
�1�1h2 dx

�
, and t�2 in the interval

� R
T0
�1�1h3 dx;

R
T0
�1�1h4 dx

�
.

Thus by construction,

C2;�0 D
(
h 2 M1.v0;w0/ j s�

2 <

Z
T0

h dx < t�2

)
D �1�1C10;

and making analogous choices for Os�
2 and Ot�2 , OC2;�0 D �1�1 OC10. Therefore using

suggestive notation, f �
1 D f2; f

�
2 D �1�1f1; Og�

1 D Og2, and Og�
2 D �1�1 Og1. Hence

by the first part of Corollary 9.95, M2;�
1;m D �1�1M1

1;m.
Finally, the last statement in Corollary 9.95 follows, since M2

1;m D �1�1M1
1;m.

We now consider further estimates required in Chapter 13. As before, assume
v0;w0;bv0;bw0 2 M0, where v0 < w0 � bv0 < bw0 and the pairs v0;w0 and
bv0;bw0 satisfy (�)0. In addition, assume that there exist v1;w1 2 M1.v0;w0/, and
bv1;bw1 2 M1.bv0;bw0/ where v1 < w1 < bv1 < bw1 and the pairs v1;w1 andbv1;bw1
satisfy .�/1.

Define Ci0;
bCi0;Mi

1;m; i D 1; 2, as before Corollary 9.95, choosing si ; ti such that
v1 2 C10, w1 62 C10, v1 62 C20, w1 2 C20, i.e.,

t1; s2 2
�Z

T0

v1 dx;
Z
T0

w1 dx

�
; (9.104)
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andbsi ;bt i such thatbv1 2bC10,bw1 62bC10,bv1 62bC20,bw1 2bC20, i.e.

bt 1;bs2 2
�Z

T0

bv1 dx;
Z
T0

bw1 dx
�
: (9.105)

Assume that m2 � m1 is large enough that Proposition 9.81 applies, so we can
takeU1 to be the largest element of M1

1;m and U2 to be the smallest element of M2
1;m.

By Corollary 9.95, U1 < U2, since f1 D v1 < w1 � f2. In addition, since there are
gaps between �1�1v1; �1�1w1 and �11bv1; �11bw1, take t2;bs1 such that f2 � �1�1v1 D �1�1f1
and �11bg2 D �11bw1 �bg1, i.e.,bg2 � �1�1bg1, so by Corollary 9.95

U1 < U2 � �1�1U1: (9.106)

Proposition 9.107. Given Ui ; i D 1; 2, as above, and � > 0, there are functions
M0.�/;R0.�/, and 
i .�/, with 
i .�/ ! 0 as � ! 0, i D 1; : : : ; 5, such that if
m2 �m1 	 M0.�/ and R 	 R0.�/,

kUi � v0kW 1;2.Tm1�R�j / � �; kUi � Ow0kW 1;2.Tm2CRCj /
� �; i D 1; 2; (9.108)

for j D 0; 1; 2; : : : ,

jJ1I�1;m1�R.Ui/j; jJ1Im2CR;1.Ui /j � 
1.�/; i D 1; 2; (9.109)

and
kU1 � U2kW 1;2...�1;m1�R�[Œm2CR;1//�Tn�1/ � 
2.�/: (9.110)

Suppose in addition that

w0 Dbv0 and w1;bv1 are isolated elements of M1.v0;w0/;M1.bv0;bw0/ (9.111)

respectively, and t2;bs1 are chosen such that

C20 D fw1g;bC10 D fbv1g: (9.112)

Define U3 D max.U1;min.U2;w0//. Then

kUi � w0kW 1;2.Tj / � 
3.�/; i D 1; 2; 3; j D m1 CR; : : : ; m2 � R; (9.113)

jJ1Im1CR;m2�R.Ui /j � 
4.�/; i D 1; 2; 3; (9.114)

and
kUi � UjkW 1;2.Œm1CR;m2�R��Tn�1/ � 
5.�/; i; j D 1; 2; 3: (9.115)

Proof. Compactness properties of C10 imply that (2.26) holds uniformly in C10, so the
i D 1 case of (9.108) follows for all large R from Theorem 9.9. The rest of (9.108)
follows similarly. Define
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H1 D
8<
:

v0; x1 � m1 �R;
U1; m1 � RC 1 � x1;

with the usual interpolation, noting that H1 2 bY 1m, so J1.Ui / � J1.H1/ and
consequently J1I�1;m1�R.Ui / � J1;m1�R.H1/.

Hence by (9.108), J1I�1;m1�R.U1/ � 
1.�/, where 
1.�/ ! 0 as � ! 0. To
complete the proof of this case, i.e., jJ1I�1;m1�R.U1/j � 
1.�/, define

H2 D

8̂
ˆ̂̂<
ˆ̂̂̂
:

v0; p � 3

2
� x1 � p � 1;

U1; p � x1 � m1 �RC 1;

v0; m1 � RC 2 � x1 � m1 �RC 5

2
;

with the usual interpolations, extended as an (m1 �R� pC 4)-periodic function in
x1. Proposition 2.2 implies 0 � J1Ip�2;m1�RC1.H2/. Thus

0 � J1;p�1.H2/C J1Ip;m1�R.U1/C J1;m1�RC1.H2/

and jJ1;i .H2/j � 
1.�/ for i D p�1;m1�RC1. Letting p ! �1 thus completes
(9.109) for U1. The rest of (9.109) follows similarly.

Since v0 � Ui � O!0, i D 1; 2, it follows as in (9.75) that there is a constant
M3 independent of m such that jrUi j � M3. Using this bound, the argument of
(2.9)–(2.14) can be altered to establish

ˇ̌
ˇJ1Ip;q.u/� J1Ip;q.Ui/� 1

2
kr.u � Ui/k2L2.S0Ip;q/

ˇ̌
ˇ

� M4

 Z
S0Ip;q

ju � Ui j dx C
Z
@S0Ip;q

ju � Ui jdHn�1
!

(9.116)

for S0Ip;q WD S0 \ fp � x1 � q C 1g. Apply (9.116) with u D U2; i D 1;

q D m1 � R � 1 and let p ! �1, yielding

ˇ̌
ˇ̌J1I�1;m1�R�1.U2/� J1I�1;m1�R�1.U1/� 1

2
kr.U2 � U1/k2L2..�1;m1�R��Tn�1//

ˇ̌
ˇ̌

� M4

"Z
S0I�1;m1�R�1

jU2 � U1jdx C
Z

fm1�Rg�Tn�1

jU2 � U1jdHn�1
#

(9.117)
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Recall that v0 � U1 � U2 � �1�1U1, so

Z m1�R

�1
.U2 � U1/dx1 �

Z m1�R

�1
.�1�1U1 � U1/dx1 D

Z m1�RC1

m1�R
.U1 � v0/dx1:

(9.118)

Likewise,

Z
fm1�Rg�Tn�1

.U2 � U1/dH
n�1 �

Z
fm1�Rg�Tn�1

.U2 � v0/dH
n�1: (9.119)

By (9.108), Ui and v0 are close in W 1;2.Tm1�R/, and Ui � v0 are bounded in, e.g.,
C2.R 
 T

n�1/ independently ofm. Therefore by interpolation there is a 
6.�/ ! 0

as � ! 0 such that kUi � v0kL1.Tm1�R/ � 
6.�/, i D 1; 2. Consequently, for R
large enough, by (9.109), (9.117)–(9.119),

kr.U2 � U1/k2L2..�1;m1�R��Tn�1/
� 4
1.�/C 4M4
6.�/: (9.120)

Since

kU2 � U1k2L2..�1;m1�R��Tn�1/

� kU2 � U1kL1..�1;m1�R/�Tn�1/

Z
S0I�1;m1�R�1

.U2 � U1/dx; (9.121)

combining (9.120), (9.118), and (9.121) with a similar estimate for the region
Œm2 CR;1/ 
 T

n�1 yields (9.110).
Now assume that (9.111)–(9.112) hold. Note that (9.113) is established for i D 1;

j Dm1CR, and i D 2; j Dm2�R in the same manner as (9.108). Therefore, since

�jU1 � w0j � U1 � w0 � �1kU1 � w0 � �1kU` � w0

� �1kU2 � w0 � �1m2�m1�2RU2 � w0 � j�1m2�m1�2RU2 � w0j (9.122)

on Tm1CR for k D 0; 1; : : : ; m2 � m1 � 2R, ` D 1; 2; 3, (9.113) holds with L2

replacing W 1;2 and 
7.�/ replacing 
3.�/. Consequently, (9.113) follows as in
(4.68)–(4.71).

It remains to prove (9.114)–(9.115). Let Fi D min.Ui ;w0/, Gi D max.Ui ;w0/;
i D 1; 2, and define JR1 .u/ D Pm2�R�1

iDm1CR J1;i .u/. Note that

JR1 .Fi /C JR1 .Gi / D JR1 .Ui /C JR1 .w0/ D JR1 .Ui/: (9.123)
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For i D 1; 2 define

Vi D
(
Fi ; x1 � m2 �R;
Ui ; m2 � RC 1 � x1;

with the usual interpolation for m2 � R � x1 � m2 �RC 1. We claim that

J1.Ui / � J1.Vi / � J1I�1;m1CR�1.Ui /C JR1 .Fi /C J1Im2�RC1;1.Ui /C 
8.�/

(9.124)

for R 	 R0.�/ and m2 � m1 	 M0.R/. The first inequality in (9.124) follows
since Vi 2 bY im. From Theorem 9.9 and (9.111)–(9.112) we have U1 < w0 for
x1 � m1 C R C 1, so Vi D Fi D Ui for such x1, and U1 > w0 for x1 	 m2 � R if
m2 �m1 	 M0.R/, so Fi D w0 for x1 	 m2 � R. Thus

J1.Vi / D J1I�1;m1CR�1.Ui /C JR1 .Fi /C J1;m2�R.Vi /C J1Im2�RC1;1.Ui/:

Since Vi is obtained by linear interpolation between w0 andUi in Tm2�R, by (9.113),

kVi � w0kW 1;2.Tm2�R/
� 
9.�/: (9.125)

The arguments that gave (2.14) show that

ˇ̌
ˇ̌J1;m2�R.Vi /� 1

2
kr.Vi � w0/k2L2.Tm2�R/

ˇ̌
ˇ̌ � M3

Z
Tm2�R

.Vi � w0/dx; (9.126)

so (9.125)–(9.126) yield (9.124). Now by (9.124),

JR1 .Ui / � JR1 .Fi /C 
8.�/; (9.127)

so (9.123) and (9.127) show that

JR1 .Gi / � 
8.�/: (9.128)

Next we claim that

JR1 .Fi / � 
10.�/: (9.129)

Indeed, define

V �
i D

(
Ui ; xi � m1 CR;

Gi ; xi 	 m1 CR C 1;
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interpolating as usual for m1 C R � x1 � m1 C R C 1. Then V �
i 2 OY 1m, and as for

(9.124)–(9.126),

J1.Ui / � J1.V
�
i / D J1I�1;m1CR�1.V �

i /

C JR1 .V
�
i /C J1Im2�R;1.V �

i /

D J1I�1;m1CR�1.Ui /C JR1 .Gi/ � J1;m1CR.Gi /
C J1;m1CR.V �

i /C J1Im2�R;1.Ui /

� J1I�1;m1CR�1.Ui/C JR1 .Gi /C J1Im2�R;1.Ui /C 
10; .�/ (9.130)

since Gi D w0 on Tm1CR, J1;m1CR.Gi / D 0, and

jJ1;m1CR.V �
i /j � 
10.�/: (9.131)

Hence via (9.130),

JR1 .Ui / � JR1 .Gi /C 
10.�/; (9.132)

and (9.129) follows by (9.123). Due to (9.128) and (9.132),

JR1 .Ui / � 
8.�/C 
10.�/ � 
11.�/: (9.133)

Note that

JR1 .U3/C JR1 .F1/ D JR1 .U1/C JR1 .F2/; (9.134)

since min.U1; F2/ D F1, and by definition U3 D max.U1; F2/. Therefore
(9.123), (9.128)–(9.129) and (9.134) imply

JR1 .U3/ D JR1 .G1/C JR1 .F2/ � 
12.�/: (9.135)

Now to complete the proof of (9.114), we need lower bounds for JR1 .Ui /. For
i D 1; 2; 3, let

Wi D

8̂
<̂
ˆ̂:

w0; m1 CR � 2 � x1 � m1 CR;

Ui ; m1 CRC 1 � x1 � m2 �R;
w0; m2 � RC 1 � x1 � m2 � RC 2;

with the usual interpolations, extended as an (m2�m1� 2RC 4)- periodic function
in x1. Then by Proposition 2.2,

0 � JR�2
1 .Wi/ D JR1 .Ui/ � J1;m1CR.Ui/C J1;m1CR.Wi /C J1;m2�R.Wi / (9.136)
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and
jJ1;m1CR.Ui /j; jJ1;m1CR.Wi/j; jJ1;m2�R.Wi/j � 
13.�/ (9.137)

via earlier estimates. Hence

� 3
13.�/ � JR1 .Ui / (9.138)

and (9.133), (9.135), and (9.138) yield (9.114).
Finally, to prove (9.115), first apply (9.116) with p D m1 C R, q D m2 � R,

u D Uj , j D 1; 2; 3, and i D 1; 2 in conjunction with (9.137) and (9.114) to get

1

2
kr.Uj � Ui /k2L2.SR0 /

� M4

 Z
SR0

jUj � Ui j dx C
Z
@SR0

jUj � Ui j dHn�1
!

C 
14.�/ (9.139)

for SR0 D S0Im1CR;m2�R. Recall that U1 � U3 � U2 � �1�1U1 and that

Z m2�RC1

m1CR
.�1�1U1 � U1/ dx1 D

Z m2�RC2

m2�RC1
.U1 � w0/ dx1 �

Z m1CRC1

m1CR
.U1 � w0/ dx1

(9.140)

is uniformly small for m2 � m1 	 M2.R/, and R large due to (9.113), so (9.139)
implies

kr.Uj � Ui/kL2.SR0 / � 
15.�/; i D 1; 2; j D 1; 2; 3; (9.141)

for R 	 R2.�/, m2 �m1 	 M3.R.�//. Thus arguing as for (9.110) gives (9.115).



Chapter 10
Monotone Multitransition Solutions

Having established the existence of monotone 2-transition solutions of (PDE), now
in the spirit of Chapter 8, we can ask for monotone k-transition solutions or even
infinite-transition solutions. For the latter case, in contrast to Chapter 8, where all
transitions take place in a single gap, infinitely many gaps are involved. This makes
for several possibilities ranging from degenerate settings such as that in which a
bounded sequence of distinct gap pairs 'i ;  i having smaller and smaller gaps
converges to some ' 2 M0 to the generic case of M0 D fv C j jj 2 Zg where
v 2 M0. We confine our study to multitransition solutions generated by a finite
number of gap pairs, say 'i <  i , 1 � i � p (where  i � 'iC1 and  p � '1 C 1),
together with their additive counterparts .'i C j;  i C j / for j 2 Z. This contains
the generic case as well as the setting of Theorem 9.6. It will also enable us to find
associated infinite-transition solutions.

Thus let

S D S.'1;  1; : : : ; 'p;  p/ D f'i C j;  i C j j 1 � i � p; j 2 Zg:

Since S is an ordered subset of M0, it can also be expressed as

S D fOvi < Owi j i 2 Zg;

where OviCp D Ovi C 1, OwiCp D Owi C 1. It is notationally more convenient to use this
second formulation of S.

Choosing k consecutive gap pairs in S, say Ovi < Owi , 1 � i � k, and assuming
that .�/1 holds for each pair, Theorem 9.6 can be extended to cover this setting.
However, the most direct extension of the earlier proof leads to versions of (9.38)
and (9.42) with 2ı replaced by �k with �k ! 1 as k ! 1. Thus (9.36) must be
strengthened to an estimate of the form

0 < �kı < min
1�i�k

� Od1.Ovi ; Owi /� c1.Ovi ; Owi /
�
; (10.1)

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 10, © Springer Science+Business Media, LLC 2011
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and (10.1) in turn implies that as k ! 1, all of the differencesmiC1 �mi become
infinite. This information is too weak to use to obtain monotone infinite-transition
solutions of (PDE) as limits of the finite-transition case. Thus next we prove a
k-transition result that gives better lower bounds for the differences miC1 � mi

and permits us to treat the infinite-transition case.
Toward this end, for i 2 Z, define

Ti D
( Z

T0

h dx j h 2 M1.Ovi ; Owi /
)
:

By .�/1 for Ovi , Owi , the set of real numbers Ti has infinitely many gaps. For
1 � i � p, as in Chapter 9, choose si < ti lying in a distinct pair of such gaps, so

si ; ti 2
 Z

T0

Ovi dx;
Z
T0

Owi dx
!�

Ti : (10.2)

Since OvjCp D Ovj C 1 and OwjCp D Owj C 1 for all j 2 Z, we can take siClp D si C l

and tiClp D ti C l for all l 2 Z and 1 � i � p.
For future cutting and pasting arguments, it will be necessary to approximate the

members of M1.Ovi ; Owi /. Let

ıi D Od1.Ovi ; Owi /� c1.Ovi ; Owi /: (10.3)

Note that c1.OviCp; OwiCp/ D c1.Ovi ; Owi / and Od1.OviCp; OwiCp/ D Od1.Ovi ; Owi /. Therefore
ıiCp D ıi for all i 2 Z. Set

ı D min
1�i�p ıi : (10.4)

Proposition 10.5. Let mq 2 Z,

M � max
1�i�p.c1.Ovi ; Owi /C 1/; (10.6)

and

0 < � < min
1�i�p

 Z
T0

Owi dx � ti ; si �
Z
T0

Ovi dx
!
: (10.7)

Then there are a b̂q 2 �1.Ovq; Owq/ and ` D `.�;M/ 2 N such that

sq <

Z
Tmq

b̂
qdx < tq; (10.8)

b̂
q D Ovq for x1 < mq � ` � 1; b̂q D Owq for x1 > mq C `C 1, and Ô

q � �1�1 Ô
q .

Moreover, for any Oı > 0 and � D �. Oı/ sufficiently small,

J1.b̂q/ � c1.Ovq; Owq/C Oı=7: (10.9)
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Proof. Let ˆq 2 M1.Ovq; Owq/ satisfy (10.8). Since J1.ˆq/ � M , by
Proposition 6.27, there are an `q 2 N depending on �;M and Ovq ; Owq , an
i 2 Œmq � `q C 2;mq � 2/, and a ' 2 fOvq; Owqg such that

kˆq � 'kL2.Xi / � �: (10.10)

Similarly, there are a j 2 .mq C 2;mq C `q � 2/ and  2 fOvq; Owqg such that

kˆq �  kL2.Xj / � �: (10.11)

We claim that ' D Ovq and  D Owq . To see this, note that if

kˆq � OwqkL2.Xi / � �; (10.12)

then Z
Ti

. Owq �ˆq/dx � k Owq �ˆqkL2.Ti / � �: (10.13)

By the monotonicity of ˆq and (10.8),

Z
Ti

. Owq �ˆq/dx �
Z
Tmq

. Owq �ˆq/dx �
Z
T0

Owqdx � tq: (10.14)

Thus for � satisfying (10.7), (10.13), and (10.14) show that ' D Ovq . Similarly,
 D Owq .

By the monotonicity of ˆq again,

kˆq � OvqkL2.Xs/ � �; s � i:

Arguing as in (6.57),

kˆq � OvqkW 1;2.Zs/ � M3�; s � i: (10.15)

A priori `q depends on the gap pair Ovq; Owq . But since we are dealing with S, the
finitely generated set of gap pairs, Ǹ D supq2Z

`q D max1�q�p `q .
Define

b̂
q D

8̂
<̂
ˆ̂:

Ovq; x1 � mq � ` � 1;

ˆq; mq � ` � x1 � mq C `;

Owq; mq C `C 1 � x1;

(10.16)

and extend b̂
q to the remaining regions via the usual interpolation. Thus

b̂
q � �1�1b̂q , b̂q 2 �1.Ovq; Owq/, and for � sufficiently small, by (10.15) and its

analogue for Owq , ˇ̌
ˇJ1;mq�`�1; .b̂q/

ˇ̌
ˇ;
ˇ̌
ˇJ1;mqC`.b̂q/

ˇ̌
ˇ �

Oı
42

(10.17)
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and

J1.b̂q/ DJ1.ˆq/C J1;mq�`�1.b̂q/
C J1;mqC`.b̂q/ � J1I�1;m1�`�1.ˆq/� J1ImqC`;1.ˆq/

�c1.Ovq; Owq/C
Oı
21

C tail terms. (10.18)

The tail terms can be estimated as in the proof of Theorem 3.2. Note that

kˆq � OwqkW 1;2.Ts/
and J1Is;1.ˆq/ ! 0 (10.19)

as s ! 1. For large s, set

fq D
8<
:
ˆq; mq C ` � x1 � s;

�1
sC1�.mqC`/ˆq; s C 1 � x1;

(10.20)

with the usual interpolation in the remaining intervals. Then by Proposition 2.2,

J1ImqC`;s.fq/ � 0;

so by (10.19) for large s,

�
1X

mqC`
J1;i .ˆq/ � �J1;s.ˆq/C J1;s.fq/�

1X
sC1

J1;i .ˆq/ �
Oı
21

�
1X
sC1

J1;i .ˆq/:

(10.21)

Letting s ! 1 in (10.21) and using (10.19) gives

1X
mqC`

J1;i .ˆq/ �
Oı
21
: (10.22)

With a similar estimate for the remaining tail term, (10.22) and (10.18) yield (10.9),
and Proposition 10.5 is proved.

Next define

Yq Dfu 2 �1. Owq; OvqC1/ j u � �1�1u; u D Owq in Ti for large negative i;

and u D OvqC1 in Ti for large positive ig:
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Set
Ocq D inf

u2Yq
J1.u/: (10.23)

By the definition of Ocq , there is a b‰q 2 Yq such that

J1.b‰q/ � Ocq C
Oı
7
: (10.24)

Since �1�jb‰q 2 Yq for all j 2 Z, it can be assumed that there is an Ò
q 2 N such that

b‰q D Owq for x1 � 0 and b‰q D OvqC1 for x1 � Ò
q . As for `q , we can and do replace

Ò
q by Ò D supq2Z

Ò
q with Ò independent of q.

Now a generalization of Theorem 9.6 can be formulated. Choose k 2 N and i 2 Z.
Then there are associated consecutive gap pairs Ovi ; Owi ; : : : ; OviCk�1; OwiCk�1 in S.
Choose m 2 Z

1, i.e., m D .mi/i2Z with mi 2 Z and mi C 4 < miC1. The
class of admissible functions here is

bY .mi ;miCk�1/ �bY .mi ;miCk�1/.Ovi ; OwiCk�1/

D fu 2 b�1.Ovi ; OwiCk�1/j u � �1�1u and u satisfies (10.25);

i � j � i C k � 1g;

where

sj �
Z
Tmj

fj .u/ dx � tj ; i � j � i C k � 1; (10.25)

and the functions fj .u/; i � j � i C k � 1, are defined via

fj .u/ D min.max.u; Ovj /; Owj /:

Note that fi .u/ D min.u; Owi / and fiCk�1.u/ D max.u; OviCk�1/. Set

Ob.mi ;miCk�1/ D inf
u2bY .mi ;miCk�1/

J1.u/: (10.26)

Now the extension of Theorem 9.6 is:

Theorem 10.27. SupposeF satisfies .F1/–.F2/. Let i 2 Z and k 2 N. If .Ovj ; Owj / is
a gap pair in S and .�/1 holds for M1.Ovj ; Owj /, for all j such that i � j � iCk�1,
then:

1o There is a U D U.mi ;miCk�1/ 2 OY.mi ;miCk�1/ such that J1.U / D b.mi ;miCk�1/.
2o There is a � 2 N (independent of i and k) such that if mjC1 � mj � �,

i � j � i C k � 2, then any such U is a solution of (PDE),
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(
kU � Ov1kW 1;2.Ti / ! 0; i ! �1;

kU � OwkkW 1;2.Ti / ! 0; i ! 1;
(10.28)

Ov1 < U < �1�1U < Owk: (10.29)

Moreover, there is an ! > 0 (independent of i and k) such that

Ob.mi ;miCk�1/ �
iCk�1X
jDi

c1.Ovj ; Owj /C
iCk�2X
jDi

Ocj C k! (10.30)

and

J1.fj .U // � c1.Ovj ; Owj /C !: (10.31)

Remark 10.32. Theorem 9.6 follows from Theorem 10.27 by first identifying
v0;w0, e.g., with Ov1; Ow1. Then Ov; Ow corresponds to Ov`; Ow` for some ` > 1. Thus in
the more careful bookkeeping of the current setting, we keep track of intermediate
transitions that were ignored earlier.

Remark 10.33. The constants ! and � of Theorem 10.27 depend on the parameters
of the problem, which will be chosen in the course of the proof. However, for now,
before proving the theorem, we will define ! and �. Let Nı.�/ be the function defined
in Proposition 9.20. Then

! D !.ı; �; p/ D min.ı; ı.�// (10.34)

for an appropriately chosen �. Let

M D max
q2Z

c1.Ovq; Owq/C 1; (10.35)

l0.�;M/ be as given by Proposition 6.27, Ǹ D Ǹ.�;M/ as given by
Proposition 10.5, and Ò D Ò.!/ as defined following (10.24). Then

� D 8.l0.�;M/C Ǹ.�;M/C Ò.!// (10.36)

for appropriate �; � .

Proof of Theorem 10.27. The proof is by induction on k. The case of k D 1 and any
i 2 Z follows from the definition of Ci and the fact that fi .U / D U . No restrictions
on ! or � are needed.

Assume that Theorem 10.27 has been proved for k � 1 and any i 2 Z. We will
show that the theorem holds for k C 1. By the argument of Theorem 9.6, there is a
U D U.mi ;miCk/ such that J1.U / D Ob.miC1;miCk/.

We claim that there is strict inequality in (10.25) for u D U.mi ;miCk/. The
arguments of Theorem 9.6 then show that U.mi ;miCk/ is a solution of (PDE).
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To verify (10.25) with strict inequality we distinguish between the cases of j D i

and j D i C k, which are simpler, and i C 1 � j � i C k � 1. Suppose j D i . Set

'j .U / D min.max.U; Owj /; OvjC1/

and

�j .U / D min.max.U; OvjC1/; OwiCk/:
Then

Ob.mi ;miCk/ D J1.U / D J1.fi .U //C J1.'i.U //C J1.�i .U //: (10.37)

Note that 'i .U / 2 Yi and �i .U / 2 bY .miC1;miCk/. If (10.25) fails for j D i , then

fi .U / 2 bƒ1.Ovi ; Owi /, and (10.37) implies

Ob.mi ;miCk/ � Od1.Ovi ; Owi /C Oci C Ob.miC1;miCk/: (10.38)

We claim that

Ob.mi ;miCk/ � c1.Ovi ; Owi /C Oci C Ob.miC1;miCk/ C ı

2
: (10.39)

Assuming (10.39) for now, by (10.38)–(10.39),

Od1.Ovi ; Owi / � c1.Ovi ; Owi /C ı

2
: (10.40)

But (10.40) is contrary to (10.3)–(10.4).
Thus (10.25) holds for j D i .
To verify (10.39), note first that by the inductive hypothesis, there is a

U.miC1;miCk/ 2bY .miC1;miCk/ such that J1.U.miC1;miCk//D Ob.miC1;miCk/ and by (10.31),

J1.fiC1.U.miC1;miCk/// � c1..OviC1; OwiC1//C !: (10.41)

By (10.34), ! � Nı.�/, where � is free for the moment. Note that by earlier remarks,
ı of Proposition 9.20 can be assumed to be independent of i and k, but will depend
on p. By Proposition 9.20, there is an h 2 M1.OviC1; OwiC1/ such that

kfiC1.U.miC1;miCk//� hkW 1;2.Xs/ � � (10.42)

for all s 2 Z.
Let hq be the smallest member of M1.Ovq; Owq/ such that

tq <

Z
T0

hq dx � t q: (10.43)
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Similarly, let Nhq be the largest member of M1.Ovq; Owq/ such that

Nsq �
Z
T0

NhqC1 dx < sq: (10.44)

Note that
NhqCpl D Nhq C l (10.45)

for l 2 Z.
Suppose that � satisfies

0 < � < inf
q2Z

min.t q � tq; sq � sq/ D min
1�q�p min.tq � tq; sq � sq/: (10.46)

Observe that this choice of � fixes ! D !.ı; �; p/.
Now employing the argument of (9.64)–(9.79) with R D 1 and �; OviC1; OwiC1

replacing �; v0;w0, etc, we obtain

U.miC1;miCk/ < OwiC1; x1 � miC1 C 1; (10.47)

and �1�.m1C1/h 2 CiC1. (Here we are taking into account that (10.45) implies
that the argument is independent of i and k.) With M as in (10.35), by (10.31),
Proposition 6.27 with � replaced by � , and (10.47), there are `0 D `0.�;M/ 2 N

and q 2 ŒmiC1 � 2`0 C 2;miC1 � 2	 such that

kU.miC1;miCk/ � 'kL2.Xq/ � � (10.48)

for some ' 2 fOviC1; OwiC1g. Hence if � satisfies (10.7), the argument of (10.10)–
(10.14) shows that ' D OviC1. As in (10.15),

kU.miC1;miCk/ � OviC1kW 1;2.Zq/ � M3�: (10.49)

Set

U D
(
U.miC1;miCk/; x1 … Zq;
OviC1; x1 2 Tq;

(10.50)

with the usual interpolation in ZqnTq . Then as in earlier arguments,

jJ1.U /� J1.U.miC1;miCk//j � 
.�/ (10.51)

with 
.�/ ! 0 as � ! 0. Set

OU D
(

OviC1; x1 � q C 1;

U ; x1 � q C 1;
(10.52)
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and

U � D
(
U ; x1 � q C 1;

OviC1; x1 � q C 1:
(10.53)

Then bU 2 bY .miC1;miCk/ and U � 2 �1.OviC1/, so

J1.U
�/ > 0: (10.54)

Therefore by (10.50)–(10.54),

J1.bU/ � J1.U
�/C J1.bU/ D J1.U / � J1.U.miC1;miCk//C 
.�/

D Ob.miC1;miCk/ C 
.�/ � Ob.miC1;miCk/ C !

6
(10.55)

provided that � D �.!/ is sufficiently small. Further choose � so that
Proposition 10.5 holds with Oı D !

6
and take Ol D Ol.!/ as given following (10.24)

with associated O‰i such that J1. O‰i/ � Oci C !
6

. With � as in (10.36), glue Ô
i to �1Ol

O‰i
to OU in the natural fashion, producingW 2 bY .mi ;miCk/ with

J1.W / � c1.Ovi ; Owi /C Oci C Ob.miC1;miCk/ C !

2
: (10.56)

Consequently, by (10.34) and (10.56), (10.39) holds for j D i and similarly for
j D i C k.

For the remaining cases of i C 1 � j � i C k � 1, similar ideas are used, so we
will be sketchy.

Set

 j .U / D min.max.U; Ovi /; Owj�1/:

As in (10.37),

Ob.mi ;miCk/ D J1. j .U //C J1.'j�1.U //C J1.fj .U //C J1.'j .U //C J1.�j .U //

(10.57)

with  j .U / 2 bY .mi ;mj�1/, 'j�1.U / 2 Yj�1, 'j .U / 2 Yj , and

�j .U / 2 bY .mjC1;miCk/. If (10.25) fails for j , fj .U / 2 ƒ1.Ovj ; Owj / and as earlier,

Ob.mi ;miCk/ � Ob.mi ;mj�1/ C Ocj�1 C Od1.Ovj ; Owj /C Ocj C Ob.mjC1;miCk/: (10.58)
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Our earlier argument with the same choice of parameters yields an upper bound
for Ob.mi ;miCk/:

Ob.mi ;miCk/ � Ob.mi ;mj�1/ C Ocj�1 C c1.Ovj ; Owj /C Ocj C Ob.mjC1;miCk/ C 5!

6
; (10.59)

and again (10.58)–(10.59) and (10.34) are contrary to (10.3)–(10.4).
It now follows for all cases that U.mi ;miCk/ is a solution of (PDE) and it remains

only to verify (10.30) and (10.31) at level k C 1.
The upper bound (10.30) is immediate from the choice of � and gluing

Ô
i ; : : : ; Ô

iCk to appropriate shifts of O‰i; : : : ; O‰iCk�1. To get (10.31), note first that
(10.57) implies

Ob.mi ;miCk/ � Ob.mi ;mj�1/ C Ocj�1 C J1.fj .U.mi ;miCk///C Ocj C Ob.mjC1;miCk/; (10.60)

so by (10.59),

J1.fj .U // � c1.Ovj ; Owj /C 5!

6
� c1.Ovj ; Owj /C !: (10.61)

The proof of Theorem 10.27 is now complete.
As a quick application of Theorem 10.27, the existence of monotone infinite

transition solutions of (PDE) can be established. Let S be as earlier with associated
sets Ti and si < ti as in (10.2), i 2 Z. Let � be as given by Theorem 10.27 and let
m 2 Z

1 with miC1 �mi � �.p/. Now set

bY m Dfu 2 W 1;2
loc .R � T

n�1;R/ j u � �1�1u and

u satisfies (10.62) at index i ; i 2 Zg

where

si �
Z
Tmi

fi .u/dx � ti : (10.62)

Theorem 10.63. Under the above hypothesis, there is a U 2 bY m satisfying (PDE)
and U < �1�1U .

Proof. For each k 2 N, take Om.k/ D .m�k; : : : ; mk/ 2 Z
2kC1. By Theorem 10.27,

there is a solution Uk of (PDE) in bY Om.k/.Ov�k; Owk/. The functions Uk are bounded in
C
2;˛
loc .R�T

n�1;R/ for any ˛ 2 .0; 1/. Therefore along a subsequence,Uk converges
to U , a solution of (PDE) satisfying (10.62) for all i 2 Z. Therefore U 2 bY m.
Moreover, as in earlier results, U < �1�1U .

Remark 10.64. The argument of the proof of Theorem 10.63 works equally well
if m 2 Z

1 is replaced by m 2 N
1 or m 2 .�N/1. In the process, we obtain a

solution of (PDE) that is heteroclinic to, e.g., Ov1 as x1 ! �1 or to Ow1 as x1 ! 1.
For example, supposem 2 N

1 withm1 D 0 andmi D .i � 1/� for i � 1. Then the
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corresponding solution U of (PDE) lies between the periodic functions Ov1 and Ow1
for x1 � 0. Therefore as x1 ! �1, U has rotation vector 0 associated with it. On
the other hand,U is unbounded as x1 ! 1. More precisely, for x1 � 0, if U.z/ lies
between Ov1 C j and Ow1 C j , then U.z C k.pC 1/�e1/ lies between Ov1 C j C k and
Ow1 C j C k, i.e., U has associated rotation vector . 1

.pC1/� ; 0; : : : ; 0/ as x1 ! 1.

Remark 10.65. Just as in Remark 8.36, an open question is whether one can
give a direct minimization characterization of the infinite-transition solutions of
Theorem 10.63.





Chapter 11
A Mixed Case

Two rather different types of multitransition solutions were studied in
Chapters 6–10: those lying between a given gap pair v0 < w0 and those that have
the monotonicity property u < �1�1u, and cross gaps. The goal of this section is to
combine these two cases. Thus we seek solutions of (PDE) that are heteroclinics or
homoclinics as a function of x1, lie in prescribed gaps for x1 near ˙1, and undergo
a prescribed number of transitions between a given set of gap pairs. Roughly
speaking, such solutions can be obtained by concatenating those of Chapters 6–10.
Different kinds of results are possible depending on how precisely one seeks to
shadow the states that are glued together.

By way of illustration suppose that v�
i < w�

i , i D 1; 2, are arbitrary gap pairs with

v�
1 < w�

1 � v�
2 < w�

2 :

Restricting ourselves to the simplest possibilities for solutions of mixed type, there
are six cases to consider: (i) heteroclinics from v�

1 .resp. v�
2 / to v�

2 .resp. v�
1 /

that also shadow w�
2 over a long x1 interval; (ii) homoclinics to v�

1 .resp.w�
2 / that

also shadow w�
2 .resp. v�

1 / over a long x1 interval; and (iii) heteroclinics from
w�
1 .resp. w�

2 / to w�
2 .resp. w�

1 / that also shadow v�
1 over a long x1 interval.

The simplest result for any of these mixed cases would be to merely prove the
corresponding existence statement. A more careful theorem would take account of
the number of gap pairs lying between v�

1 and w�
2 and would provide a solution that

shadows heteroclinics in some or all of these gaps.
To minimize technicalities but at the same time indicate how to handle the new

difficulties associated with mixed cases, we first prove a result for case (i) that
gives a crude version of shadowing. Then the case of k prescribed gap pairs will be
discussed. Lastly, a few remarks will be made about how to treat an infinite number
of gap pairs somewhat as in Chapter 10.

To formulate the main theorem that we will prove, suppose v�
1 < w�

1 , v�
2 < w�

2

are given gap pairs in M0 with w�
1 < v�

2 . If w�
1 D v�

2 , some simplifications can be
made in our arguments. We seek a solution U of (PDE) that is heteroclinic in x1

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
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from v�
1 to v�

2 and that is close to w�
2 for a large intermediate region. The solution

U is also required to be periodic in x2; : : : ; xn. In the spirit of Chapter 6, choose
m 2 Z

3 with miC1 > mi , i D 1; 2, and ` 2 N. As the class of admissible functions
we take

Y �
m;` D fu 2 W 1;2

loc .R � T
n�1/j v�

1 � u � w�
2 and u satisfies (11.1)–(11.3)g;

where 8<
:
.i/ ku � v�

1 kL2.Ti / ! 0; i ! �1;

.ii/ ku � v�
2 kL2.Ti / ! 0; i ! 1;

(11.1)

8̂
ˆ̂<
ˆ̂̂:

.i/ ku � v�
1kL2.Ti / � �1; m1 � ` � i � m1 � 1;

.ii/ ku � w�
2 kL2.Ti / � �2; m2 � ` � i � m2 C ` � 1;

.iii/ ku � v�
2kL2.Ti / � �3; m3 � i � m3 C ` � 1;

(11.2)

and 8̂
ˆ̂<
ˆ̂̂:

.i/ u � w�
1 m1 � ` � x1 � m1;

.ii/ u � v�
2 m2 � ` � x1 � m2 C `;

.iii/ u � v�
2 m3 � x1 � m3 C `:

(11.3)

Note that in contrast to earlier sections, the additional pointwise constraints (11.3)
are required here. The constants �i are related to those of Chapter 6 and satisfy

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

.i/ �1 2 .0; 1
2
kw�

1 � v�
1 kL2.T0//nfku � v�

1kL2.T0/ j
u 2 M1.v�

1 ;w
�
1 / [ M1.w�

1 ; v
�
1 /g;

.ii/ �2 2 .0; 1
2
kw�

2 � v�
2 kL2.T0//nfku � w�

2kL2.T0/ j
u 2 M1.v�

2 ;w
�
2 / [ M1.w�

2 ; v
�
2 /g;

.iii/ �3 2 .0; 1
2
kw�

2 � v�
2 kL2.T0//nfku � v�

2kL2.T0/ j
u 2 M1.v�

2 ;w
�
2 / [ M1.w�

2 ; v
�
2 /g:

(11.4)

Define
c�
m;` D inf

u2Y �

m;`

J1.u/: (11.5)

Then we have:

Theorem 11.6. Suppose .F1/–.F2/ hold, .v�
1 ;w

�
1 / and .v�

2 ;w
�
2 / are gap pairs

satisfying
v�
1 < w�

1 � v�
2 < w�

2 ;
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and .�/1 holds for
2[
iD1
.M1.v

�
i ;w

�
i /[ M1.w

�
i ; v

�
i //:

Then for ` sufficiently large, there is a U 2 Y �
m;` such that J1.U / D c�

m;`. Moreover,
for miC1 � mi sufficiently large, i D 1; 2, any such U is a classical solution of
(PDE).

Proof. As usual, let .uk/ be a minimizing sequence for (11.5), so there is anM > 0

such that J1.uk/ � M for all k 2 N. Since Y �
m;` satisfies .Y 11 /, by earlier arguments

it can be assumed that there is a U 2 W 1;2
loc .R � T

n�1/ such that uk ! U pointwise
a.e. and in W 1;2

loc .R � T
n�1/,

J1.U / � M; (11.7)

and U satisfies (11.2)–(11.3). Moreover, with the aid of .Y 12 / and earlier arguments,
U is a solution of (PDE) in the nonconstraint regions.

Next, as in the proof of Theorem 6.8, we will show: (A) There is an Xi in each
constraint region such that (PDE) is satisfied inXi , (B) U 2 Y �

m;` and J1.U / D c�
m;`,

and (C) U satisfies the L2 constraints (11.2) with strict inequality. What remains is
to prove that (D) U is C2 and satisfies (PDE) globally. This step is more difficult to
carry out than in the earlier cases due to the extra pointwise constraints (11.3).

Proof of (A). To begin, let

f �
1 .U / D min.U;w�

1 /;

f �
2 .U / D max.min.U; v�

2 /;w
�
1 /;

f �
3 .U / D max.U; v�

2 /:

Thus f �
1 .U / 2 b�1.v�

1 ;w
�
1 / � b�1.v�

1 ;w
�
2 /, and likewise f �

2 .U /;

f �
3 .U / 2 b�1.v�

1 ; w�
2 / and f �

3 .U / 2 b�1.v�
2 ;w

�
2 /. Then

J1.U / D
3X
iD1

J1.f
�
i .U //; (11.8)

so by (11.7)–(11.8) and Proposition 2.8, there is a K1 > 0 depending on v�
1 and w�

2

such that
J1.f

�
1 .U //; J1.f

�
3 .U // � M C 2K1: (11.9)

Consequently, with � free for the moment, by Proposition 6.27, if
` � `0.�;M C 2K1/, there is an i1 2 Œm1 � `C 2;m1 � 2� \ Z such that

kf �
1 .U / � 'kL2.Xi1 / < �;

where ' 2 fv�
1 ;w

�
1 g. Since f �

1 .U / D U on Œm1 � `;m1� � T
n�1 via (11.3),

kU � 'kL2.Xi1 / < �: (11.10)
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We claim that ' D v�
1 . Otherwise,

kU � w�
1kL2.Xi1 / < �; (11.11)

but by (11.2) (i),

kU � v�
1k2
L2.Xi1 /

� 5�21: (11.12)

Thus (11.11)–(11.12) imply
p
5�1 � kw�

1 � v�
1kL2.Xi1 / � kU � w�

1 kL2.Xi1 / � p
5kw�

1 � v�
1 kL2.T0/ � �: (11.13)

Choosing � such that

0 < � <

p
5

2
min
jD1;2 kw�

j � v�
j kL2.T0/; (11.14)

(11.13) shows that
2�1 � kw�

1 � v�
1kL2.T0/; (11.15)

which is contrary to (11.4). Thus

kU � v�
1 kL2.Xi1 / < �: (11.16)

To complete the verification of (A), we will show that (11.16) implies that U is a
solution of (PDE) in Xi1 . A variant of the proof of part (A) of Theorem 3.2 will be
employed. Let z 2 Tj � Xi1 and let r; ' be as in .Y 12 /. Then for jt j small, by (11.16),

kuk C t' � v�
1kL2.Tj / < �1 (11.17)

for large k. Set

'k D
(

max.uk C t'; v�
1 /; x1 � i1 C 3;

uk; x1 � i1 C 3;

and

 k D
(

min.uk C t'; v�
1 /; x1 � i1 C 3;

v�
1 ; x1 � i1 C 3:

Then  k 2 �1.v�
1 /, and by Theorem 2.72,

J1I�1;i1C2.uk C t'/ D J1I�1;i1C2.'k/C J1I�1;i1C2. k/

D J1I�1;i1C2.'k/C J1. k/

� J1I�1;i1C2.'k/: (11.18)
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Therefore
J1.uk C t'/ � J1.'k/: (11.19)

Since (11.17) implies
k'k � v�

1kL2.Tj / < �1; (11.20)

if 'k � w�
1 in Tj , then 'k 2 Y �

m;`. However, this may not be the case, so one more
modification of 'k is necessary. Set

�k D
(

min.'k;w�
1 /; x1 � i1 C 3;

'k .D uk/; x1 � i1 C 3;

and

�k D
(

max.'k;w�
1 /; x1 � i1 C 3

w�
1 ; x1 � i1 C 3:

Then �k 2 Y �
m;` and �k 2 �1.w�

1 /, so as in (11.18),

J1I�1;i1C2.'k/ D J1I�1;i1C2.�k/C J1I�1;i1C2.�k/

D J1I�1;i1C2.�k/C J1.�k/ � J1I�1;i1C2.�k/: (11.21)

Hence
J1.'k/ � J1.�k/ � c�

m;`: (11.22)

But by (11.19) and (11.22), (2.65) is satisfied, so as in the proof of Proposition 2.64,
U satisfies (PDE) in Xi1 .

A similar argument gives sets Xi2 and Xi3 in the two other constraint regions.

Proof of (B). The first main task here is to show that U satisfies (11.1). The first
step is to verify that U � w�

1 for x1 � m1. For this, it suffices to prove that uk � w�
1

for x1 � m1. Arguing as in (11.21)–(11.22), set

uk D
(

min.uk;w�
1 /; x1 � i1;

uk; x1 � i1;

and

Quk D
(

max.uk;w�
1 /; x1 � i1;

w�
1 ; x1 � i1:

Then uk 2 Y �
m;`, and Quk 2 �1.w�

1 / so

J1I�1;i1�1.uk/ D J1I�1;i1�1.uk/C J1I�1;i1�1.Quk/
D J1I�1;i1�1.uk/C J1.Quk/ � J1I�1;i1�1.uk/

and
J1.uk/ � J1.uk/; (11.23)
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where uk � w�
1 for x1 �m1. Now (11.23) shows that uk is also a minimizing

sequence for (11.5), so we can assume that uk; U � w�
1 for x1 � m1.

Next we will verify (11.1) for U . Once that is shown,U 2 Y �
m;` and the argument

of Theorem 3.2 show that J1.U / D c�
m;`. Condition (11.1) (i) will be checked; (11.1)

(ii) follows similarly.
Since f �

1 .U / 2 b�1.v�
1 ;w

�
1 /, with f �

1 .U / D U for x1 � m1, and f �
1 .U / satisfies

the hypotheses of Proposition 6.53, U satisfies (11.1) (i) or

kU � w�
1kL2.Ti / ! 0; i ! �1: (11.24)

To exclude (11.24), we argue as in the proof of Theorem 6.8. More precisely, if
(11.24) holds, let

	 D 1

2
min
1�j�3 �j : (11.25)

Then for all p 2 N near �1,

kU � v�
1kL2.Tp/ � 2	: (11.26)

Hence for a fixed such p and large k,

kuk � v�
1kL2.Tp/ � 	: (11.27)

Modify uk in Zi1 to produce a function hk with hk D uk for x1 � i1 and
hk D v�

1 for x1 � i1 C 1. Then hk belongs to �1.v�
1 / and satisfies (11.27). Hence by

Proposition 6.13,
J1.hk/ � ˇ.	/: (11.28)

Define Hk D v�
1 for x1 � i1 and Hk D uk for x1 � i1 C 1 with the usual

interpolation in Ti1 . ThenHk 2 Y �
m;`, and for k � k0.�/,

jJ1;i1 .uk/j; jJ1;i1.Hk/j; jJ1;i1 .hk/j � 
.�/; (11.29)

where 
.�/ ! 0 as � ! 0. We require that � be so small that

6
.�/ < ˇ.	/: (11.30)

Now by (11.28)–(11.30),

J1.Hk/ D J1;i1.Hk/C J1;i1C1;1.uk/ (11.31)

D J1;i1.Hk/C J1.uk/� J1I�1;i1 .uk/

D J1;i1.Hk/C J1.uk/� J1.hk/C J1Ii1 .hk/� J1;i1 .uk/

� J1.uk/� ˇ.	/C 3
.�/ � J1.uk/ � 1

2
ˇ.	/:

But (11.31) is contrary to .uk/ being a minimizing sequence. Consequently,
(11.1) (i) and similarly (11.1) (ii) hold for U .
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Proof of (C). Showing that U satisfies the constraints (11.2) with strict inequal-
ity involves a combination of arguments of Chapters 6–10. To begin, suppose
j 2 Œm1 � `; m1 � 1� \ Z. By (11.16), the only cases of interest are (a) j < i1 � 2

and (b) j > i1 C 2. For j satisfying (a), if

kU � v�
1kL2.Tj / D �1; (11.32)

then as in an earlier argument, define

h D
(
U; x1 � i1;

v�
1 ; i1 C 1 � x1;

and interpolate as usual in Ti1 so that h 2 �1.v�
1 /,

J1.h/ � ˇ.�1/; (11.33)

and
jJ1;i1.h/j � 
.�/: (11.34)

Set

H D
(

v�
1 ; x1 � i1 � 1;

U; i1 � x1;

and again interpolate in Ti1�1 so that H 2 Y �
m;` and

jJ1;i1�1.H/j � 
.�/: (11.35)

Then J1.H/ � J1.U /, so

J1;i1�1.H/ � J1I�1;i1�1.U /: (11.36)

Hence by (11.33)–(11.36),


.�/ � J1;i1�1.H/ � J1I�1;i1�1.U / � J1.h/ � 
.�/ � ˇ.�1/ � 
.�/: (11.37)

But (11.37) is contrary to (11.30), so (11.32) is not possible for case (a).
Next suppose (b) occurs together with (11.32). Set

ƒ1.v
�
1 ;w

�
1 / D fu 2 �1.v�

1 ;w
�
1 /jku � v�

1kL2.T0/ D �1g

and

d1.v
�
1 ;w

�
1 / D inf

u2ƒ1.v�

1 ;w
�

1 /
J1.u/:
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Then as in Proposition 6.74,

d1.v
�
1 ;w

�
1 / > c1.v

�
1 ;w

�
1 /: (11.38)

The argument of (A) showing that U � w�
1 for x1 � m1 likewise proves that

U � v�
2 for x1 � m2 � `. Hence f �

1 .U / D w�
1 for x1 � m2 � `, so by (11.3) (i) and

(11.32), �1j f
�
1 .U / 2 ƒ1.v�

1 ;w
�
1 /. Therefore

J1.f
�
1 .U // D J1.�

1
j f

�
1 .U // � d1.v

�
1 ;w

�
1 /: (11.39)

For v;w 2 M0, let

Y �.v;w/ D fu 2 �1.v;w/ j u D v for large negative x1;

and u D w for large positive x1g

and set
c�.v;w/ D inf

u2Y �.v;w/
J1.u/: (11.40)

Then as in (11.8), by (11.39),

c�
m;` D J1.U / D

3X
1

J1.f
�
i .U // � d1.v

�
1 ;w

�
1 /C c�.w�

1 ; v
�
2 /C J1.f

�
3 .U //:

(11.41)

Note that f �
3 .U / D U for x1 � m2 � `, f �

3 .U / D v�
2 for x1 � m1, and f �

3 .U /

is near w�
2 in Xi2 . Hence modifying U in Xi2 so that the modified function equals

w�
2 in Ti2 readily yields

J1.f
�
3 .U // � c1.v

�
2 ;w

�
2 /C c1.w

�
2 ; v

�
2 / � 
.�/ (11.42)

as in part (D) of the proof of Theorem 6.8.
On the other hand, form2 �m1 and m3 �m2 sufficiently large, as in Chapters 7

and 10, we find an upper bound for c�
m;` of the form

c�
m;` � c1.v

�
1 ;w

�
1 /C c�.w�

1 ; v
�
2 /C c1.v

�
2 ;w

�
2 /C c1.w

�
2 ; v

�
2 /C 4�; (11.43)

where � ! 0 as m2 �m1, m3 �m2 ! 1. Combining (11.41)–(11.43) shows

d1.v
�
1 ;w

�
1 / � c1.v�

1 ;w
�
1 / � 4� C 
.�/: (11.44)

Choosingm2 �m1 and m3 �m2 so large and � so small that

4� C 
.�/ <
1

2
min
iD1;2.d1.v

�
i ;w

�
i / � c1.v�

i ;w
�
i /; d1.w

�
2 ; v

�
2 /� c1.w

�
2 ; v

�
2 // (11.45)

shows that (11.44) and (11.45) are not compatible.
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Thus case (b) is not possible and U satisfies (11.2) (i) with strict inequality. A
similar argument applies to get (11.2) (iii). Thus it remains only to verify (11.2) (ii).
As earlier, this reduces to treating either j < `2�2 or j > `2C2. But both of these
possibilities can be excluded as was case (b) above.

Proof of (D). At this point we know that U is C2 and is a solution of (PDE) outside
of the constraint regions and even in Xij , j D 1; 2; 3. To handle the constraint
regions, suppose first that z satisfies m1 � ` � z1 < m1. Recall that v�

1 � uk ,
U � w�

1 for x1 � m1. Take r > 0 such that Br.z/ � fx1 < m1g and smooth '
with support in Br.z/. Then for jt j small, uk C t' satisfies (11.2) but not necessarily
(11.3). However, arguing as following (11.17), where now i1 C 3 is replaced bym1,
shows that

�k D min.max.uk C t'; v�
1 /;w

�
1 / 2 Y �

m;`

and

c�
m;` � J1.�k/ � J1.uk C t'/:

Therefore by Proposition 2.64,U satisfies (PDE) inBr.z/. A similar argument holds
for z1 > m2 � `.

The proof of (D) has now been reduced to showing that U is in C2 and satisfies
(PDE) in a neighborhood of x1 D m1 and x1 D m2 � `. These two remaining cases
require regularity arguments such as arise in the study of obstacle problems.

To complete the proof, since the two cases are handled similarly, we will
treat the case of x1 Dm1. Translating variables, we can assume m1 D 0. Set
�D .�1; 1/ � T

n�1. We know U 2 W 1;2.�/ and is a solution of (PDE) in �
for x1 6D 0. The remainder of the argument will be divided into five steps: (E) U is
defined everywhere in � and is upper semicontinuous (usc); (F) completion of the
proof when U < w�

1 for x1 D 0; (G) U 2 C.�/; (H) U is Lipschitz continuous
in � with Lipschitz constant depending only on kFukL1.TnC1/; and finally (I) for
m2 �m1; m3 � m2 sufficiently large, U < w�

1 on x1 D 0. Steps (E)–(H) are based
on material that Misha Feldman provided us and for which we are grateful.

Proof of (E). Set

A D fu 2 W 1;2
loc .R � T

n�1/jv�
1 � u � w�

2 for x 2 �; v�
1 � u � w�

1 in T �1;

ku � v�
1 kL2.T

�1/ � �1; and u D U for jx1j � 1g:

By the definition of c�
m;`,

J1.U / D inf
u2A

J1.u/;

or equivalently,

I.U / �
Z
�

L.U /dx D inf
u2A

I.u/: (11.46)
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Let z 2 � and r > 0 be such that Br.z/ � �. Suppose ' is smooth with support in
Br.z/. Then for t > 0, min.U C t'; v�

1 / 2 �1.v�
1 /, so as in earlier arguments,

J1.U C t'/ D J1.max.U C t'; v�
1 //C J1.min.U C t'; v�

1 //

� J1.max.U C t'; v�
1 //: (11.47)

Further requiring that ' � 0 yields max.U C t'; v�
1 / 2 Y �

m;`, so by (11.47),

J1.U C t'/ � J1.U /

or

I.U C t'/ � I.U /:

Consequently, setting g.x/ � Fu.x; U.x// leads to

I 0.U /' D
Z
�

.rU 	 r' C g'/dx � 0 (11.48)

for all such r; z; '. Here I 0 denotes the Fréchet derivative of I . By (11.48), U is a
weak subsolution of (PDE) in �.

Next for � > 0, let 
�.x/ be a family of mollifiers, i.e., 
� 2 C1.Rn/ with the
support of 
� , supp 
� contained in B�.0/ and

Z
Rn


�.x/dx D 1:

Set U� D U � 
� , the convolution of U and 
� . Similarly set g� Dg � 
� . Since U
and g are defined in a neighborhood of �, U� and g� are defined and in C1.�/.
Let � 2 C1

0 .�/ with � � 0. By (11.48),

Z
�

rU� 	 r�dx D
Z
�

�Z
B�.0/

rU.x � y/
�.y/dy
�

	 r�.x/dx

� �
Z
�

�Z
B�.0/

g.x � y/
�.y/dy
�
�.x/dx

D �
Z
�

g�� dx: (11.49)

Since U� and g� are C1 functions, (11.49) implies

��U� C g� � 0 in �: (11.50)



11 A Mixed Case 141

Fix z 2 � and define

G.r/ � G.r; z; �/ D 1

jBr.z/j
Z
Br .z/

U�.y/dy D 1

jB1.0/j
Z
B1.0/

U�.z C rx/dx:

Then with � denoting the outward-pointing normal to @B1.0/,

jB1.0/jG0.r/ D
Z
B1.0/

x 	 rU�.z C rx/dx

D � 1

2

Z
B1.0/

jxj2r�U�.z C rx/dx C 1

2

Z
@B1.0/

@U�

@�
dHn�1

Dr

2

Z
B1.0/

.1 � jxj2/�U� dx

�r
2

Z
B1.0/

.1 � jxj2/g� dx: (11.51)

Now
ˇ̌
ˇ̌ Z

B1.0/

.1 � jxj2/g�.z C rx/dx

ˇ̌
ˇ̌ � kg�kL1.�/jB1.0/j � kFukL1.TnC1/jB1.0/j;

(11.52)

so by (11.51)–(11.52),

G 0.r/ � �2rK;
or G.r; z; �/ C Kr2 is nondecreasing in r , where K depends on kFukL1.TnC1/.
Letting � ! 0 and noting that U� ! U in L1loc, we conclude

G.r; z; 0/ � 1

jBr.z/j
Z
Br .z/

U dx;

and G.r; z; 0/CKr2 is nondecreasing. This implies that

lim
r!0C

G.r; z; 0/ (11.53)

exists for all z 2 �. By the Lebesgue differentiation theorem, this limit exists a.e.
and equals U.z/. Thus (11.53) can be used to define U for all z 2 �. In particular,
it shows that

U.z/ � 1

jBr.z/j
Z
Br .z/

U dx CKr2 (11.54)

whenever Br.z/ � �.
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Next we obtain some further regularity for U . See also Caffarelli [28], on which
the following result and (G) and (H) are based.

Proposition 11.55. U is usc in �.

Let z 2 �, Br.z/ � �, and .zk/ � � with zk ! z as k ! 1. Then Br.zk/ � �

for k large and by (11.54),

lim
k!1U.zk/ � lim

k!1

�
1

jBr.zk/j
Z
Br .zk/

U dx CKr2
�

� lim
k!1

1

jBr.z/j
�Z

Br .zk/
U dx �

Z
Br .z/

U dx

�

C 1

jBr.z/j
Z
Br .z/

U dx CKr2

D 1

jBr.z/j
Z
Br .z/

U dx CKr2: (11.56)

Now letting r ! 0, (11.56) yields

lim
k!1U.zk/ � U.z/

so U is usc in �.

Proof of (F). Let T D fx 2 � j U.x/ < w�
1 .x/g. Since U is usc, T is open.

Suppose U.z/ < w�
1 .z/ for z 2 � with z1 D 0. Then z 2 T and there is an r D r.z/

with Br.z/ � T . For any smooth  � 0 with support in Br.z/, U C t 2 Y �
m;` for

t > 0 small. Hence I 0.U / � 0 for all such  . But by (11.48), I 0.U / � 0 for all
such  , so I 0.U / D 0, and elliptic regularity theory implies that U is a solution
of (PDE) in Br.z/.

Proof of (G). Some preliminaries are needed here. It is convenient to replace the
minimization problem in A by a variant of the obstacle problem. Define a function
W in � via

W D
(

w�
1 in T �1;
ˆ in T 0;

whereˆ satisfies

��ˆC g D 0 in � \ T0;

ˆjx1D0 D w�
1 Iˆjx1D1 D U; (11.57)
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and g is as in (E). Since g 2 L1 and w�
1 2 C2;˛ for any ˛ 2 .0; 1/, the Lp

elliptic theory implies that there is a unique ˆ 2 W 2;p.T 0/ satisfying (11.57) for
any p > 1. Since

��.U �ˆ/ D 0 in T0;

U �ˆ D U � w�
1 � 0 on x1 D 0;

U �ˆ D 0 on x1 D 1; (11.58)

by the weak form of the maximum principle (see e.g. Theorem 8.1 of Gilbarg and
Trudinger [29]),

max
T0
.U �ˆ/ � max

@T0
.U �ˆ/C D 0;

i.e., U � ˆ in T0, and therefore

U � W in �: (11.59)

Define

A� D fu 2 W 1;2
loc .R � T

n�1/jv�
1 � u � W in �;

ku � v�
1 kL2.T

�1/ � �1; and u D U if jx1j � 1g:

Then A� � A, since ˆ � w�
2 in �. Therefore

inf
A
J1 � inf

A�

J1:

But by (11.59), U 2 A�, so

inf
A�

J1 D inf
A
J1 D J1.U /: (11.60)

Some further remarks about the regularity of W are needed. Since
g 2 L1.T 0/ \ C2;˛.T0/ and ˆ D w�

1 2 C2;˛ on x1 D 0 for any ˛ 2 .0; 1/, the
Lp regularity theory implies ˆ 2 W 2;p.Œ0; 1

2
� � T

n�1/\ C 2;˛.T0/ and in particular
ˆ 2 C 1.Œ0; 1

2
� � T

n�1/. Moreover,W D w�
1 2 C2;˛.T �1/. This readily implies that

W is Lipschitz continuous in, e.g., Œ� 1
2
; 1
2
� � T

n�1. An estimate is needed for the
Lipschitz constant of W in this region. For x 2 T�1, W D w�

1 2 C2.R � T
n�1/, so

the Lp theory easily implies kW kC1.T
�1/ � M , where M depends on kw�

1 kL1.T0/

and kFukL1.Tn�1/. In T0, W D ˆ with ˆ D w�
1 smooth at x1 D 0. Therefore

(11.57) and the Lp estimates give an upper bound for kW kC1.Œ0; 1
2
��Tn�1/ in terms of

kw�
1 kC2.R�Tn�1/ and kFukL1.TnC1/. Thus for x; y 2 Œ� 1

2
; 1
2
� � T

n�1, we have

jW.x/�W.y/j � M jx � yj: (11.61)
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Next observe that since U is usc and W is continuous, fU < W g is open
in �. Therefore fU D W g is relatively closed in �. If x1 < 0, U < w�

1 D W .
Suppose there is some x with x1 > 0 and U.x/ D W.x/. Since ˆ is C2;˛ near x,
(11.58)–(11.59) and the maximum principle imply that U � W in T0 and therefore
on x1 D 0. Thus for this case fU D W g D T 0. Otherwise, fU D W g � fx1 D 0g.
In any event, with the aid of the argument of Proposition 2.64, the subset of� where
(PDE) is not satisfied classically is S � fU D W g \ fx1 D 0g. Viewing �U � g

as a positive measure � (via (11.48)), supp � is contained in S .

Now we are ready for:

Proposition 11.62. U 2 C.�/.
Proof. By what is already known, the lower semicontinuity of U need only be
verified at points z 2 S . Thus let .zk/ � � and zk ! z as k ! 1. Since
U D W D w�

1 on S , we need only check sequences with zk … S . Choose a point
yk 2 S closest to zk . Then

ık � jzk � ykj � jzk � zj ! 0

and

U.yk/ D w�
1 .yk/ ! w�

1 .z/ D U.z/

as k ! 1. Since U is usc, for any � > 0, there is a � D �.�; z/ > 0 such that
jz � xj � � implies U.x/ � U.z/C �. By (11.54),

U.yk/ � 1

jB2ık .yk/j
Z
B2ık .yk/

U.x/dx CK.2ık/
2: (11.63)

It can be assumed that B2ık .yk/ � B�.z/ for all large k. Therefore by (11.63),

U.yk/ � 1

jB2ık .yk/j

"Z
B2ık .yk /nBık

.zk /

.U.z/C �/dx C
Z
Bık .zk/

U.x/dx

#
CK.2ık/

2:

(11.64)

Since U satisfies (PDE) in Bık .zk/, by (11.51) with z D zk and U� replaced by U ,

jB1.0/jG0.r/ D �r
2

Z
B1.0/

.1 � jxj2/g dx:

Therefore

jG 0.r/j � r

2
kFukL1.TnC1/ D 2Kr;
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so

jG.ık; zk ; 0/ � U.zk/j �
Z ık

0

jG0.r/jdr � Kı2k: (11.65)

By (11.64)–(11.65) and (11.54) again, for all large k,

U.yk/ � 2n � 1
2n

.U.z/C �/C 1

2n
.U.zk/CKı2k/CK.2ık/

2:

Hence

lim
k!1

U.yk/ D U.z/ � 2n � 1
2n

.U.z/C �/C 1

2n
lim
k!1

U.zk/: (11.66)

Since � is arbitrary, (11.66) implies

lim
k!1U.zk/ � U.z/ � lim

k!1
U.zk/;

i.e., U is lower semicontinuous and therefore continuous at z.

Proof of (H). The goal here is to prove:

Proposition 11.67. U is Lipschitz continuous in� with Lipschitz constant depend-
ing only on kFukL1.TnC1/.

To prove Proposition 11.67, it suffices to get a uniform upper bound,M �, for rU
in each of T�1 and T0. Then for any x; y 2 T0 and 	 a line segment joining them,

jU.x/ � U.y/j D
ˇ̌
ˇ
Z
	

rU 	 dx
ˇ̌
ˇ � M �jx � yj:

The continuity of U then shows that this estimate holds for all x; y 2 T 0, and
the same is true for x; y 2 T �1. Finally, if x 2 T �1 and y 2 T 0, there is a
z 2 fx1 D 0g \ 	 such that

jU.x/ � U.y/j � jU.x/ � U.z/j C jU.z/� U.y/j

� M �.jx � zj C jz � yj/ D M �jx � yj:

The first step in getting the bound for rU is:

Proposition 11.68. Suppose t 2 R and u is a classical solution of

��u C Fu.x; u C t/ D 0; x 2 Br.y/:
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Then

krukL1. NBr 2.y// � M1

r
.kukL1.Br .y// C r2/; (11.69)

where M1 depends only on kFukL1.TnC1/.

Proof. Translating variables for convenience, we can take y D 0. For x 2 Br.0/,
set � D x=r and u.�/ D u.r�/. Then

��u C r2Fu.r�; u.�/C t/ D 0; � 2 B1.0/;
and by the Lp elliptic theory [29], for any p > 1,

kukW 2;p.B 1
2
.0// � M2.kukL1.B1.0// C r2kFu.	; u C t/kLp.B1.0///

� M3.kukL1.Br .0// C r2/; (11.70)

where M3 depends on p and kFukL1.TnC1/. By standard embedding theorems, for
p > n,

krukL1.B 1
2
.0// � M4kukW 2;p.B 1

2
.0//; (11.71)

whereM4 depends on p. Fixing p > n and noting that ru D rru, (11.70)–(11.71)
yield (11.69).

Remark 11.72. For any � 2 .0; 1/, Proposition 11.68 provides an upper bound
for krU kL1.�nB�.S// that depends on �; kFukL1.TnC1/, and kU kL1.�/. Since
v�
1 � U � w�

2 , the dependence on kU kL1.�/ can be suppressed. Thus to complete
the proof of Proposition 11.67, an upper bound for krU kL1.B�.S// for some suitable
� is needed. Toward that end, let z 2 S .

Proposition 11.73. There are constants r0 � 1
2

andM5 depending on kFukL1.TnC1/

(and kw�
1 kL1) but independent of z 2 S such that if 0 < r � r0,

U.x/ � W.z/�M5r; x 2 Br
4
.z/:

Proof. Set ‰.x/ D U.x/ � W.z/ � Mr , so by (11.59) and (11.61), ‰ � 0 in
Br.z/. Set

‰ D ‰1 C‰2 C‰3; (11.74)

where ‰1;‰2 2 W 2;p.Br .z// for any p > 1 are defined to be the solutions of the
following PDEs with continuous data.

��‰1 C Fu.x; U / D 0; x 2 Br.z/;
‰1 D 0; x 2 @Br.z/;

��‰2 D 0; x 2 Br.z/;
‰2 D ‰; x 2 @Br.z/:

Now (11.74) determines‰3.
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As in Proposition 11.68, it can be assumed that z D 0. Set h.y/ D ‰1.ry/ for
y 2 B1.0/, so

��hC r2Fu.ry; U / D 0; y 2 B1.0/;
h D 0; y 2 @B1.0/:

Setbh D cMr2.1 � jyj2/ with cM a constant. Then

��.bh˙ h/ D 2ncMr2 
 r2Fu.ry; U / � 0; y 2 B1.0/

if cM � 1
2n

kFukL1.TnC1/, and h D bh D 0 on @B1.0/. Hence by a weak version of
the maximum principle (see, e.g., Theorem 8.1 of [29], in B1.0//,

jhj �bh � cMr2;

or

k‰1kL1.Br .z// � cMr2: (11.75)

Since ‰2 � 0 on @Br .z/, by the usual maximum principle,

‰2 � 0; x 2 Br.z/: (11.76)

Set ‰4 D ‰1 C‰2. Then by (11.75)–(11.76),

‰4 � cMr2; x 2 Br.z/; (11.77)

and

��‰4 C Fu.x; U / D 0; x 2 Br.z/;
‰4 D ‰; x 2 @Br .z/

By the line above (11.74) and (11.48),
Z
Br .z/

.r‰ 	 r' C Fu.x; U /'/dx � 0 (11.78)

for all ' 2 W 1;2
0 .Br .z// with ' � 0, i.e., ‰ is a weak subsolution of

��‰ C Fu.x; U / D 0

in Br.z/. Hence by (11.74), (11.78), and the choice of ‰1;‰2,
Z
Br .z/

r‰3 	 r' � 0
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for all ' as above, i.e.,‰3 is weakly subharmonic inBr.z/. Since‰3 D 0 on @Br .z/,
by e.g., the weak maximum principle of [29] again,

‰3 � 0; x 2 Br.z/: (11.79)

Combining (11.79), (11.76), and (11.75),

‰ � ‰1 C‰2 D ‰4 � ‰1 � cMr2; x 2 Br.z/: (11.80)

Therefore

‰5 D cMr2 �‰4 � 0; x 2 Br.z/;
and

��‰5 � Fu.x; U / D 0; x 2 Br.z/:
Applying Theorems 8.17–8.18 of [29] to ‰5 gives the weak Harnack inequality:

sup
B r
4
.z/
‰5 � M6

 
inf
B r
4
.z/
‰5 C kFukL1.TnC1/r

2

!
� M7

 
inf
B r
4
.z/
‰5 C r2

!
;

(11.81)

whereM7 depends on kFukL1.TnC1/. Since z 2 S , by (11.79) and (11.74),

‰4.z/ D ‰.z/ �‰3.z/ � U.z/�W.z/ �Mr D �Mr: (11.82)

Hence for x 2 Br
4
.z/, by (11.81)–(11.82),

‰5.x/ D cMr2 �‰4.x/ � M7.cMr2 �‰4.z/C r2/ � M7.cMr2 CMr C r2/:

Consequently, for r0 D r0.kFukL1.TnC1// sufficiently small,

‰4.x/ � �M8r; (11.83)

whereM8 depends on kFukL1.TnC1/.
Next, a similar lower bound will be obtained for‰3. We have already shown that

‰3 D 0 on @Br.z/, ‰3 � 0 in Br.z/, and ��‰3 D ��U C Fu.x; U / � 0 in Br.z/.
Therefore supp �‰3 � supp .�U �Fu.x; U // � S . Since ‰3 is continuous, it has
a minimizer in Br.z/, and by the maximum principle, it occurs at some z� 2 S . By
(11.80),

‰3 D ‰ �‰4 � ‰ �cMr2:
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Therefore for all x 2 Br.z/,

‰3.x/ � ‰3.z
�/ � ‰.z�/�cMr2 D U.z�/� w�

1 .z/ �Mr �cMr2

D w�
1 .z

�/ � w�
1 .z/�Mr �cMr2

� �2Mr �cMr2 (11.84)

via (11.61). Again for r0 sufficiently small this leads to

‰3.x/ � �M9r; (11.85)

whereM9 depends on kFukL1.TnC1/. Combining (11.83) and (11.85) gives

‰.x/ D U.x/ �W.z/�Mr � �.M8 CM9/r;

or

U.x/ � W.z/ �M5r; x 2 Br
4
.z/;

whereM5 D �M CM8 CM9, and Proposition 11.73 is proved.

Proof of Proposition 11.67. Note that by (11.59) and (11.61),

W.z/� U.x/ � W.z/�W.x/ � �M jz � xj;

so with the aid of Proposition 11.73,

jU.x/ �W.z/j � M10r (11.86)

for z 2 S , r � r0, and x 2 Br
4
.z/, where M10 depends on kFukL1.TnC1/. Choose

any y 2 Br0
8

(S). Then there is a z 2 S such that jy � zj D jy � S j � s < r0
8

.
Set r D 8s. Then x 2 Bs.y/ implies x 2 B2s.z/ D Br

4
.z/, so (11.86) holds for

x 2 Bs.y/. Restricting x to Bs
2
.y/ and taking u D U �W.z/ in (11.69) give

krU kL1.B s
2
.y// � M1

s
.M10r C s2/

� M1

�
8M10 C r0

8

�
� M1

�
8M10 C 1

16

�
� M11; (11.87)

where M10 depends on kFukL1.TnC1/. Combining (11.87) with Remark 11.72 with
� D r0

8
then completes the proof.

Proof of (I). The argument is related to that of (C). We seek to show U.x/ < w�
1 .x/

for x1 D m1 and U.x/ > v�
2 .x/ for x1 D m2 � `. To treat the m1 case, arguing



150 11 A Mixed Case

indirectly, suppose U.z/ D w�
1 .z/ for some z D .z1; : : : ; zn/ and z1 D m1. By the

choice of �1, there is a largest um1 2 M1.v�
1 ;w

�
1 / such that kum1 �v�

1kL2.Tm1�1/ < �1
and a smallest um1 2 M1.v�

1 ;w
�
1 / such that kum1 � v�

1kL2.Tm1�1/ > �1. Indeed,
um1; um1 are a gap pair in M1.v�

1 ;w
�
1 /. Note that um1 D �1m1u and um1 D �1m1u with

u; u 2 M1.v�
1 ;w

�
1 /. Translating variables, we can take m1 D 0.

By Proposition 11.67, there is an M � D M �.kFukL1.TnC1// independent of the
minimizer U 2 Y �

m;` of (11.5) and m such that for y 2 T�1,

U.y/ � U.z/ � �M �jy � zj:

Thus for jy � zj � r ,

U.y/ � w�
1 .z/�M �r: (11.88)

Since u 2 M1.v�
1 ;w

�
1 /; Nu 2 C 2 and

u.y/ � u.z/CM12jy � zj; (11.89)

where M12 depends on kFukL1.TnC1/. Combining (11.88)–(11.89), for jy � zj � r

and y 2 T�1,

U.y/ � w�
1 .z/ �M �r > u.y/;

provided that

r <
w�
1 .z/ � u.z/

M � CM12

:

Thus choosing r such that

r < min
x2T

�1

w�
1 .x/ � u.x/

M � CM12

; (11.90)

it follows that

u.y/ < U.y/ (11.91)

for all y 2 Br.z/ \ T�1 and all z 2 S .
Set

ƒ�
1 � ƒ�

1 .v
�
1 ;w

�
1 / D fu 2 �1.v�

1 ;w
�
1 / j .i/ ku � v�

1kL2.T
�1/ � �1;

.ii/ ku � w�
1kL2.Br .z/\T�1/ � ku � w�

1kL2.Br .z/\T�1/g

and

d�
1 .v

�
1 ;w

�
1 / D inf

u2ƒ�

1

J1.u/: (11.92)



11 A Mixed Case 151

Lemma 11.93. d�
1 .v

�
1 ;w

�
1 / > c1.v

�
1 ;w

�
1 /.

Proof. Following the proof of Proposition 6.74 shows that there is a minimizing
sequence .uk/ for (11.92) that converges in W 1;2

loc .R � T
n�1/ to P 2 b�1.v�

1 ;w
�
1 /.

If P 62 ƒ�
1 , J1.uk/ � c1.v�

1 ;w
�
1 / C ˇ1, where ˇ1 > 0 depends on �1 and

ku � w�
1 kL2.Br .z/\T�1/. On the other hand, if P 2 ƒ�

1 � �1.v�
1 ;w

�
1 /,

J1.P / D d�
1 .v

�
1 ;w

�
1 / � c1.v

�
1 ;w

�
1 /: (11.94)

If there is equality in (11.94), P 2 M1.v�
1 ;w

�
1 /. But then either P � u, in which

case constraint (ii) in ƒ�
1 fails, or P � u, in which case constraint (i) cannot hold.

Therefore d�
1 > c1.

Now to complete the proof of (I), we will show that if m2 � m1, m3 � m2

are sufficiently large, U.z/ D w�
1 .z/ cannot occur for any z with z1 D m1. The

reasoning is essentially the same as that of part (C,) so we will be sketchy. Again it
is convenient to translate variables so that m1 D 0.

If U.z/ D w�
1 .z/, since f �

1 .U / D U for x1 � 0, by the choice of r; f �
1 .U / 2 ƒ�

1 .
Therefore J1.f �

1 .U // � d�
1 and as in (11.41)–(11.43),

d�
1 .v

�
1 ;w

�
1 /C c�.w�

1 ; v
�
2 /C c1.v

�
2 ;w

�
2 /C c1.w

�
2 ; v

�
2 / � 
.�/

� c�
m;`DJ1.U / � c1.v

�
1 ;w

�
1 /C c�.w�

1 ; v
�
2 /

C c1.v
�
2 ;w

�
2 /C c1.w

�
2 ; v

�
2 /C 4�: (11.95)

Thus choosingm2, and m3 �m2 so large and � so small that

4� C 
.�/ <
1

2
min
iD1;2.d

�
1 .v

�
i ;w

�
i / � c1.v�

i ;w
�
i // (11.96)

shows that U.z/ D w�
1 .z/ for z1 D 0 is not possible. Similarly, U.z/ D v�

2 .z/ for
z1 D m2 � ` cannot occur, and Theorem 11.6 is proved.

Remark 11.97. It is possible that there are several gap pairs in M0 between w�
1 and

v�
2 , e.g.,

w�
1 � v1 < w1 � 	 	 	 � vj < wj � v�

2 :

A more refined version of Theorem 11.6 would then give a solution of (PDE) that
shadows members of M1.v�

1 ;w
�
1 /;M.vi ;wi /; 1 � i � j , and M.w�

2 ; v
�
2 /.

Next we will discuss how to extend Theorem 11.6 to the case in which there are
k gap pairs where transitions occur. Thus suppose that v�

i < w�
i ; 1 � i � k, are gap

pairs in M0. Repetition of pairs is permitted. Suppose that

v�
1 � v�

2 � v�
3 � v�

4 � 	 	 	 : (11.98)
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Alternatively, (11.98) could be replaced by

v�
1 � v�

2 � v�
3 � v�

4 � 	 	 	 :
We seek a solution of (PDE) that is heteroclinic from v�

1 to w�
k if k is even or to v�

k

if k is odd. Moreover, the solution will be required to be close to w�
2 ; v

�
3 ;w

�
4 ; : : : in

intermediate regions. Choose m 2 Z
k with miC1 > mi; 1 � i � k � 1, and l 2 N.

Set
v� D min

1�i�k v�
i and w� D max

1�i�k w�
i

In the spirit of (11.1)–(11.3), as the class of admissible functions we take

Y �
m;` D fu 2 W 1;2

loc .R � T
n�1/ j v� � u � w�

and u satisfies (11.99)–(11.101)g;

where (
.i/ ku � v�

1kL2.Ti / ! 0; i ! �1;

.ii/ ku � �kL2.Ti / ! 0; i ! 1;
(11.99)

and � D w�
k if k is even and � D v�

k if k is odd;

8̂
ˆ̂<
ˆ̂̂:

.i/ ku � v�
1 kL2.Ti / � �1; m1 � ` � i � m1 � 1;

.ii/ ku � �kL2.Ti / � �k; mk � i � mk C ` � 1;
.iii/ ku � �j kL2.Ti / � �j ; mj � ` � i � mj C ` � 1;

(11.100)

where in (ii), � is as in (11.99) and in (iii), for 2 � j � k � 1; �j D w�
j if j is

even, �j D v�
j if j is odd.

Lastly, 8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

.i/ v�
1 � u � w�

1 ; m1 � ` � x1 � m1;

.ii/ u � v�
k ; mk � x1 � mk C `;

.iii/ v�
j � u � w�

j ; mj � ` � x1 � mj C `;

(11.101)

where 2 � j � k � 1 in (iii). The constants �i are as in (11.4), and for 1 � j � k

satisfy

�j 2
�
0;
1

2
kw�

j � v�
j kL2.T0/

�
nfku �  kL2.T0/ju 2 M1.v

�
j ;w

�
j /[ M1.w

�
j ; v

�
j /g;

(11.102)
where  D w�

j if j is even and  D v�
j if j is odd.
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Define

c�
m;l D inf

u2Y �

m;l

J1.u/: (11.103)

Then analogously to Theorem 11.6, we have:

Theorem 11.104. Suppose .F1/ � .F2/ hold, .v�
i ;w

�
i / are gap pairs satisfying

(11.98), 1 � i � k, and .�/1 holds for [iDk
iD1.M1.v�

i ;w
�
i / [ M1.w�

i ; v
�
i //. Then

for l sufficiently large, there is a U 2 Y �
m;l such that J1.U / D c�

m;l . Moreover, for
miC1�mi sufficiently large, 1 � i � k, any such U is a classical solution of (PDE).

Proof. Since the proof is close to that of Theorem 11.6, we will be sketchy here.
As earlier, a minimizing sequence for (11.103) can be assumed to converge to
U 2 �1.v�;w�/ satisfying (11.100)–(11.101). Set

gj .U / D max.min.U;w�
j /; v

�
j /:

Then by (11.101), gj .U / D U in the j -th constraint region, and following
(11.8)–(11.22),U satisfies (PDE) in some region Xij ; 1 � j � k, provided that

l � l0.�;M C kK1/ (11.105)

and

0 < � < min
1�j�k

 p
5

2

�
kw�

j � v�
j kL2.T0/; �j

�!
: (11.106)

Continuing to follow the proof of Theorem 11.6, the proof of Theorem 11.104
reduces to showing that U satisfies (PDE) in a neighborhood of x1 D m1; mj � l;

mj C l , and mk � l for 1 � j � k. This in turn is a consequence of slight
modifications of (E)–(I) of the earlier proof.

Remark 11.107. Theorem 11.104 does not suffice to obtain solutions that undergo
an infinite number of transitions. Indeed, as (11.105) shows, l and therefore �
will depend on k, the number of prescribed transitions. Thus this remains an open
question. We suspect that this can be approached as in Chapter 10.





Part III
Solutions of (PDE) Defined on R

2 � T
n�2

In Chapters 6–11, solutions of (PDE) on R � T
n�1 have been obtained using the

basic solutions of Chapters 1–3 as building blocks. Our final two Chapters 12–13,
establish the existence of solutions of (PDE) defined on R

2 � T
n�2. The basic

solutions will be those of Chapter 4.





Chapter 12
A Class of Strictly 1-Monotone Infinite
Transition Solutions of (PDE)

Following the ideas and methods of Chapters 6–11, solutions of (PDE) on R
2�T

n�2
that undergo a finite number of transitions can readily be constructed. For example
in the spirit of Chapters 9–10 solutions that are strictly 1-monotone and heteroclinic
in x2 from v1 to wk with v1;w1 and vk;wk gap pairs can be obtained. Likewise, as in
Chapters 6–8, nonmonotone heteroclinics in x2 from v1 to w1 (or homoclinic to v1)
with multiple transitions can be found. Our main goal here, however, is to find a new
class of solutions that undergo an infinite number of transitions and are heteroclinic
between the members of a gap pair in M0, both in x1 and in x2.

To describe these solutions more fully, suppose .�/0 holds and v0 and w0 are a
gap pair in M0. Then by Theorem 3.2, M1.v0;w0/ 6D ;. For simplicity we assume
that

M1.v0;w0/ D f�1�j v1 �  j j j 2 Zg (M1)

for any v1 2 M1.v0;w0/. In particular, we choose v1 such that

0 <  0 � v0 � w0 � v0
3

in T0: (12.1)

By .M1/ and Theorem 4.40, M2. j ;  jC1/ 6D ; for all j 2 Z. Again for
convenience assume that

M2. 0;  1/ D f�2�j v2 � hj jj 2 Zg (M2)

for any v2 2 M2. 0;  1/. By .M2/, for any k 2 Z,

M2. k;  kC1/ D �1�kM2. 0;  1/ D f�1�khj jj 2 Zg: (12.2)

Let i 2 Z and k 2 N. Following the spirit of Chapters 9–10, we will first
show that there is a solution U DUi;k of (PDE) that is heteroclinic from  i to

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 12, © Springer Science+Business Media, LLC 2011
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 iCk , is 1-monotone in x2 (and x1), and shadows members of M2. j ;  jC1/,
i � j � i C k � 1. Then choosing, e.g., i D �q, k D 2q � 1, working in an
appropriate subclass of the above Ui;k’s and letting q ! 1, we will find a solution
of (PDE) that is heteroclinic from v0 to w0 in x2 and x1 and shadows members of
M2. j ;  jC1/ for all j 2 Z. For the proofs, we will modify closely related results
in the setting of an Allen–Cahn model equation [30, 31].

To begin, Ui;k will be obtained by minimizing J2 over a suitable class of
admissible functions Z.i; k/. To define Z.i; k/, let u 2 W 1;2

loc .R
2 � T

n�2/. Using
the notation of Chapter 10, with the caveat that now we are dealing with R

2 � T
n�2

rather than R � T
n�1, for j 2 Z, set

fj .u/ D min.max.u;  j /;  jC1/;

so  j � fj .u/ �  jC1 and fj .u/ 2 W 1;2
loc .R

2 � T
n�2/. Choose s0; t0 2 R such that

Z
T0

 0dx < s0 < t0 <

Z
T0

 1 dx; (12.3)

�
h 2 M2. 0;  1/j s0 <

Z
T0

h dx < t0

�
D fh0g; (12.4)

and

s0 6D
Z
T0

h dx 6D t0 (12.5)

for all h 2 M2. 0;  1/. Since 0 < h <  1 for each h 2 M2. 0;  1/, .M2/ implies
that we can find numbers s0 < t0 for which (12.3)–(12.5) hold.

Let m 2 Z
1, i.e., m D .mi/i2Z with miC1 > mi . For any finite set of j ’s, there

are functions u satisfying

s0 �
Z
T

�j ;mj

fj .u/dx � t0; (12.6)

where Tp;q D �1p�
2
qT0. For i 2 Z and k 2 N, define

Z.i; k/ D fu 2 W 1;2
loc .R

2 � T
n�2/ j  i � u �  iCk; u � �

p
�1u for p D 1; 2;

and u satisfies (12.6) for i � j � i C k � 1g

and set
b.i; k/ D inf

u2Z.i;k/ J2.u/: (12.7)

Then we have:

Theorem 12.8. Let F satisfy .F1/–.F2/, .M1/ and .M2/ hold, and N;R 2 N.
Then m can be chosen so that for each i 2 Z and k 2 N, there is a function
U D Ui;k 2 Z.i; k/ such that J2.U / D b.i; k/. Any such U is a classical solution
of (PDE) satisfying

U < �
p
�1U; p D 1; 2; (12.9)
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kU �  ikW 1;2.S`/
! 0; ` ! �1;

kU �  iCkkW 1;2.S`/
! 0; ` ! 1; (12.10)

and for i � j � i C k � 1,

fj .U / D U on �1j �
2�mj AN;R; (12.11)

where AN;R D Œ�N;N � � Œ�R;R� � T
n�2.

Remark 12.12. While there is a formal similarity of Theorem 12.8 with
Theorem 10.27, the current situation is different and seems more delicate, since now
we are dealing with a single gap pair v0;w0 2 M0 rather than multiple such pairs
as in Theorem 10.27. For example, for Theorems 10.27 and 10.63 it is possible to
allow the numbers mi to be a uniform (and large) distance apart: miC1 D mi C �.
However, we are unable to do that here. Instead, the freedom in choosing the mi ’s
will be employed to requiremiC1 �mi ! 1 as ji j ! 1.

In order to prove Theorem 12.8, some preliminaries are needed. Let

ƒ2. 0;  1/ D
(

u 2 �2. 0;  1/ju � �2�1u and
Z
T0;0

u dx 2 fs0; t0g
)
:

Set
d2. 0;  1/ D inf

u2ƒ2. 0; 1/
J2.u/: (12.13)

Then we have:

Proposition 12.14. d2. 0;  1/ > c2. 0;  1/.

Proof. The proof follows that of Proposition 6.74 and will be omitted.

Remark 12.15. d2. j ;  jC1/ D d2. 0;  1/ and c2. j ;  jC1/ D c2. 0;  1/ for all
j 2 Z.

Proposition 12.16. Let r > 0. Then there are an `1.r/ 2 N and ˆ 2 �2. 0;  1/

such that

ˆ � �
p
�1ˆ; p D 1; 2; (12.17)

s0 <

Z
T0;0

ˆ dx < t0; (12.18)

ˆ D
(
 0; x2 � �`1;
 1; x2 � `1;

(12.19)
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and

J2.ˆ/ � c2. 0;  1/C r: (12.20)

Proof. The function h0 satisfies (12.17)–(12.18) and (12.20), and
kh0 �  0kW 1;2.Si / ! 0 as i ! �1, kh0 �  1kW 1;2.Si / ! 0 as i ! 1. Therefore
for large `1,

ˆ D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

 0; x2 � �`1;
.�`1 C 1 � x2/ 0 C .x2 C `1/h0; �`1 � x2 � �`1 C 1;

h0; �`1 C 1 � x2 � `1 � 1;

.`1 � x2/h0 C .x2 � `1 C 1/ 1; `1 � 1 � x2 < `1;

 1; `1 � x2;

satisfies (12.17)–(12.20).

Corollary 12.21. For q 2 Z, ˆq D �1�qˆ 2 �2. q;  qC1/ and satisfies (12.17)
and (12.20) as well as (12.18) with T0;0 replaced by T0;�q and (12.19) with  0; 1
replaced by  q; qC1.

One final preliminary is required. It is a version of Proposition 9.20 for the current
setting.

Proposition 12.22. For any � > 0, there is a ı2 D ı2.�/ such that whenever
u 2 �2. 0;  1/ satisfies J2.u/ � c2. 0;  1/C ı2, there is a ‰ 2 M2. 0;  1/ with

ku �‰kW 1;2.[2
jD�2SqCj /

� � for all q 2 Z:

Proof. Following the proof of Proposition 9.20, making the natural changes such as
replacing �1�`k by �2�`k and (9.22) by a new normalization, such, for instance, as in
(4.41), yields the result.

Now we are ready for the

Proof of Theorem 12.8. Set

ı D d2. 0;  1/� c2. 0;  1/: (12.23)

For m, we initially require

m0 D 0; mi D �m�i ; and for i � 0;

miC1 �mi � 2`1

�
ı

2iC1

�
C 2`1

�
ı

2iC3

�
; (12.24)
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where `1 is given by Proposition 12.16. A further restriction on m will be imposed
later. Set ‰j D �2mjˆj with ˆj as in Corollary 12.21. Then ‰j satisfies

s0 <

Z
T

�j;mj

‰j dx < t0; (12.25)

‰j D

8̂
ˆ̂<
ˆ̂̂:

 j ; x2 � mj � `1

�
ı

2jj jC2

�
;

 jC1; x2 � mj C `1

�
ı

2jj jC2

�
;

(12.26)

and
J.‰j / � c2. 0;  1/C ı=2jj jC2: (12.27)

Gluing the functions‰j , i � j � i C k � 1, yields ‰ 2 Z.i; i C k/ with

b.i; k/ � J2.‰/ � kc2. 0;  1/C 3ı=4: (12.28)

By (12.28) and the argument of Theorem 4.40, if .uq/ is a minimizing sequence for
(12.7), there is a U 2 W 1;2

loc .R
2 � T

n�2/ such that along a subsequence, uq ! U in
W 1;2.S`/ for all ` 2 Z, J2.U / < 1, and U 2 Z.i; k/. Hence U satisfies (12.10)
and J2.U / D b.i; k/ via an earlier argument. Once we have proved that U satisfies
(PDE), (12.9) follows as in earlier results, e.g., (c) of Theorem 3.2. Thus it remains
to prove that U is a solution of (PDE) and (12.11) holds.

To verify that U satisfies (PDE) requires slight modifications of the proof of
Theorem 9.6, so we will be sketchy. Take z 2 R

2 � T
n�2, p D .p1; p2/ 2 Z

2,
and set zp D z C p1e1 C p2e2. With these slight changes, follow the earlier proof
giving the natural definitions of Ep, Ip, G.U /, etc. If G.U / 2 Z.i; k/, then as in
(9.46)–(9.47),U is a solution of (PDE).

To show that G.U / 2 Z.i; k/, note first that  i � G.U / �  iCk via the
minimality properties of  i and  iCk as in (9.43)–(9.44). Next, to verify that
G.U / satisfies the constraints (12.6), first observe that U satisfies (12.6) with strict
inequality. Indeed, as in (9.39)–(9.41), if for � 2 fs0; t0g,

� D
Z
T

�j ;mj

fj .U /dx; (12.29)

then fj .U / 2 ƒ2. j ;  jC1/, so by Proposition 12.14 and Remark 12.15,

J2.fj .U // � d2. 0;  1/: (12.30)

Thus as in (9.41),

b.i; k/ D J2.U / D J2.min.vj ; U //C J2.fj .U //C J2.max.vjC1; U //

� .k � 1/c2. 0;  1/C d2. 0;  1/: (12.31)
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But by (12.31) and (12.28),

3ı

4
� d2. 0;  1/ � c1. 0;  1/ D ı; (12.32)

a contradiction. ThusU satisfies (12.6) with strict inequality. For i � j � iCk�1,
consider

Dj �
Z
T

�j ;mj

.fj .G.U // � fj .U //dx:

The integrand vanishes except possibly for x 2 [p2Z2Br.zp/, so the contribution to
the integral comes from a set of measure � jBr.0/j. Therefore as in (9.49),

jDj j � k jC1 �  j kL1.R2�Tn�2/jBr.0/j � jBr.0/j ! 0 (12.33)

as r ! 0. Thus choosing r D r.U / small enough, the strict inequality in (12.6) for
U implies G.U / satisfies (12.6). Next observe that the argument of (9.50)–(9.54)
shows that G.U / 2 Z.i; k/.

To complete the proof of Theorem 12.8, we will show that (12.11) holds. To do
so, we impose a further requirement on m:

miC1�mi � 2max.`1.ı=2
iC1/C`1.ı=2iC3/; `1.ˇ=2iC1/C`1.ˇ=2iC3// (12.34)

for i � 0. The parameter ˇ is free for the moment. As for (12.28), (12.34) implies

J2.U / � kc2. 0;  1/C ˇ=2: (12.35)

Now we modify the proof of Theorem 9.9; see also [30, 31]. As in (12.28), for each
j , i � j � i C k � 1,

J2.U / � J2.fj .U //C .k � 1/c2. 0;  1/; (12.36)

so combining (12.35)–(12.36) gives

J2.fj .U // � c2. 0;  1/C ˇ=2: (12.37)

Choose

ˇ=2 < ı2.�/; (12.38)

where � is free for now. Therefore by Proposition 12.22 and .M2/, there is a
gj 2 M2. j ;  jC1/ such that

kfj .U / � gj kW 1;2.[2
`D�2SqC`/

� � (12.39)
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for all q 2 Z. But U 2 Z.i; k/, so

Z
T

�j;mj

fj .U /dx 2 Œs0; t0�: (12.40)

By .M2/ and (12.4)–(12.5), we can further restrict s0, t0 so that

Z
T0;0

h1dx � s�1 < s0 <
Z
T0;0

h0 dx < t0 <

Z
T0;0

h�1 dx � t1: (12.41)

Now we impose our first restriction on � :

0 < � < min.t1 � t0; s0 � s�1/: (12.42)

Let g D �2�mj gj 2 M2. 0;  1/. Then

Z
T

�j;0

g.x/dx D
Z
T

�j ;mj

gj .x/dx �
Z
T

�j ;mj

fj .U /dx C
Z
T

�j ;mj

jfj .U / � gj jdx

< t0 C � < t1 (12.43)

via (12.39)–(12.41). Thus (12.43) combined with a similar lower bound yields

Z
T

�j;0

g dx 2 .s�1; t1/: (12.44)

There is a unique h� 2 M2. j ;  jC1/ with

Z
T

�j;0

h� dx 2 .s�1; t1/; (12.45)

namely h� D hj . Hence (12.44)–(12.45) show that

gj D �2mj hj D �2mj �
1
j h0:

Now finally to verify (12.11) or equivalently

 j < fj .U / <  jC1 on �1�j �2�mj AN;R; (12.46)

we modify (9.71)–(9.79). Choose � D �.N;R/ such that

0 < � <
1

4
min

ANC1;RC2

. 1 � h0; h0 �  0/: (12.47)
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Such a � can be found, since  0 < h0 <  1 on R
2 � T

n�2. Since for any j 2 Z;

 jC1 � hj D �1�j . 1 � h0/ and hj �  j D �1�j .h0 �  0/, (12.47) implies

0 < � <
1

4
min

�1j �
2
�mj

ANC1;RC2

. jC1 � gj ; gj �  j /: (12.48)

To get the upper bound in (12.46), set 'j D max.fj .U /�gj ; 0/. If the upper bound
fails to hold for some j , there is a qj 2 �1j �2�mj AN�1;RC2 � Aj such that

'j .qj / D fj .U.qj // � gj .qj / D  jC1.qj /� g.qj / � 4�: (12.49)

Therefore there are �; 	 2 R �Z such that

qj 2 Œ�; � C 1� � Œ	; 	C 1� � T
n�2 � D � Aj :

By (12.39),

jf'j > �g \Dj�2 � kfj .U / � gjkL2.D/ � �2: (12.50)

Note that v0 < U; gj < w0 and U and gj are solutions of (PDE). Hence U and gj
are bounded in C2.R2 � T

n�2/, and as in (9.75), there is a constant M such that

krU kL1.R2�Tn�2/; kgj kL1.R2�Tn�2/ � M: (12.51)

Set

r D min

 
1;

�

2M

!
; (12.52)

so Br.qj / � [1
`D�1S	C`. Further requiring � to satisfy (9.77) and then following

(9.78)–(9.79) yields a contradiction to (12.52). The lower bound in (12.46) is
obtained in a similar fashion, and the proof of Theorem 12.8 is complete.

Remark 12.53. (i) Since gi � �2�1gi ,

0 < 4� <  iC1�gi on Œ�N � i �1;N � i C1�� .�1; mi CRC2/�T
n�2;

and similarly
0 < 4� < giCk�1 � viCk�1

on

Œ�N � .i C k � 1/;N � .i C k � 1/� � ŒmiCk�1 � R � 2;1/ � T
n�2:

(ii) For later purposes, N will be chosen such that  0 � v0 � .1 � 
/.w0 � v0/ on
TN�1, where 
 is free for the moment.

Next we will prove an infinite-transition version of Theorem 12.8.
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Theorem 12.54. Under the hypotheses of Theorem 12.8:

1o There is a solution U � D U �
R;N of (PDE) satisfying (12.9) and also (12.6) and

(12.11) for all j 2 Z.
2o There are solutions  ˙ 2 C2.R � T

n�1/, '˙ 2 C2.T1 � R � T
n�2/ of (PDE)

defined by

 ˙.x/ D lim
`!˙1U �.x C `e2/; (12.55)

'˙.x/ D lim
`!˙1U �.x C `e1/; (12.56)

convergence being in C 2
loc and

v0 �  � < U � <  C � w0;

v0 � '� < U � < 'C � w0: (12.57)

3o There is a � D �.N / 2 .0; 1/ with �.N / ! 0 as N ! 1 such that

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

k � � v0kL1.R � Tn�1/; k'� � v0kL1.T1 � R � Tn�2/

� �.N /kw0 � v0kL1.T0/;

kw0 �  CkL1.R � Tn�1/; kw0 � 'CkL1.T1 � R � Tn�2/

� �.N /kw0 � v0kL1.T0/:

(12.58)

In fact more is true, and indeed this is the main result in this section:

Theorem 12.59. Under the hypotheses of Theorem 12.54,

 � D v0 D '�;  C D w0 D 'C:

Thus Theorem 12.59 gives us the existence of a solution of (PDE) that undergoes
an infinite number of transitions and is heteroclinic in both x1 and x2 from v0
to w0. The proof of Theorem 12.54 is fairly straightforward, but some new ideas
are required for that of Theorem 12.59. In particular, a monotone rearrangement
argument will play a major role.

Proof of Theorem 12.54. Take i D �q and k D 2q C 1 in Theorem 12.8 giving us
a solution Uq D U�q;2qC1 2 Z.�q; 2q C 1/ of (PDE) satisfying (12.9) as well as
(12.6) and (12.11) for �q � j � q. As in (12.51), for any ˛ 2 .0; 1/, there is an
M D M.˛/ such that

kUqkC2;˛.R2 � Tn�2/ � M: (12.60)
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Consequently, there is a U � 2 C2;˛.R2 � T
n�2/ such that Uq ! U � in

C2;˛
loc .R

2 � T
n�2/ along a subsequence. This convergence implies that U � is a

solution of (PDE) and satisfies (12.6) and (12.11) for all j 2 Z as well as (12.9).
By a familiar argument, (12.9) holds with strict inequality. Thus we have 1o of
Theorem 12.54.

Next for ` 2 Z and x2 2 Œ0; 1�, define u`.x/ D U �.x C `e2/. By (12.9),

u`.x/ < u`C1.x/; (12.61)

and u` is 1-monotone in x1. The functions .u`/ satisfy (PDE), and by (12.60),

ku`kC2;˛.R�Œ0;1��Tn�1/ � M:

Hence, as above, there are solutions  ˙ 2 C2;˛.R � T
n�1/ of (PDE) such that

u` !  ˙ as ` ! ˙1. Note that by (12.61), the entire sequence converges and  ˙
are 1-periodic in x2. A similar analysis of U �.xC `e1/ yields 2o of Theorem 12.54.

Now to obtain � and prove 3o, observe that for any j 2 Z,
x 2 Œ�N;N � � Œ0; 1� � T

n�2, and q 2 N with q � j ,

v0.x/ <  0.x/ D  j .x � je1 Cmje2/

� Uq.x � je1 Cmje2/ �  0.x C e1/ < w0.x/: (12.62)

As x1 ! �1,  0.x/� v0.x/ ! 0, and as x ! 1, w0.x/� 0.x/ ! 0 uniformly
for .x2; : : : ; xn/ 2 Œ0; 1� � T

n�2. Thus letting q ! 1, (12.62) implies that there is
a ��.N / 2 .0; 1/ with ��.N / ! 0 as N ! 1 and

U �.x � je1 Cmje2/ � v0.x/ � ��.N /kw0 � v0kL1.T0/ (12.63)

for x 2 Œ�N;�N C 1� � Œ0; 1� � T
n�2. Since U � is 1-monotone in x2, for ` � mj ,

by (12.63),

U �.x � je1 C `e2/� v0.x/ � ��.N /kw0 � v0kL1.T0/: (12.64)

Thus letting ` ! �1, (12.64) implies

 �.x � je1/ � v0.x/ � ��.N /kw0 � v0kL1.T0/: (12.65)

Since j is arbitrary,

 �.x/ � v0.x/ � ��.N /kw0 � v0kL1.T0/ (12.66)

for all x 2 R
2 � T

n�2.
Similarly, there is a �C.N / 2 .0; 1/ such that

w0.x/ �  C.x/ � �C.N /kw0 � v0kL1.T0/ (12.67)
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for all x 2 R
2 � T

n�2. Thus we have obtained the part of (12.58) involving  ˙.
To get the analogous estimate for '˙, in (12.63) write x D y � Ne1, where
y 2 Œ0; 1�2 � T

n�2. Since U � is 1-monotone in x1, for ` 2 N,

U �.y � .`C j /e1 Cmje2/� v0.y/ � ��.N /kw0 � v0kL1.T0/: (12.68)

Letting ` ! 1,

'�.y Cmje2/ � v0.y/ � ��.N /kw0 � v0kL1.T0/: (12.69)

Now using the fact that (12.69) holds for all j 2 Z and that '� is 1-monotone in
x2, (12.69) yields

'�.x/ � v0.x/ � ��.N /kw0 � v0kL1.T0/; (12.70)

and similarly

w0.x/ � 'C.x/ � �C.N /kw0 � v0kL1.T0/: (12.71)

These estimates yield 3o, and the proof of Theorem 12.54 is complete.
Next we will carry out the proof of Theorem 12.59 for  C. The remaining cases

are treated similarly. For what follows, the hypotheses of Theorem 12.8 will always
be assumed. The key step in the proof is:

Proposition 12.72.  C is minimal and is strictly 1-monotone in x1.

Assuming Proposition 12.72 for the moment, we immediately have the

Proof of Theorem 12.59. By Theorem 12.54, C 2 C2.R � T
n�1/ and is a solution

of (PDE). Since � < 1, by (12.56), C 62 fv0g [ �1.v0;w0/[ �1.w0; v0/. Hence by
Proposition 12.72 and Theorem 3.60,  C � w0.

Now finally we give the

Proof of Proposition 12.72. By Theorem 12.8,U � < �1�1U � and by Theorem 12.54
for x 2 R � T

n�1; U �.x C `e2/ !  C.x/ as ` ! 1 uniformly on compact
sets. Therefore  C � �1�1 C, i.e.,  C is 1-monotone in x1. Moreover, by earlier
maximum principle arguments, it is strictly 1-monotone in x1.

To prove that  C is minimal, (1.1) must be verified. If it is false, there are a
� 2 W 1;2.Rn/ having compact support and an ˛ D ˛.�/ > 0 such that

Z
Rn

.L. C C �/� L. C//dx D
Z

supp �
.L. C C �/ � L. C//dx � �3˛;

(12.73)
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where supp � denotes the support of �. Set g` D �2�`U �. By (12.55) and (12.73),
there is an `0 2 N such that for ` � `0, ` 2 N,

Z
supp �

.L.g` C �/ �L.g`//dx D
Z

supp �2` �
.L.U � C �2` �/ � L.U �//dx � �2˛:

(12.74)

The proof of Theorem 12.54 gives U � as the C2
loc limit of a subsequence of

U�t;t�1 � Ut , i.e., there is a sequence ti ! 1 as i ! 1 such that Uti � Vi ! U �
in C2

loc. Therefore for each ` � `0, there is an i D i0.`/ such that for i � i0.`/,

Z
supp �2` �

.L.Vi C �2` �/ �L.Vi //dx � �˛: (12.75)

We will show that (12.75) is not possible if ` D `.�/ is sufficiently large.
Choose r 2 N and z 2 Z

2 � T
n�2 such that supp � � Br

2
.z/. For any ` � `0, set

�2
` Br.z/ D Br.z C `e2/ � B�.

Note that

B� � K` � Œz1 � r; z1 C r� � Œz2 C ` � r; z2 C `C r� �…n
iD3Œzi � r; zi C r�:

Recall that mkC1 �mk ! 1 as k ! 1. Thus for sufficiently large k 2 N, we can
find a t � `0 such that

� k CN < z1 � r (12.76)

and

mk C 1 < z2 C t � r < z2 C t C r < mkC1 � 1: (12.77)

Set ` D t and choose i � i0.`/ such that ti > k.
We will show that (12.75) cannot hold for such an i and `. Toward that end, with

` and i now fixed, set

Ai D fu 2 W 1;2
loc .R

2/ j u D Vi in R
nnB�g

and consider the minimization problem

inf
u2Ai

ˆ.u/; (12.78)

where

ˆ.u/ D
Z
B�

L.u/dx:
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Standard lower semicontinuity arguments show that there is a minimizer W of
(12.78), in the closed convex set Ai . Moreover, since Vi 2 C2;ˇ.Rn/ for any
ˇ 2 .0; 1/, elliptic regularity results (see, e.g., [29]) implyW 2 C 2;ˇ.B�/.

Since supp �2` � � B�, Vi C �2` � 2 Ai . Therefore by (12.78) and (12.75),

ˆ.W / � ˆ.Vi C �2` �/ � ˆ.Vi/� ˛: (12.79)

Using the minimality properties of the functions  j and arguing as in the proof of
Theorem 3.2 or Theorem 9.6 shows that

 �ti � W �  ti : (12.80)

By (12.77), W satisfies (12.6) for �ti � j � ti � 1. Thus W satisfies two of the
four requirements for membership in Z.�ti ; 2ti /. If W 2 Z.�ti ; 2ti /,

ˆ.Vi / � ˆ.W /; (12.81)

contrary to (12.79), and Proposition 12.72 is proved. Unfortunately, a prioriW need
not be 1-monotone in x1 or x2. However, we will show that there is a rearrangement
W2 of W for which J2.W2/ D J2.W / and W2 2 Z.�ti ; 2ti /. Thus the above
argument holds with W replaced by W2.

To obtain W2, first some estimates are needed for W . By Theorem 12.8 and (ii)
of Remark 12.53, for x 2 Œ�k CN � 1;�k CN� � Œmk;mk C 1� � T

n�2,

w0.x/� 
.w0.x/� v0.x// �  k.x/ D  0.x C ke1/ < Vi.x/:

Since Vi is 1-monotone in x1 and x2, for s; t 2 N,

w0.x/ � 
.w0.x/� v0.x// < Vi.x C se1 C te2/: (12.82)

In particular, by (12.76)–(12.77), (12.82), onK`,

0 < w0 � Vi < 
.w0 � v0/: (12.83)

In fact, (12.83) holds for x1 � �k C N � 1 and x2 � mk and also on OK , a unit
neighborhood ofK`. Thus by the interiorLp elliptic theory, see, e.g., Section 9.5 of
Gilbarg–Trudinger [29] and (12.83), for any p > 1,

kw0 � VikW 2;p.K`/ � a1.k
.w0 � Vi/kLp. OK/ C kw0 � VikLp. OK//

� a1.kFu.	;w0/� Fu.	; Vi /kLp. OK/ C 
k.w0 � v0/kL1 j OKj1=p/;
(12.84)

where j OKj denotes the measure of OK and a1 depends on p and r but not i . For
p > n, by the Sobolev inequality,

kw0 � VikC1.K`/ � a2kw0 � VikW 2;p.K`/; (12.85)
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where a2 depends on p and r but not i . Observe that by (12.83)–(12.85),

Vi ! w0 in C1.K`/ as 
 ! 0: (12.86)

Therefore

ˆ`.Vi / �
Z
K`

L.Vi /dx ! ˆ`.w0/ as 
 ! 0: (12.87)

Let

W 1 D
(

w0; R
nnK`;

W; K`nD1;

where

D1 D .fz1 � r � x1 � z1 � r C 1g [ fz1 C r � 1 � x1 � z1 C rg/;

and interpolate in D1 in the usual way. Define W 2 analogously with

D2 D .fz2 C `� r � x2 � z2 C `� r C 1g [ fz2 C `C r � 1 � x2 � z2 C `C rg/:

Thus we have

kW 2 �W kW 1;2.K`/
� ckW � w0kW 1;2..D1[D2/\K`/ ! 0

as 
 ! 0, since W D Vi onK`nB�. Thus

jˆ`.W 2/ �ˆ`.W /j ! 0;

which combined with (12.79) and Vi ! w0 impliesˆ`.W 2/ ! ˆ`.w0/. Given that
w0 is a minimizer of ˆ` over 2r-periodic functions in W 1;2.K`/, and W 2 can be
extended to such a function, we have kr.W 2 � w0/kLp.K`/ ! 0 which combined
with (12.86) yields kr.W � Vi/kLp.K`/ ! 0, as 
 ! 0.

By the Poincaré inequality,

kW � VikL2.B�/ � a3kr.W � Vi/kL2.B�/; (12.88)

where a3 depends on r . Therefore

kW � VikW 1;2.B�/ ! 0 as 
 ! 0: (12.89)

Finally, by the Sobolev inequality again with p > n as above, we have

kW � VikpL1.B�/
� a4kW � VikpW 1;p.B�/

� a4kW � Vikp�2
C 1.B�/

kW � Vik2W 1;2.B�/
: (12.90)
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Since v0 < W; Vi < w0 on B�, both satisfy (PDE) on B�, and Fu is bounded
on C1.Rn� Œ0; 1�/, standard elliptic estimates show that kW kC2.B�/, kVikC2.B�/ are
bounded independently of i and `. Therefore by (12.89)–(12.90), for 
 small enough
(or N large enough), it can be assumed that

w0 �W � .w0 � v0/=3 on B� (12.91)

and by (12.88),

w0 � Vi .x/ � .w0 � v0/=3; x1 � �k CN � 1; x2 � mk: (12.92)

Next, to determineW2, note first that sinceW D Vi outside ofB� and Vi satisfies
(12.80) with strict inequality,

 �ni < W <  ni ; on R
nnB�: (12.93)

We claim that (12.93) also holds in B�. This follows from the maximum principle
argument of, e.g., Proposition 2.2.

The function W2 will be constructed by rearranging W on a region of the form
R D Œpi ; qi � � ŒPi ;Qi � � T

n�2. To determine the parameters pi , etc., recall that
� ti < Vi D W <  ti on R

nnB�;  0.x/ ! v0 as x1 ! �1, and  0.x/ ! w0 as
x1 ! 1 uniformly in x2. Choose pi such that

 ti jTpi � v0 < .w0 � v0/=3 (12.94)

and choose qi such that

 �ti jTqi�1 � v0 >

�
max
K`

W � v0
w0 � v0

�
.w0 � v0/: (12.95)

With pi and qi now fixed, note that

kW �  ni kW 1;2.Sj / ! 0; j ! 1: (12.96)

Using (PDE) and interpolation arguments, (12.96) implies

kW �  ni kL1.Sj / ! 0; j ! 1: (12.97)

Consequently, there is aQi 2 N,Qi � mni C1, such that for all x with x1 2 Œpi ; qi �
and x2 2 Œz2 C ` � r; z2 C `C r�,

W.x/ < W. Qx/; Qx 2 Sj \OC
2 .x/; j � Qi � 1; (12.98)

where for i 2 f1; 2; : : : ; ng,

Oi.x/ D fx C `ei j ` 2 Zg; Oi̇ .x/ D fx ˙ `ei j ` 2 Ng: (12.99)
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Similarly, there is a Pi 2 �N, Pi � m�ni � 1 such that for all x with x1 2 Œpi ; qi �
and x2 2 Œz2 C ` � r; z2 C `C r�,

W. Ox/ < W.x/; Ox 2 Sj \O�
2 .x/; j � Pi C 1: (12.100)

Next we define our rearrangement and establish some of its basic properties. Let
a; b; c; d; ˛; ˇ; �; ı 2 R with a C 1 < b < c < d , ˛ < ˇ < � < ı. Consider
u 2 C.Rn/ \W 1;2

loc .R
n/ such that

u is 1-monotone in x2 for .x1; x2/ 62 .ˇ; �/ � .b; c/ (12.101)

and satisfies

u. Ox/ � u.x/ � u. Nx/ (12.102)

for all .x1; x2/ 2 Œˇ; �� � Œb; c� with Ox 2 O�
2 .x/; Nx 2 OC

2 .x/ uniquely determined
by Ox2 2 .a; aC 1�, and Nx2 2 .d � 1; d �.

The rearranged function (with respect to x2) will be denoted by Rx2u.x/. Define
Rx2u.x/ D u.x/ for .x1; x2/ 62 .˛; ı/ � .a; d �; for ˛ < x1 < ı, a < x2 � d , take
j 2 N such that aC j � 1 < x2 � aC j and let Rx2u.x/ be the j th smallest of the
numbers u. Qx/, Qx 2 O2.x/, a < Qx2 � d .

Proposition 12.103. If u is in C.Rn/ \W
1;2

loc .R
n/ and satisfies (12.101)–(12.102),

then Rx2u.x/ is in C.Rn/ \ W 1;2
loc .R

n/ and is 1-monotone in x2 and
J2.Rx2u/ D J2.u/. In addition,

Rx2u.x/ � u.x/ for x2 � b; Rx2u.x/ � u.x/ for x2 � c; (12.104)

while Rx2u.x/ D u.x/

if x2 � b and Rx2u.x/ � min
x�2OC

2 .x/;x
�

2 2Œb;c�
u.x�/; (12.105)

if x2 � c and Rx2u.x/ � max
x�2O�

2 .x/;x
�

2 2Œb;c�
u.x�/; (12.106)

and on

R
nnŒ.ˇ; �/ � .a C 1; d � 1��: (12.107)

Also if Ov is 1-monotone in x2,

u.x/ � Ov.x/ for x2 � � ) Rx2u.x/ � Ov.x/ for x2 � � (12.108)

and

u.x/ � Ov.x/ for x2 � � ) Rx2u.x/ � Ov.x/ for x2 � �: (12.109)
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Finally,
if u is 1-monotone in x1, then Rx2u is as well. (12.110)

Remark 12.111. More generally, for fixed xi ; i 6D 2, if u.x/ is 1-monotone in x2
for x2 62 Œb0; c0�, then (12.104)–(12.106) hold with b; c replaced by b0; c0.

Remark 12.112. When (12.105) holds, then from the proof of Rx2u.x/ D u.x/ in
the case that (12.105) holds, we see that there are Nx; Qx 2 O2.x/ with a � Nx2 � x2,
b � Qx2 � c, and Rx2u. Nx/ D u. Qx/.
Proof of Proposition 12.103. By definition,Rx2u is 1-monotone in x2. Next we will
prove (12.104)–(12.110). For x1; x2, a < x1 < ı, and a < x2 � b, let j be as in
the definition of Rx2u. By (12.101), u.x/ � u.x C .1 � i/e2/; i D 1; 2; : : : ; j , i.e.,
u.x/ bounds at least j of u. Qx/, Qx 2 O2, a < Qx � d , and the first part of (12.104)
is verified. The second part follows in a similar manner, since the j th smallest of
u. Qx/, Qx 2 O2, a < Qx2 � d , is the . Nq C 1 � j /th largest, where Nq D d � a.

Again take x1; x2, ˛ < x1 < ˇ, a < x2 � b, and j as in the definition of
Rx2u. GivenRx2u.x/ � minx�2O2.x/;x�

2 2Œb;c� u.x�/, assumeRx2u.x/ < u.x/, so u.x/
strictly exceeds the j smallest values of the form u. Qx/, Qx 2 O2.x/, a < Qx2 � d .
Thus these values contain u. Qx/ for some Qx2 > x2. Note that by the 1-monotonicity
of u.x/ in x2 for x2 62 .b; c/ we have Qx2 2 .b; c/. Also Rx2u.x/ D u. Qx/ is the
i th smallest of such values for i � j , so Nx2 � x2. Therefore for x0 2 O2.x/ with
x0
2 D b; u.x0/ � u.x/ > Rx2u.x/ � Rx2u.x/ D u. Qx/ � minx�2O2.x/;x�

2 2Œb;c� u.x�/,
a contradiction. Hence Rx2u.x/ � u.x/ and (12.105) follows from (12.104).
Property (12.106) follows in a similar manner by again considering largest values.

Given x; Ox; Nx as in (12.102), note that (12.102) implies that u. Ox/; u. Nx/ are
the smallest and largest respectively of u. Qx/, Qx 2 O2.x/, a < Qx2 � d , so
Rx2u.x/ D u.x/ for x 2 f Ox; Nxg. This combined with the definition of Rx2u exterior
to .˛; ı/ � .a; d � then implies Rx2u.x/ D u.x/ for x2 � a C 1 and x2 > d � 1.
Since u is 1-monotone in x2 for x1 � ˇ and x1 � � , we see that Rx2u.x/ D u.x/
for such x1 as well, so (12.107) is verified.

To verify (12.108), assume u.x/ � Ov.x/ for x2 � �. We need only consider
˛ < x1 < ı, since otherwise Rx2u D u. Assume x2 � �. The x2 � a case is
again trivial, and the x2 > d case can easily be reduced to the a < x2 � d case
since maxx�2O2.x/;x�

2 2Œa;d � u.x�/ D maxx�2O2.x/;x�

2 2Œa;d � Rx2u.x�/ due to (12.102).
Therefore we assume ˛ < x1 < ı, a < x2 � d . Take j 2 N such that
aC j � 1 < x2 � aC j , so a � aC j � i < x2 C 1� i � aC 1C j � i � d for
i D 1; : : : ; j . Also x2C1� i � x2 � � for such i , so u.xC.1� i/e2/ � Ov.x/, since
Ov is 1-periodic in x2. Consequently, the j smallest of u. Qx/, Qx 2 O2.x/, a < Qx2 � d

are also bounded by Ov.x/, so Rx2u.x/ � Ov.x/, and (12.108) is verified. Property
(12.109) follows in an analogous manner again using the fact that the j th smallest
value is the ( Nq C 1 � j )th largest value.

To check (12.110), we again need only consider x1; x2 with ˛ < x1 < ˇ,
a < x2 � d , and take j 2 N such that a C j � 1 < x2 � a C j . Let u.xi C e1/,
i D 1; 2; : : : ; j , be the j smallest values of the form u. Qx C e1/, Qx 2 O2.x/,
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a < Qx2 � d . Thus Rx2u.x C e1/ � u.xi C ei/ � u.xi /, i D 1; 2; : : : ; j , via
the 1-monotonicity of u in x1. ThereforeRx2u.x C e1/ � Rx2u.x/.

Next define Rj D .˛; ı/ � .a C j � 1; a C j �; 1 � j � Nq D d � a. For
x 2 R1, set 'j .x/ D u.xC .j � 1/e2/, so 'j is continuous in the closure of R1 and
'j 2 W 1;2

loc .R1/ for 1 � j � Nq. In addition,

Z
R

L.u/dx D
NqX

jD1

Z
R1

L.'j /dx: (12.113)

Now define Nq new functions on R1 as follows:

s1.x/ D min
1�t�Nq 't .x/;

s2.x/ D 2nd smallest of f'1.x/; : : : ; ' Nq.x/g;
	 	 	

s Nq.x/ D max
1�t�Nq 't .x/: (12.114)

Each of the functions sj can be expressed iteratively as the maximum or minimum of
a pair ofW 1;2.R1/ functions. For example, let f1 D min.'1; '2/, g1 D max.'1; '2/
and fiC1 D min.fi ; 'iC2/, giC1 D max.fi ; 'iC2/, i D 1; : : : ; Nq � 2. Then
s1 D f Nq�1. Apply the same process to the functions gi in place of 'i in order to
construct s2, etc. This implies sj 2 W 1;2.R1/ but also, along with (12.113), that

Z
R

L.u/dx D
NqX

jD1

Z
R1

L.sj /dx: (12.115)

Note that
Rx2u.x/ D sj .x � .j � 1/e2/; x 2 Rj ; (12.116)

for 1 � j � Nq. Thus J2.u/ D J2.Rx2u/ by (12.115) and
Rx2u.x/ 2 C.Rj / \ W 1;2.Rj /, j D 1; : : : ; Nq. Take � 2 .0; 1/ and replace a; d
by a� �; d C 1� � and rearrange as before to produceR�x2u 2 C.Rn/\W 1;2.Rj /,
j D 1; : : : ; Nq. Observe that R�x2u D Rx2u, so in combination with (12.107) we see

thatRx2u.x/ 2 C.Rn/\W 1;2
loc .R

n/ and the proof of Proposition 12.103 is complete.
Now to complete the proof of Proposition 12.72, it suffices to verify:

Proposition 12.117. There is a W2 2 Z.�ni ; 2ni / such that W2 D W on R
nnR

and J2.W2/ D J2.W /.

Proof. For convenience, we can take pi D 0, Pi D 0 and set qi D q, Qi D Q.
As a first step toward obtaining W2, let W1 D Rx2W using ˛ D 0; ˇ D z1 � r;

� D z1 C r; ı D q and a D 0; b D z2 C ` � r; c D z2 C ` C r; d D Q; Nq D Q.
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We claim that Proposition 12.103 applies to W , so W1 2 C.Rn/\W
1;2

loc .R
n/, W1 is

1-monotone in x2, J.W1/ D J.W /,

W1 � W for x2 � z2 C ` � r; W1 � W for x2 � z2 C `C r; (12.118)

while W1.x/ D W.x/

if x2 � z2 C ` � r and W1.x/ � min
x�2O2.x/;x�

2 2Œz2C`�r;z2C`Cr�
W.x�/; (12.119)

W1 D W on R
n n Œ.z1 � r; z1 C r/ � .1;Q � 1/ � T

n�2�: (12.120)

Also if Ov is 1-monotone in x2,

W � Ov for x2 � � ) W1 � Ov for x2 � �; (12.121)

as well as the analogue with all inequalities reversed, and

�  ni � W1 �  ni ; (12.122)

since � ni � W �  ni by (12.80).
To verify the claim, recall that W D Vi in R

nnB�,
B� � .z1 � r; z1 C r/ � .z2 C ` � r; z2 C ` C r/ � Qn

iD2.zi � r; zi C r/, the
interior of K`. Thus basic boundary regularity results imply W 2 C.R2 � T

n�2/,
since V1 is smooth, and by construction W 2 W 1;2

loc .R
2 � T

n�2/. Also, by
Theorem 12.8, Vi is 1-monotone in x1 and x2, so (12.101) holds. Lastly, (12.102)
follows from (12.98)–(12.100).

Now define W2 D Rx1W1, where Rx1u is the analogue of Rx2u with the roles
of x1; x2 reversed, taking ˛ D 0; ˇ D z1 � r; � D z1 C r; ı D q and a D 0;

b D 1; c D Q � 1; d D Q; Nq D q. We now claim the Rx1 version of
Proposition 12.103 applies to W1, in which case J2.W2/ D J2.W1/ D J.W /,
W2 2 C.R2�T

n�2/\W 1;2
loc .R

2�T
n�2/, �ni � W2 �  ni due to (12.108), (12.109),

and (12.122). Also W2 is 1-monotone in x1 by construction and 1-monotone in x2
by (12.110). Thus Proposition 12.117 is established once we verify the claim and
show that W2 satisfies the constraints (12.6).

To verify the new claim, recall that W1 2 C.Rn/ \ W 1;2
loc .R

n/, and note that
(12.120) implies the Rx1 version of (12.101) for W1 since W is 1-monotone in x1
on R

2 � T
n�2 n Œ.z1 � r; z1 C r/� .1;Q� 1/�� T

n�2. It remains to confirm the Rx1
version of (12.102) for u D W1, i.e.,

W1. Ox/ � W1.x/ � W1. Nx/ (12.123)

for all x 2 Œz1 � r; z1 C r� � Œ1;Q � 1� � T
n�2 with Ox1 2 .0; 1�, Ox 2 O�

1 .x/, and
Nx 2 .q�1; q�, Nx 2 OC

1 .x/. Note that (12.91)–(12.92) implyW � w0 � .w0 � v0/=3
on Œz1 � r;1/ � Œz2 C ` � r;1/, so

W1 � w0 � .w0 � v0/=3 for .x1; x2/ 2 Œz1 � r;1/ � Œz2 C ` � r;1/ (12.124)
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by (12.121). However, (12.80), (12.94), (12.120) implyW1 D W < v0C.w0�v0/=3
D w0 � 2.w0 � v0/=3 for x1 � 1, so the first inequality in (12.123) is verified for
x2 � z2 C ` � r .

AssumeW1. Ox/ > W1.x/ for some .x1; x2/ 2 Œz1� r; z1C r�� Œ1; z2 C`� r/ with
Ox 2 .0; 1�, Ox 2 O�

1 .x/. Then as above,W1.x/ < W1. Ox/ < w0 � 2.w0 � v0/=3, and
(12.119) and (12.124) imply W1.x/ D W.x/. Thus W1.x/ D W.x/ � W. Ox/ D
W1. Ox/ > W1.x/, a contradiction, and the first inequality in (12.123) follows.
The second inequality in (12.123) is proved in an analogous manner, with (12.95)
replacing (12.93) and the version of (12.121) with inequalities reversed is used
instead of (12.121).

The last step in the proof is to verify that W2 satisfies the constraints (12.6) on
Xj D Œ�j;�j C 1� � Œmj ;mj C 1� � T

n�2, �ni � j � ni . First we verify that
W1 satisfies these constraints. We can assume �j 2 Œz1 � r; z1 C r � 1�, since
W1 D W in Xj otherwise. For such j the sets Xj lie below K` due to (12.25). On
Xj , W D Vi , and by Theorem 12.8,  j < Vi <  jC1. Since  jC1jXj D  0jT0 , by
the normalization (12.1), W � v0 � .w0 � v0/=3 on Xj . On the other hand, from
above (12.124),W � v0 � 2.w0 � v0/=3 on K`. This implies W1 D W on Xj due
to (12.119).

Next note that (12.118) and the 1-monotonicity of W in x1 for x2 � z2 C `C r ,
(12.120), and the Rx1 version of (12.104) imply for x2 � z2 C ` C r , x1 � z1 � r

that

min
x�2O1.x/;x�

1 2Œz1�r;1/
W1.x

�/ � min
x�2O1.x/;x�

1 2Œz1�r;1/
W.	; x2; : : :/

� W.x/ D W1.x/ � W2.x/:

Thus theRx1 version of (12.105) impliesW2 D W1 for x1 � z1�r , x2 � z2C`Cr .
Similarly, W2 D W1 for x1 � z1 C r , x2 � z2 C ` � r . Therefore (12.6) holds in
these regions, since W1 D W there.

The remaining constraint regions are contained in .�1; z1 C r/ �
.�1; z2 C ` � r/ � T

n�2, since mk < z2 C ` � r < z2 C ` C r < mkC1. The
1-monotonicity of W in x1 in this region and W � v0 � .w0 � v0/=3 on Xj imply
W � v0 � .w0 � v0/=3 on NXj D .�1;�j C 1� � .�1; mj C 1� � T

n�2. For
x 2 NXj , if x1 � z2 � r , then W1 D W . If x1 � z2 � r , then the same is true, as
in the proof above for Xj , so W1 D W on NXj . Therefore W1 is 1-monotone in x1
on OXj D .�1; b0

j � � .�1; mj C 1� for b0
j D max.�j C 1; z1 � r/. Considering

Remark 12.111 with b0 D b0
j in the Rx1 version of Proposition 12.103, we have

W2 � W1 on OXj by (12.104). If W2.x/ < W1.x/ for x 2 Xj , then by the Rx1
version of Remark 12.112 there are Nx; Qx 2 O1.x/, Nx1 � x1, b0

j � Qx1 � z2 C r with
W2. Nx/ D W1. Qx/. By the 1-monotonicity ofW2 in x1, it follows that

W1. Qx/ D W2. Nx/ � W2.x/ < W1.x/ D W.x/ � w0 � 2.w0 � v0/=3:

Consequently W1. Qx/ D W. Qx/ � W.x/ by the Rx1 version of (12.105) (since
z1 � r � Qx1 � z1 C r) and the 1-monotonicity of W in x1, which contradicts
the previous line, and the proof is complete.



12 A Class of Strictly 1-Monotone Infinite Transition Solutions of (PDE) 177

Remark 12.125. Theorem 12.59 gives solutions of (PDE) that undergo an infinite
number of transitions in x2 and are heteroclinic from v0 to w0. The same argument
gives heteroclinics in x2 from j to w0 and from v0 to  k for any j; k 2 Z. Suppose
that in analogy to .M1/,

M1.w0; v0/ D f�1�j v1 � �j jj 2 Zg;

where v1 2 M1.w0; v0/. Then

M1.1C w0; 1C v0/ D f1C �1�j v1 � 1C �j jj 2 Zg

and we can seek solutions of (PDE) that are heteroclinic in x2 from  j to 1C �k or
from �k to 1C  j . Whether such solutions exist remains an open question.





Chapter 13
Solutions of (PDE) with Two Transitions in x1

and Heteroclinic Behavior in x2

The goal of this chapter is to construct another class of solutions of (PDE) that
belong to C2.R2 � T

n�2/. As x2 ! ˙1, the solutions we seek approach two
transition solutions of the type considered in Chapter 9.

We first introduce the solutions to be used as asymptotic limits. As in Chapter 9,
assume v0;w0;bv0;bw0 2 M0, where v0 < w0 � bv0 < bw0 and the pairs
v0;w0 andbv0;bw0 satisfy (�)0. Suppose also there exist v1;w1 2 M1.v0;w0/ and
bv1;bw1 2 M1.bv0;bw0/, where v1 < w1 < bv1 < bw1 and the pairs v1;w1 andbv1;bw1
satisfy .�/1.

Define Ci0; i D 1; 2, as following Remark 9.93 but with T0 replaced by
B1=4.p0/D fx j jx � p0j < 1=4g, with p0 the center of T0. Likewise, as preceding
Proposition 9.107, choose si ; ti such that v1 2 C10, w1 62 C10, v1 62 C20, w1 2 C20, i.e.,
in a similar fashion to (9.104):

t1; s2 2
 Z

B1=4.p0/

v1 dx;
Z
B1=4.p0/

w1 dx

!
; (13.1)

andbCi0; i D 1; 2, asbC0 in Chapter 9 withbsi ;bt i such thatbv1 2bC10,bw1 62bC10,bv1 62 bC20,bw1 2bC20, i.e., similarly to (9.105):

bt 1;bs2 2
 Z

B1=4.p0/

bv1 dx;
Z
B1=4.p0/

bw1 dx
!
: (13.2)

Given m D .m1;m2/, define bY im,bbim; i D 1; 2, as in Chapter 9, and

Mi
1;m D

n
u 2 bY im j J1.u/ Dbbim

o
; i D 1; 2: (13.3)

Assume that m2 � m1 is large enough so that Proposition 9.81 applies. Denote
by U1 the largest element of M1

1;m and by U2 the smallest element of M2
1;m.

By Corollary 9.95, U1 < U2, since f1 D v1 < w1 < f2.

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser–Bangert Theory,
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3 13, © Springer Science+Business Media, LLC 2011
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In addition, since there is a gap between �1�1v1; �1�1w1 and �1�1bv1; �1�1bw1, we can
take t1;bs1 such that Corollary 9.95 applies and

U2 � �1�1U1: (13.4)

In order to construct solutions of (PDE) asymptotic in x2 to a pair of solutions
having two transitions in x1 as in Chapter 9, we assume that M2.v1;w1/ and
M2.bv1;bw1/ satisfy

there exist adjacent v2;w2 2 M2.v1;w1/ with v2 < w2,

and adjacentbv2;bw2 2 M2.bv1;bw1/ withbv2 < bw2. (�2)
We now introduce the basic function class for our new solutions. To avoid

technical problems in establishing lower bounds for the appropriate analogue of
J2 here, we employ pointwise constraints instead of integral constraints. For this
purpose we use constraint functions g;bg that are Hölder continuous and satisfy

g > v2 on R
2 � T

n�2; (g1)

g < w2 on B1
4

.p0/; (g2)

g D Ow0 on
�
R
2 � T

n�2� nB1
3

.p0/; (g3)

and symmetrically,

Og < Ow2 on R
2 � T

n�2; ( Og1)
Og > Ov2 on B1

4

.p0/; ( Og2)

Og D v0 on
�
R
2 � T

n�2� nB1
3

.p0/: ( Og3)

The class of admissible functions we will use is

Ym D
n
u 2 W 1;2

loc .R
2 � T

n�2/ j u satisfies (13.5)(i)–(iv)
o
;

where

(i) u � � i�1u, i D 1; 2,
(ii) U1 � u � U2,

(iii) v2 � �1�m1u � g,
(iv) Og � �1�m2u � Ow2.

(13.5)
The renormalized functional J2 of Chapter 4 was introduced so as to be defined

on �2.v1;w1/. Here we seek a heteroclinic in x2 between members of M1
1;m

and M1
2;m. In general, J2 will not be defined for such functions, and a variant OJ2
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of J2 is required. To introduce it, observe that using (13.4), the argument in
(4.4)–(4.9) with v;w replaced by U1; U2, implies that J1.�2�ku/ is well defined for
u 2 Ym and k 2 Z. Let bJ 2;i .u/ D J1.�

2�iu/� bi ;
where bi Dbb1m for i < 0, bi Dbb2m for i � 0, and

bJ 2Ip;q.u/ D
qX

iDp
bJ 2;i .u/: (13.6)

Then we have:

Proposition 13.7. If m2 �m1 is large enough, u 2 Ym, and p; q 2 Z, there exists abK2 � 0 that is independent of u; p; q;m, such that

bJ 2Ip;q.u/ � �bK2:

Once Proposition 13.7 has been established, we can define

bJ 2.u/ D lim
p!�1;q!1

bJ 2Ip;q.u/ (13.8)

as in Chapter 4 and it follows as in Lemma 2.2 that

bJ 2Ip;q.u/ � bJ 2.u/C 2bK2: (13.9)

Some preliminaries are needed to prove Proposition 13.7. The proof of
Proposition 4.10, the analogue of Proposition 13.7 in Chapter 4, required
Proposition 3.59, which roughly says that the minimizer of J1 on a class of
k-periodic functions is in fact achieved in a class of 1-periodic functions. The
corresponding result for M1;m seems to require lower bounds on m2 � m1 that
are dependent on k, due to the integral constraint used in the definition of bY m. To
avoid this difficulty, we defined Ym without requiring integral constraints, and now
introduce an associated k-periodic function class whose elements will be shown to
be 1-periodic for large m2 �m1, but with no k dependence.

Define

Pk D fu 2 W 1;2
loc .R

2 � T
n�2/ j�2�ku D u; u satisfies (13.5)(i)-(ii) with i D 1

and (13.10)(i)–(ii) for i D 0; 1; : : : ; k � 1g;

where

(i) u � �2i �
1
m1
g,

(ii) u � �2i �
1
m2

Ow2. (13.10)
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We place additional constraints on t1;bt 1:

t1 >

Z
B1=4.p0/

g dx; bt 1 >
Z
B1=4.p0/

bw2 dx; (13.11)

which is possible since g < w2 < w1 on B1=4.p0/, andbw2 < bw1 (see (13.1), (13.2)).
For each k 2 N, define bY 1m;k as was bY 1m but with elements being k-periodic in x2

and satisfying integral constraints on �2i �
1
mj
B1=4.p0/, that is,

s1 �
Z
�2i �

1
m1
B1=4.p0/

min.u;w0/ dx � t1;

bs1 �
Z
�2i �

1
m2
B1=4.p0/

max.u;bv0/ dx �bt 1; (13.12)

for i D 0; 1; : : : ; k � 1.
Take m2 �m1 so large that

bv0 < U1 on �1m1B1=4.p0/: (13.13)

This is possible, since if h is the smallest element of OC10, then h > Ov0, and by
Theorem 9.9 and Remark 9.93, kUi � hk

L1

 
�1m2

B 1
4

.p0/

! ! 0 as m2 �m1 ! 1.

We claim that

Pk � bY 1m;k; k D 1; 2; : : : : (13.14)

To see this, take u 2 Pk . By the definition of Pk ,

U1 � u � �2i �
1
m1
g < �2i �

1
m1

w2 < w0 on �2i �
1
m1
B1=4.p0/: (13.15)

Since U1 2 bY 1m � bY 1m;k and u 2 Pk ,

s1 �
Z
�2i �

1
m1
B1=4.p0/

min.u;w0/ dx �
Z
B1=4.p0/

g dx < t1; (13.16)

i D 0; 1; : : : ; k � 1, by (13.11)–(13.12) and (13.16).
Likewise,

U1 � u � �2i �
1
m2

Ow2; (13.17)

so

Os1 �
Z
�2i �

1
m2
B 1
4
.p0/

max.u; Ov0/dx �
Z
B1
4
.p0/

Ow2 dx < Ot1 (13.18)
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via (13.11)–(13.12) and (13.17). That Pk satisfies the remaining conditions defining
OY 1m;k follows from (13.5)(i)–(ii).

For u 2 Pk , let

J k2 .u/ D
k�1X
iD0

J1.�
2�iu/ (13.19)

and

pk D inf
u2Pk

J k2 .u/: (13.20)

Remark 13.21. It is straightforward to find u�
k 2 Pk minimizing (13.20). The next

result shows that if m2 � m1 is large, we can find such a u�
k that also lies in P1. It

remains an open question whether this is true for all minimizers u 2 Pk of (13.20).

Proposition 13.22. If m2 � m1 is large enough, then for any k 2 N there exists
u�
k 2 Pk such that pk D J k2 .u

�
k /. Moreover, u�

k 2 P1 and

pk D kp1 D k Ob1m: (13.23)

Proof. Existence of a u minimizing (13.20) follows from standard arguments. For
such a u, define

u1 D min.u; �2�1u/; f1 D max.u; �2�1u/; (13.24)

and iteratively define

ui D min.ui�1; �2�iu/; fi D max.ui�1; �2�iu/; i D 2; : : : ; k � 1: (13.25)

Note that uk�1 D min.u; �2�1u; : : : ; �2�kC1u/, so uk�1 is 1-periodic in x2. Also
ui ; fi 2 Pk; i D 1; : : : ; k � 1, and J k2 .u/ C J k2 .�

2�1u/ D J k2 .u1/ C J k2 .f1/, so
J k2 .u1/ D J k2 .f1/ D pk . Similarly, J k2 .ui / D pk; i D 2; : : : ; k � 1. However
u�
k � uk�1 2 P1, so pk � kp1. For v 2 P1 such that p1 D J 12 .v/, we have

v 2 Pk and J k2 .v/ D kp1 � pk, so kp1 D pk . Recall that P1 � bY 1m, so p1 � bb1m.
By Theorem 9.9 and Remark 9.93, U1 is L1 close to v1 on �1m1B1

3
.p0/ for large

m2 � m1, and by (g1), v1 < v2 < g. Therefore U1 � �1m1g for such m2 � m1. But
then the definition of g implies

U1 � �1m1g (13.26)

on R
n. In addition, Proposition 9.88 implies

U1 < �
1
m2
bv1 < �1m2bw2: (13.27)

Thus U1 2 P1 and p1 �bb1m, so p1 D Ob1m. We are now ready for the:

Proof of Proposition 13.7. We argue roughly as in the analogous situation in
Chapter 4. A difference here is that due to the definition of OJ2;i , we have to
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distinguish the cases i < 0 and i � 0. In the proofs of (4.9) and (4.11), take u 2 Ym
and replace v by U1, w by �1�1U1, recalling (13.4) to get first

J1.u/ D Ob1m C 1

2
kr.u � U1/k2L2.S0/ C

Z
S0

.F.x; u/ � F.x; U1//dx

C
Z
S0\fjx1j<rg

r.u � U1/ 	 rv dx

C
Z
@.S0\fjx1j�rg/

.u � U1/ @v

@�
dHn�1 �

Z
S0\fjx1j�rg

.u � U1/�v dx;

(13.28)

the latter two integrals bounded independently of r , with zero limits as r ! 1,
and then ˇ̌

ˇ̌J2;i .u/� 1

2
kr.u � U1/k2L2.Si /

ˇ̌
ˇ̌ � M2; (13.29)

where M2 now is a constant independent of i; m. In addition, if in the argument
following (4.11), � is defined for q < 0 with U1 replacing v, then we have
� 2 Pq�pC1 (recall (13.26), (13.27)), so bJ 2Ip;q.�/ � 0. Combining this with
a similar argument for p > 0 and arguing as in the proof of Proposition 4.10
completes the proof of Proposition 13.7.

Next corresponding to Proposition 4.16 we have:

Proposition 13.30. If m2 �m1 is large, u 2 Ym, andbJ 2.u/ < 1, then

bJ 2;i .u/ ! 0; ji j ! 1; (13.31)

k�2�iu � U1kW 1;2.S0/ ! 0; i ! �1; (13.32)

k�2�iu � U2kW 1;2.S0/
! 0; i ! 1; (13.33)

bJ 2.u/ D lim
p!�1

q!1

bJ 2Ip;q.u/: (13.34)

Proof. Let u 2 Ym and bJ 2.u/ < 1. From (13.9) and (13.29), we see that �2i u;
i 2 N, is bounded in W 1;2

loc .S0/, so there is a subsequence that converges weakly
in W

1;2
loc .S0/, strongly in L2loc.S0/, and pointwise almost everywhere. However,

u � �2�1u, so every subsequence has a convergent subsequence with the same limit.
Thus the full sequence converges: �2i u ! h as i ! 1 for some h 2 W 1;2

loc .S0/. Note
that �2i�1u; �2i u have the same limit, so �2�1h D h, and h is 1-periodic in x2. Thus it
follows from (13.5) that h 2 P1, and for m2 �m1 large, h 2 bY 1m by (13.14).

The analogue of Lemma 4.26 holds in the current setting, the proof fol-
lowing with the same modifications as in the proof of Proposition 13.7. Thus
lim infi!1 J1.�

2
i u/ � J1.h/, so if J1.h/ > bb1m, then bJ 2.u/ D 1, contrary to

assumption. Thus J1.h/ � bb1m. However, h 2 bY 1m, so J1.h/ D bb1m and h 2 M1
1;m.
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However, U1 � h and U1 is the largest element of M1
1;m, so h D U1. Similarly,

�2�iu ! U2 as i ! 1. Estimates similar to (4.24) imply that this convergence is in
L2.S0/ due to (13.4).

The remainder of the proof is similar to that of Proposition 4.16, with
Proposition 13.22 playing a crucial role as in the proof of Proposition 13.7.

Define

am D inf
u2Ym

bJ 2.u/: (13.35)

We now consider the existence of minimizers ofbJ 2.u/ in Ym. For technical reasons
we will make some further assumptions on our basic solutions. Assume

w0 D bv0, and the pair w1;bv1 are isolated elements of
M1.v0;w0/;M1.bv0;bw0/ (13.36)

respectively, and choose t2;bs1 such that

C20 D fw1g; bC10 D fbv1g: (13.37)

Now we can state the main result of this chapter, which gives the existence of
solutions of (PDE) heteroclinic in x2 from U1 to U2.

Theorem 13.38. If F satisfies (F1)–(F2), (�)i holds, i D 0; 1; 2, (13.36), (13.37)
hold, andm2 >> m1, then

1o There is a bU 2 2 Ym such that bJ 2.bU 2/ D am,
i.e. M2;m � fu 2 Ym j bJ 2.u/ D amg 6D ;.

2o Any U 2 M2;m satisfies

(a) U is a solution of (PDE),
(b) kU � U1kC2.Si / ! 0, i ! �1,

kU � U2kC2.Si / ! 0, i ! 1,
i.e., U is heteroclinic in x2 from U1 to U2,

(c) U1 < U < �2�1U < U2 and U < �1�1U , i.e., U is strictly 1-monotone in x1
and x2.

3o M2;m is an ordered set.

The proof of Theorem 13.38 is rather lengthy. The first step is to show that am
is finite. The next proposition not only confirms am < 1 for m2 
 m1, but also
gives an asymptotic limit for am as m2 � m1 ! 1, which is required later in
establishing 2o(a).

Proposition 13.39. Under the hypotheses of Theorem 13.38, given ı > 0, there is
an M.ı/ > 0 such that

am � c2.v1;w1/C c2.bv1;bw1/C ı (13.40)

form2 �m1 � M.ı/.
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Proof. We first construct an appropriate element of Ym. For R > 0, let

U3 D max.U1;min.U2;w0// (13.41)

and

u1 D

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

U1; x1 � m1 �R;
�1m1v2; m1 �RC 1 � x1 � m1 CR � 1;
U3; m1 CR � x1 � m2 � RC 1;

�1m2bw2; m2 �RC 2 � x1 � m2 CR � 1;
U2; m2 CR � x1;

(13.42)

with the usual interpolation in the remaining intervals. In addition, for L > 0 define

u2 D

8̂
<
:̂
U1; x2 � �L � 1;
u1; �L � x2 � LC 1;

U2; LC 2 � x2;

with the usual interpolations. Note that

bJ 2.u2/ D
LC1X

iD�L�1
bJ 2;i .u2/: (13.43)

Let u3 D max.u2; �1m1v2/ and u4 D min.u3; �1m2bw2/. We claim that there is
a constant M1.R;L/ > 0 such that u4 2 Ym for m2 � m1 � M1.R;L/. We
first establish (13.5)(i)–(ii) for u4. Note that v1 < v2 < w1 implies that for
any R;L, there is an � D �.R;L/ such that v1 C � � v2 � w1 � � on
ER;L WD fjx1j �R; jx2j � LC 2g. Moreover, Theorem 9.9 and Remark 9.93 imply
that �1�m1U1 converges uniformly to v1 for jx1j � R as m2 �m1 ! 1. Therefore

�1�m1U1 < v2 on ER;L (13.44)

form2 �m1 large. Proposition 9.88 implies

�1m1w1 � U2 (13.45)

and

U1 � �1m2bv1; (13.46)

so by (13.45), (13.41), and (13.46), we have

�1m1v2 < �
1
m1

w1 � min.U2;w0/ � U3 � max.U1;w0/ � �1m2bw2: (13.47)
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As for (13.44),

bw2 < �1�m2U2 on ER;L (13.48)

form2 �m1 large. Combining (13.44), (13.47)–(13.48) implies

u1 � �1�1u1 for jx2j � LC 2: (13.49)

In addition, U1 � U3 � U2 and (13.44)–(13.49) imply

u2 � � i�1u2; i D 1; 2; (13.50)

from which the claim u4 � �i�1u4; i D 1; 2, follows due to the identical monotonic-
ity conditions satisfied by v2;bw2. Moreover, (13.50) for i D 2 and the definition of
u2 imply

U1 � u2 � U2; (13.51)

so the inequalities v2 � w1 and (13.45) give U1 � u3 � U2. Then (13.46) and
bv1 � bw2 further imply U1 � u4 � U2. Thus (13.5)(i)-(ii) hold for u4.

To verify (13.5)(iii)–(iv) and therefore that u4 2 Ym, note that by the definitions
of u4 and u3, �1�m2u4 � Ow2 and v2 � �1�m1u3. Since u4 � u3, if u4.x/ D u3.x/,
then v2.x/ � �1�m1u4.x/, while if u4.x/ < u3.x/, u4.x/ D �1m2 Ow2.x/ > �j v2.x/ for
all j . Hence in either event, v2 � �1�m1u4. Thus verifying (13.5)(iii)–(iv) reduces to
checking that �1�m1u4 � g andbg � �1�m2u4. OnB1

3
.p0/, �1�m1u2 D v2 D �1�m1u4 <g

via (g1), while on .R2 � T
n�2/nB1

3
.p0/, g D bw0 � �1�m1u4 via (g3). Thus (13.5)(iii)

holds and (13.5)(iv) is verified similarly.

Now we seek to estimate am. Recall that u3 D max.u2; �1m1v2/ and let
f3 D min .u2; �1m1v2/. We claim that �1�m1f3 2 �2.v1;w1/. To see this, note that
Proposition 9.88 implies �1m1v1 � min.U1; �1m1v2/ so by (13.51), v1 � �1�m1f3 � v2.
Consequently, k�1�m1f3 � v1kL2.Si / ! 0 as i ! �1. For i � L C 2,
f3 D min.U2; �1m1v2/ D �1m1v2 on Si , since �1m1v2 � �1m1w1 � U2 by Proposition
9.88. Thus k�1�m1f3 � w1kL2.Si / ! 0 as i ! 1. Therefore �1�m1f3 2 �2.v1;w1/
and

J2.v2/ � J2.f3/: (13.52)

Similarly, defining f4 D max.u3; �1m2bw2/, we have �1�m2f4 2 �2.bv1;bw1/ and

J2.bw2/ � J2.f4/: (13.53)

Combining these observations,

bJ 2;i .u2/C J2;i .v2/ D bJ 2;i .u3/C J2;i .f3/;

bJ 2;i .u3/C J2;i .bw2/ D bJ 2;i .u4/C J2;i .f4/; (13.54)
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and summing over i , we have

bJ 2.u2/C J2.v2/C J2.bw2/ D bJ 2.u4/C J2.f3/C J2.f4/: (13.55)

Therefore by (13.52), (13.53), and (13.55),

bJ 2.u4/ � bJ 2.u2/: (13.56)

Since u4 2 Ym, (13.43) and (13.56) imply

am �
LC1X

iD�L�1
bJ 2;i .u2/ (13.57)

form2 �m2 � M1.R;L/.
Now we will estimate the right-hand side of (13.57) using Proposition 9.107 to

aid us. Let JR1 , SR0 , etc. be as in that proposition. Likewise, as there, �j .	/ will
be used repeatedly to denote functions that go to 0 as 	 ! 0. Let 	 > 0. The
parametersR and L will depend on 	 .

Note that form1 CR � x1 � m2 � RC 1, �L � 1 � x2 � �L,

u2 D .x2 C LC 1/U3 C .�L � x2/U1;

so

kr.u2 � U1/kL2.�2
�L�1S

R
0 /

� kr.U3 � U1/kL2.SR0 / C kU3 � U1kL2.SR0 / � �5.	/

(13.58)

Combining this with (9.116) using i D 1, u D �2LC1u2, and (9.128), (9.129),
(9.133), and (9.115), we have JR1 .�

2
LC1u2/ � �13.	/. The same is true with L C 1

replaced by �.L C 1/. In addition, u2 D U3 for m1 C R � x1 � m2 � R C 1,
�L � x2 � LC 1, so due to (9.137) we have

JR1 .�
2
i u2/ � �14.	/; �L � 1 � i � LC 1: (13.59)

The arguments that gave (9.108)–(9.110) further show that

J1I�1;m1�R�1.�2i u2/ � �15.	/; J1Im2CR;1.�2i u2/ � �15.	/; (13.60)

for �L�1 � i � LC1. In addition, u2 is close to v0, w0, w0,bw0 inW 1;2 respectively
for x1 2 Œm1 �R;m1 �RC 1
, Œm1 CR � 1;m1 CR
, Œm2 �RC 1;m2 �RC 2
,
Œm2 CR � 1;m2 CR
. Arguing as in (9.57)–(9.58), we have

bi � c1.v0;w0/C c1.bv0;bw0/: (13.61)



13 Solutions of (PDE) with Two Transitions in x1 and Heteroclinic Behavior in x2 189

Combining (13.57), (13.59), and (13.60) shows that

am �
LC1X

iD�L�1

�
J1Im1�RC1;m1CR�2.�2�iu2/C J1Im2�RC2;m2CR�2.�2�iu2/� bi

�

CL�16.	/ (13.62)

for R � r3.	/ and m2 �m1 � M3.R;L/. Given any " > 0, we claim that

J1Im1�RC1;m1CR�2.�2�iu2/C J1Im2�RC2;m2CR�2.�2�iu2/ � bi C �17.�/ (13.63)

for i D �L � 1;L C 1, R � r4."/; L � L0."/, m2 � m1 � M4."/. Assuming
(13.63) for now, then from the definitions of u1; u2 and (13.60)–(13.63), we have

am �
LX

iD�L

�
J1I�RC1;R�2.�2�iv2/C J1I�RC1;R�2.�2�ibw2/� c1.v0;w0/� c1.bv0;bw0/�

CL�16.	/C 2�17.�/: (13.64)

Note that v1 � v2 � w1 � �1�1v1 and v1 is L1 close to v0 for x1 � m1�RC2 forR
large, so the same is true for v2. Estimates like those giving (9.110) then imply that
v2 is close to v0 inW 1;2 for say �p � x1 � �pC1 andm1�R � x1 � m1�RC1,
where p 
 R. Calculations of the type leading to (9.138) then imply

J1I�1;m1�R.v2/ � ��18.	/ (13.65)

for R � r5.	/. Similarly,

J1Im1CR�1;1.v2/ � ��18.	/: (13.66)

Combining (13.65)–(13.66) with similar estimates with Ow2 replacing v2 and (13.64)
imply

am �
LX

iD�L
.J2;i .v2/C J2;i .bw2//C L�18.	/C 2�17.�/: (13.67)

Fix L � L0.�/ so that

� � �
X
ji j>L

.J2;i .v2/C J2;i .bw2//: (13.68)

Thus (13.67)–(13.68) imply

am � J2.v2/C J2.bw2/CL�18.	/C �19.�/ (13.69)

form2 �m1 � M3.R;L/, R � r5.	/, and L � L0.�/.
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Let ı > 0. Choose � such that �17.�/ � ı=2. With � and therefore L0.�/; r5.�/
so determined, set L D L0.�/. Next choose 	 such that L�18.	/ � ı=2. Thus for
m2 �m1 � M5.R.�/; L0.�//, (13.69) yields (13.40).

All that remains of the proof of Proposition 13.39 is to verify (13.63). Recall that
v1 < v2 < w1 � �1�1v1, so for K D K.�/ sufficiently large,

Z �K

�1
.v2� v1/ dx1 �

Z �K

�1
.�1�1v1� v1/ dx1 D

Z �KC1

�K
.v1� v0/ dx1 � "; (13.70)

and similarly Z 1

K

.v2 � v1/ dx1 � ": (13.71)

From Theorem 4.40, kv2 � v1kL1.Si / ! 0 as i ! �1, so

Z K

�K
.v2 � v1/dx1;

Z t

t�1
.v2 � v1/dx1 � " (13.72)

for x2; t � �L, where L � L0.�/ > 0. This in conjunction with (13.70)–(13.71)
implies

Z
S0I�RC1;R�2

.v2 � v1/dx1 C
Z
@S0I�RC1;R�2

.v2 � v1/dH
n�1 � �19.�/ (13.73)

for x2 2 Œ�L � 1;�L
. Choose L0."/ such that for L � L0."/, we further have

���2Lv2 � v1
��
W 1;2.S0/

� ": (13.74)

This is possible due to Proposition 4.16.
As m2 � m1 ! 1, �1�m1U1 ! some h 2 C10 uniformly on S0I�RC1;R�2.

But v1 is the largest element of C10, and by Proposition 9.88, v1 < �1�m1U1, so
�1�m1U1 ! v1 uniformly on S0I�RC1;R�2. Earlier estimates then imply �1�m1U1 ! v1
in W 1;2.S0I�RC1;R�2/ as well. Therefore form2 �m1 � M4.R; "/,

Z
S0I�RC1;R�2

j�1�m1U1 � v1j dx C
Z
@S0I�RC1;R�2

j�1�m1U1 � v1j dHn�1

Ck�1�m1U1 � v1kW 1;2.S0I�RC1;R�2/
� �20."/: (13.75)

Thus (13.73)–(13.75) imply

Z
S0I�RC1;R�2

j�2LC1v2 � �1�m1U1j dx C
Z
@S0I�RC1;R�2

j�2LC1v2 � �1�m1U1j dHn�1

Ck�2LC1v2 � �1�m1U1kW 1;2.S0I�RC1;R�2/
� �21."/: (13.76)
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Note that �2LC1u2 � U1 D x2.�
1
m1
�2LC1v2 � U1/ on S0Im1�RC1;m1CR�2. Therefore

kr.�2LC1u2 � U1/kL2.S0Im1�RC1;m1CR�2/
� 2k�2LC1v2 � �1�m1U1kW 1;2.S0I�RC1;R�2/

:

(13.77)

Similarly, the first two terms in (13.76) can be estimated by their analogues with
v2 replaced by u2. Thus (13.76) holds with v2 replaced by u2 and �21."/ by
�22."/. Combining this with (9.116) (taking u D �2LC1u2, i D 1, p D m1 � R,
q D m1 C R C 1), with (9.138) (replacing 	 by "), and with mild variations on
(9.138) (as following (13.64)) for �1 < x1 � m1 � R;m2 C R � 1 � x1 < 1,
yields

J1Im1�RC1;m1CR�2.�2LC1u2/ � J1Im1�RC1;m1CR�2.U1/C �23."/: (13.78)

Similar estimates with v1 replaced by Ow2 give

J1Im2�RC2;m2CR�2.�2LC1u2/ � J1Im2�RC1;m2CR�2.U1/C �24."/: (13.79)

Combining (13.78)–(13.79) with the estimate of Proposition 9.107 yields (13.63) for
i D LC 1. Replacing LC 1 by �L � 1 and arguing as above gives the remaining
case of (13.63), and the proof of Proposition 13.39 is complete.

Now we turn to the:

Proof of Theorem 13.38. By Proposition 13.39, am < 1. Let uk 2 Ym be a
minimizing sequence. As in the proof of Proposition 13.30, we see that along
a subsequence we have uk ! bU 2 weakly in W 1;2.Si /, strongly in L2.Si /, and
pointwise almost everywhere for all i 2 Z. Note that bU2 2 Ym and due to
the analogue of Lemma 4.26 here and (13.9), bJ 2.bU 2/ < 1. The proof of
Proposition 2.50 with alterations as in the proof of Proposition 4.29 and above
implies uk � bU 2 ! 0 in W 1;2.Si /; i 2 Z. The analogue of the proof of part (C)
in the proof of Theorem 3.2 then impliesbJ 2.bU 2/ D am, so M2;m 6� 0.

We now proceed to the proof of 2o(a) in Theorem 13.38. Assume that 2o(a) is
false for a sequence mk D .mk;1;mk;2/ for which mk;2 � mk;1 is arbitrarily large,
i.e., there exist functions uk 2 M2;mk , mk;2 � mk;1 ! 1 as k ! 1 with each uk
failing to satisfying (PDE) for at least some point in R

n. We claim that this leads to a
contradiction, thus establishing 2o(a) for sufficiently largemk;2 �mk;1, as required.

Proposition 13.39 shows that as k ! 1,

bJ 2.uk/ D amk ! c2.v1;w1/C c2.bv1;bw1/: (13.80)

Thus from (13.9), for all k 2 N and p; q 2 Z,

bJ 2Ip;q.uk/ � M1; for some M1 > 0: (13.81)

Take p D q D i in (13.81) and apply the definition of OJ2;i and (2.23), recalling that
bbimk ! c1.v0;w0/C c1.bv0;bw0/ as k ! 1, to get

J1Ip;q.�2�iuk/ � M2 (13.82)
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withM2 independent of p; q; k, and i . Thus �1�mk;1uk is bounded inW 1;2
loc , so there is

a Nu 2 W 1;2
loc such that as k ! 1, on a subsequence we have �1�mk;1uk ! Nu1 weakly

in W 1;2
loc , strongly in L2loc, and pointwise almost everywhere for some function Nu1.

Thus from (13.5),

Nu1 � � i�1 Nu1; i D 1; 2I v1 � Nu1 � w1; v2 � Nu1 � g; (13.83)

the second inequality implied by �1�mk;1U1;k ! v1, �1�mk;1U2;k ! w1 as k ! 1.
Here U1;k , U2;k are the U1, U2 associated with problem k.

The lower semicontinuity of J1 and (13.81) with p D q D i imply
J1.�

2�i Nu1/ � M3 < 1, so (4.8) implies kr. Nu1 � v1/kL2.Si / < 1 for all i . As
in the proof of Proposition 13.30, the monotonicity conditions �2�iu1 � u1 and the
fact that v1, w1 is a gap pair with v1 � Nu1 � w1 imply that there are functions
 C 2 fv1;w1g such that

�2�i Nu1 !  ˙ in L2.S0/ as i ! ˙1: (13.84)

By (13.83), v1 < v2 � Nu1 � g, so  C D w1. By (g2), Nu1 6� w1, so  � D v1. Thus

Nu1 2 �2.v1;w1/: (13.85)

From (13.8), (13.81) we have bJ 2.Nu1/ � M1, so Proposition 4.16 applies to Nu1,
and the limits in (13.84) are in W 1;2.S0/ as well.

In the same manner we can assume that as k ! 1 along our subsequence,

�1�mk;2uk ! Nu2 2 �2.bv1;bw1/ (13.86)

with bJ 2.Nu2/ < 1 and kr.Nu2 �bv1/kL2.Si / < 1 for all i .
In order to study the convergence of uk more carefully, it is necessary to establish

that uk satisfies (PDE) in certain regions. To do so, we use a variant of an argument
from the proof of Theorem 9.6. Given p 2 T0, r > 0 such that B2r .p/ � T0, let
Bi;j .r/ D �1i �

2
j Br.p/, B D S

i;j2Z
Bi;j .r/, and

euk D
(

uk; x 2 R
nnB;

ui;j;k; x 2 Bi;j .r/;

where ui;j;k are defined as minimizers of the following variational problem. For
mk;1 < i < mk;2, j 2 Z, let ui;j;k 2 W 1;2.Bi;j .2r// be the largest minimizer of

Ii;j .u/ D
Z
Bi;j.2r/

L.u/ dx (13.87)

over all u 2 Fi;j , where

Fi;j D ˚
u 2 W 1;2.Bi;j .2r// j u D uk on Bi;j .2r/=Bi;j .r/

�
:
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Use the same definition of ui;j;k for i � mk;2, j < 0 and for i � mk;1, j > 0. For
i � mk;1, j � 0, we impose the additional restriction to the definition of Fi;j that

u � �1i �
2
j g DW gi;j ; (13.88)

while for i � mk;2, j � 0, we further require

u � �1i �
2
jbg DWbgi;j : (13.89)

The motivation for (13.88), (13.89) is the fact that u 2 Ym implies (13.88)–(13.89)
due to the g;bg constraints in the definition of Ym and the condition u � � i�1u;
i D 1; 2. As, e.g., in Proposition 2.2 for each i; j , the set of minimizers of (13.87)
in Fi;j is ordered. Therefore there is a unique largest one ui;j;k, so Quk is well defined.

Proposition 13.90. Quk 2 Ymk .

Proof. By construction, Quk 2 W
1;2

loc .R
2 � T

n�2/. We must verify that Quk satisfies
(13.5)(i)–(iv). This need only be done for x 2 B , since uk 2 Ymk and Quk D uk for
x 2 R

nnB . We begin with (13.5)(ii). Note that by (13.5)(ii) for uk , U1;k � uk on
R
nnB . Fix .i; j / 2 Z

2 and set

' D
(

Quk; x 2 R
nnBi;j .r/;

max.U1;k; Quk/; x 2 Bi;j .r/;
(13.91)

and

 D
(
U1;k; x 2 R

nnBi;j .r/;
min.U1;k; Quk/; x 2 Bi;j .r/:

Since U1;k � uk D Quk on R
nnB , an equivalent but simpler definition is

' D max.U1;k; Quk/. Similarly  D min.U1;k; Quk/. By the local minimality property
of U1;k (see, e.g., Remark 9.55),

Iij . / � Iij .U1;k/: (13.92)

We claim that ' 2 Fi;j . Assuming this for now,

Iij .'/ � Iij .uijk/: (13.93)

But

Iij .'/C Iij . / D Iij .U1;k/C Iij .uijk/; (13.94)

so by (13.92)–(13.94) Iij . / D Iij .U1;k/ and Iij .'/ D Iij .uijk/. Therefore ' is
a minimizer of Iij on Fij , and by (13.91), ' � uijk D Quk on Bij .r/. Since uijk
is the largest of the minimizers of Iij on Fij , ' D uijk on Bij .r/. This being true
for all .i; j / 2 Z

2, Quk � U1;k on B . Similarly, Quk � U2;k on B , so (13.5)(ii) is
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valid once we show that ' 2 Fij . This is immediate for mk;1 < i < mk;2 and
all j 2 Z, for i � mk;2 and j < 0, and for i � mk;1 and j > 0, since
there are no further constraints on ' for these cases. The two remaining cases are
(˛) i � mk;1, and j � 0 and (ˇ) i � mk;2 and j � 0. For (˛), minimizers of Fij
must satisfy the further condition u � gij . Therefore uijk � gij . But by (13.5)(i)
again, ' D max.U1;k; uijk/ � max.uk; gij / on Bij .r/, and by (13.5)(i) and (iii),
uk � �1i�mk;1 �

2
j uk � gij . Thus ' 2 Fij . A similar argument holds for (ˇ), so

(13.5)(ii) has been verified for Quk .

Next we verify (13.5)(iii). Since v2 has a local minimality property, v2 � �1�m1;k Quk
follows as did (13.5)(ii). Also �1�m1;k Quk � g on T0 is built into the definition of Fij .
This holds on the rest of R

n due to the minimality property of Ow0 and .g3/. The
condition (13.5)(iv) holds for similar reasons.

It remains only to check (13.5)(i):

Quk � �i�1 Quk; i D 1; 2: (13.95)

This is a consequence of the following lemma:

Lemma 13.96. Assume Ng, f1, f2 2 W 1;2.Bi;j .2r// with f1 � f2 on
Bi;j .2r/=Bi;j .r/ and that u` is the largest (smallest) minimizer of Ii;j .u/ over

A` D fu 2 W 1;2.Bi;j .2r// j u � Ng in Bi;j .2r/ and u D f` on Bi;j .2r/=Bi;j .r/g;

` D 1; 2: Then u1 � u2.

Proof. Suppose u` 2 A` is the largest minimizer of Iij , ` D 1; 2. Let
v1 D min.u1; u2/, v2 D max.u1; u2/, so v1 � v2, v` 2 A`, ` D 1; 2, and

Ji;j .v1/C Ji;j .v2/ D Ji;j .u1/C Ji;j .u2/:

Thus Ji;j .v`/ D Ji;j .u`/, ` D 1; 2, and v2 � u2. Consequently v2 D u2, and so
v1 D u1. Thus u1 � u2. In the case that u`; ` D 1; 2, are the smallest minimizers,
then again v1 � u1, so v1 D u1. Thus v2 D u2, and again u1 � u2.

Slight variations on the proof of Lemma 13.96 then give the following three
lemmas:

Lemma 13.97. If the condition u � Ng is dropped from A1, u2 � u1.

Lemma 13.98. Lemma 13.96 holds with the condition u � Ng in A` replaced by
u � Ng, ` D 1; 2. In addition, Lemma 13.97 holds with the condition u � Ng dropped
from the definition of A2, and the condition u � Ng added to A1.

Lemma 13.99. Lemma 13.96 holds with the condition u � Ng dropped from the
variational problems defining u`; ` D 1; 2.

Now to complete the proof of Proposition 13.90, note from the definition ofeuk
that (13.95) holds on R

nnB . Set f1 D uk , f2 D �1�1uk, u1 D ui;j;k, u2 D �1�1uiC1;j;k,
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Ng D gi;j . For i , j such that mk;1 < i < mk;2 � 1, j 2 Z, apply Lemma 13.99 to
geteuk � �1�1euk on Bi;j .r/. For i D mk;2 � 1, j � 0, apply Lemma 13.97. Applying
Lemmas 13.96–13.99 appropriately in the various remaining cases gives (13.95) for
i D 1. Replacing �1�1 by �2�1 in the above establishes (13.95) for i D 2.

Now that Quk 2 Ymk has been established, we return to the proof of
Theorem 13.38. Note that

bJ 2.euk/ � bJ 2.uk/; (13.100)

since uk 2 Fij for all i; j; k and therefore Jij .ui;j;k/ � Jij .uk/. By (13.100),
euk 2 M2;mk and

bJ 2.euk/ D bJ 2.uk/: (13.101)

Moreover, uk is a minimizer of Ii;j over Fi;j for each i; j 2 Z. Consider those
i; j for which Fij does not include a u � gi;j or u � bgi;j constraint. Standard
arguments then imply that uk is a solution of (PDE) in Bi;j .r/. We will show that
uk is the unique solution of Iij in Fij for this case.

To see this, for 0 < � < 2 repeat the above construction with Fi;j replaced
by Fi;j;� , the analogue of Fi;j , with Bi;j .r/ replaced by Bi;j .� r/ but Bi;j .2r/
remaining the same. Fixing i and j , leteuk;� be the largest minimizer of Ii;j over
Fi;j;� . For 0 < �1 < �2 < 2, by (13.101) we have

Ii;j .euk;�2/ D Ii;j .uk/ D Ii;j .euk;�1/:
But Quk;�1 ; uk 2 Fi;j;�2 . Thus Quk;�1 ; uk are solutions of (PDE) in Bij .�2r/ with
Quk;�1 D uk in Bi;j .�2r/nBi;j .�1r/ and Quk;�1 � uk . Thus by the maximum
principle, Quk;�1 D uk. Let Ouk;�1 be the smallest minimizer of Ii;j over Fi;j;� . Since
Ii;j .Quk;�1/ D Ij;k.Ouk;�1/, the above argument implies uk D Ouk;�1 . Thus uk is the
unique minimizer of Ii;j over Fi;j;� ; 0 < � < 2, as claimed above.

For the next step in proving that uk is a solution of (PDE), consider balls Bij ,
where Fij has a constraint. Note that by ( Og1)–( Og3), bg � bw0 � " for some " > 0.
In addition, ��mk;2�`U1;k ! bw0 on T0 as ` ! 1 independently of mk via
Theorem 9.6. Hence there is an l0 2 N such that bg � �1�mk;2�`U1;k � "=2 in T0
for ` � `0. Thus

bgi;j C "=2 � U1;k (13.102)

on Ti;j WD �1i �
2
j T0 for i � mk;2 C `0. Let Nui;j;k be the largest minimizer of Ii;j

over Fi;j but with the bgi;j constraint dropped. Since uk � U1;k , Nuijk � U1;k on
R
nnBij .r/, by a familiar argument (see, e.g., (A) of the proof of Theorem 3.2),

Nui;j;k � U1 >bgi;j :
Hence in fact Nui;j;k is the largest minimizer of the variational problem with the Ogij
constraint and Nuijk D uijk . Consequently, ui;j;k is a minimum of the unconstrained
variational problem, as is uk , so by the argument of the previous paragraph,
ui;j;k D uk on Bi;j .r/, and uk satisfies (PDE) on Bi;j .r/ for i � mk;2 C `0.
We can assume that the same is true for i � mk;1 � `0. This leaves the cases
mk;1 � `0 < i � mk;2 and j � 0, and mk;1 � i < mk;2 C `0 and j � 0 still
to be checked.
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The restriction B2r .p/ � T0 can be removed, for example by considering the
variational problem in strips of width wider than one. Thus uk satisfies (PDE) for
x1 � mk;1�`0, for x1 � mk;2C`0, formk;1C1 � x1 � mk;2 and for x1 � mk;1C1,
x2 � 1, and x1 � mk;2, x2 � 0. To treat the remaining regions, as before take p0 to
be the center of T0.

Lemma 13.103. Let f 2 W 1;2.T0/, and let Ng be H Rolder continuous on T0. Suppose
Nu is a minimizer of

Z
B5=12.p0/

L.u/ dx over u 2 F;

where

F D fu 2 W 1;2.T0/ j u D f on T0nB5=12.p0/; u � Ng on B5=12.p0/g:

Then Nu is H Rolder continuous on B1=3.p0/ with the H Rolder exponent and constant
dependent only on F , Ng.

Proof. This follows from Theorem 3.7 of Michael and Ziemer [32], since the
estimates there depend only on structure conditions and the distance between the
domain boundary and the set on which the Hölder continuity estimate is required.

Remark 13.104. Given that Nu; Ng are Hölder continuous, they satisfy a common
modulus of continuity estimate ju.x/ � u.y/j � " for jx � yj � ı."/, ı."/ D c"˛ ,
˛ > 1.

Lemma 13.105. If Nu and Ng are as in Lemma 13.103, ı."/ as in Remark 13.104, and
v 2 L1.B1=3.p0// with v � Ng C 2" on B1=3.p0/ and

kv � NukL1.B1=3.p0// � "jBı."/j
5

; (13.106)

then min.Nu � Ng/ > 0 on B1=3.p0/.

Proof. If not, Nu.q0/ D Ng.q0/ for some q0 2 B1=3.p0/. We can assume that Nu; Ng and
Nu � Ng have same modulus of continuity in B1

3
.p0/. From Lemma 13.103 we have

Nu � Ng � " and v � Nu D .v � Ng/ � .Nu � Ng/ � 2"� " D " in Bı."/.q0/\ B1=3.p0/ by
the hypothesis satisfied by v. Thus

kv � NukL1.B1=3.p0// � "jBı."/.q0/j
4

; (13.107)

since at least one quarter of Bı."/ lies in B1=3.p0/. However, (13.107) contradicts
(13.106). Thus Nu 6D Ng on B1=3.p0/. Since Nu, Ng are continuous on B1=3.p0/, Nu > Ng,
so the proof is complete.
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Returning to the proof of Theorem 13.38, recall that from (13.86),
Nu2 2 �2.bv1;bw1/. Therefore

k�2�j Nu2 �bw1kW 1;2.S0/ ! 0 as j ! 1: (13.108)

Since Ow1 > Ow2 � Og via ( Og1),

" D 1

2
min
T0
.bw1 �bg/ > 0: (13.109)

Define 	 by

	 D "jBı."/j
5

: (13.110)

By (13.108)–(13.110), we can pick j1 > 0 such that

k�2�j1 Nu2 �bw1kW 1;2.S0/
� 	

2
: (13.111)

Using L2loc convergence in (13.86), choose k such that

k�1�mk;2 �2�j1uk � �2�j1 Nu2kL2.S0\f0�x1�`0g/ � 	

2
: (13.112)

Thus (13.111) implies

k�1�mk;2 �2�j1uk �bw1kL2.S0\f0�x1�`0g/ � 	: (13.113)

Repeat the construction defining Quk with Ti;j WD �1i �
2
j T0 replacing Bi;j .2r/ and

Bi;j .5=12/ replacingBi;j .r/. This shows that for each i; j 2 Z, uk is a minimizer of
a variational problem for a class of functions onBi;j .5=12/. In particular, for j � 0,
mk;2 � i � mk;2 C `0, uk minimizes

R
Bi;j .5=12/

L.u/ dx over u 2 F�
i;j , where

F�
i;j D fu 2 W 1;2.Ti;j / j u D uk on Ti;j nBi;j .5=12/; u �bgi;j on Bi;j .5=12/g:

Thus u�
i;j;k WD �1�i �2�j uk minimizes

R
B5=12.p0/

L.u/ dx over

F� D fu 2 W 1;2.T0/ j u D u�
i;j;k on T0nB5=12.p0/; u �bg on B5=12.p0/g:

Observe that Lemma 13.105 applies here with Nu D u�
i;j;k, j < j1, f D u�

i;j;k,

and Ng D bg. Set v D �1mk;2�ibw1 so v � bw1 � bg C 2" on T0. Then by

(13.110)–(13.109), and (13.112), ku�
i;j1;k

� �1mk;2�ibw1kL2.T0/ � 	 for mk;2 � i �
mk;2 C `0. Hence by Lemma 13.105, u�

i;j1;k
�bg C "0 on B1=3.p0/ for some "0 > 0.

Note that u�
i;j;k WD �1�i �2�j uk � �1�iU1 � �1�mk;2U1, the latter inequality due to
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�1�1U1 � U1 and i � mk;2. But Theorem 9.9 implies �1�mk;2U1 � v0 C "1 on T0 for
some "1 > 0 andmk;2�mk;1 large, sincebv1 >bv0 > v0 on T0. In addition,bg D v0 on
T0nB1=3.p0/. Thus u�

i;j1;k
�bgC"1 on T0nB1=3.p0/ and u�

i;j1;k
�bgC"3 on T0, where

"3 D min."0; "1/ > 0. This implies uk � bgi;j1 C "3 on Ti;j1 . Since �2�1uk � uk, it
follows that uk �bgi;jC"3 for j � j1,mk;2 � i � mk;2C`0. Consequently, standard
arguments now imply that uk satisfies (PDE) on Ti;j , j � j1,mk;1 � `0 � i � mk;1.
Combined with earlier results, this implies that uk satisfies (PDE) for x2 � j1. By
an analogue of Lemma 13.105 for g and related arguments, we can assume that
uk satisfies (PDE) for x2 � �j1. Letting k ! 1 and taking limits in the weak
formulation of (PDE) then implies that Nu1 satisfies (PDE) for jx2j � j1 and for
x1 � �`0, x1 � 1, while Nu2 satisfies (PDE) for jx2j � j1, and for x1 � 0, x1 � `0.

Next we will show that for large k, uk satisfies (PDE) for all x 2 R
n. We claim

that
c2.v1;w1/C c2.Ov1; Ow1/ � J2.Nu1/C J2.Nu2/: (13.114)

But Nu1 2 �2.v1;w1/ and Nu2 2 �2.Ov1; Ow1/. Hence (13.114) shows that
Nu1 2 M2.v1;w1/ and Nu2 2 M2.Ov1; Ow1/. By (13.83), v2 � Nu1 � g, so (g2) implies
Nu1 < w2. Therefore v2;w2 being a gap pair in M2.v1;w1/, it must be the case that
Nu1 D v2. Similarly Nu2 D Ow2. Thus by ( Og1), Nu2 > Og. Note that Lemma 13.103 applies
to �1�mk;2uk � Nu with f D Nu and Ng D Og. Since �1�mk;2uk ! Nu2 in L2.T0/ along a
subsequence of k ! 1, taking v D Nu2 in Lemma 13.105 shows that �1�mk;2uk > Og
on T0 for large k. With this strict inequality, standard arguments then imply that
�1�mk;2uk satisfies (PDE) on T0. Note that�`�1uk � uk, ` D 1; 2 implies that uk >bgi;j
on Ti;j , i � mk;2, j � 0, so the same arguments imply uk satisfies (PDE) for x2 � 0.
Similarly, uk < gi;j on Ti;j , i � mk;1, j � 0, so uk satisfies (PDE) in R

n. This is
contrary to our original assumption so 2o(a) is established once we verify the claim
(13.114). To do so requires three steps: (a) Given any " > 0, there are a j2."/ � j1
and k1 D k1."; j / such that

OJ2.uk/ �
X
ji j�j

J2;i .uk/ � " (13.115)

for j � j2."/ and k � k1."; j /; (b) With j and k so chosen, for any
ı > 0, there are an R0 D R0.ı/ > l0 and k2.ı/ such that if R � R0.ı/ and
k � max.k1."; j /; k2.ı//,

OJ2.uk/ �
X
ji j�j

h�
J1I�R;R.�2�i �1�mk;1uk/� c1.v0;w0/

	

C
�
J1I�R;R.�2�i �1�mk;2uk/ � c1.Ov0; Ow0/

	i
� " � .2j C 2/ıI

(13.116)

(c) Obtain (13.114) from (13.115)–(13.116).
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To prove (a), let 	 > 0. Since U1;k � uk � U2;k , by (9.110) and (9.115), for
mk;2 �mk;1 � M0.	/ (or equivalently k � k3.	/), r � r0.	/, and any j 2 Z,

kuk � U1;kkL2.Sj\Œ.�1<x1�mk;1�r/[.m2;kCr�x1<1/
/ � �2.	/ (13.117)

and

kuk � U1;kkL2.Sj\.m1Cr�x1�m2�r// � �5.	/: (13.118)

For jj j � j1, uk is a solution of (PDE) on Sj . Hence using (PDE) as in earlier
sections, (13.117) and (13.118), for jj j � j1 and k � k3.	/, we have,

kuk � U1;kkW 1;2.Sj\Dk/ � �6.	/ (13.119)

where

Dk D .�1 < x1 � m1;k �r
[ Œm1;kCr � x1 � m2k �r
[ Œm2;k Cr � x1 < 1/:

By Proposition 4.16 and (PDE), interpolation estimates show that �2�j Nu1 ! v1 as
j ! 1 uniformly on S0 \ Œ�r � x1 � r
. Take r D r0.	/. Then there is a
j3 D j3.	/ > j1 such that for x2 � �j3,

Z r

�r
jNu1 � v1j2dx1 � 	: (13.120)

Since �1�mk;1uk ! Nu1 in L2loc along a subsequence as k ! 1 and therefore
uniformly on compact sets, due to standard PDE estimates,

Z r

�r
j�1�mk;1uk � Nu1j2dx � 	 (13.121)

for �j � 1 � x2 � �j and k � k4.	; j /. Similarly, with the aid of Theorem 9.9,

Z r

�r
j�1mk;1U1;k � v1j2dx1 � 	 (13.122)

for �j � 1 � x2 � �j and k � k4.	; j /. Combining (13.120)–(13.122) shows that

Z mk;1Cr

mk;1�r
juk � U1;k j2dx � �7.	/ (13.123)

for the above j; k. Thus (13.123) with its analogue for mk;2 and (13.119) yield

kuk � U1;kkL2.S
�j / � �8.	/; (13.124)
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and again as in earlier sections,

kuk � U1;kkW 1;2.S
�j / � �9.	/ (13.125)

for j � j3.	/ and k � k4.	; j /.
For i 
 j , define

�i;j;k D

8̂
<
:̂
U1;k; �i � 1 � x2 � �i;
uk; �i C 1 � x2 � �j;
U1;k; �j C 1 � x2 � �j C 2;

(13.126)

with the usual interpolation and extend �i;j;k to R as an (i�j C2) periodic function
of x2. Proposition 13.22 implies

OJ2.�i;j;k/ � 0: (13.127)

Now to get (13.115), write

X
t�0

OJ2;t .uk/ D OJ2I�1;�i .uk/C OJ2.�i;j;k/

� OJ2;�i .�i;j;k/� OJ2;�j .�i;j;k/C OJ2;�j;0.uk/: (13.128)

For j � j3, by (13.125),

j OJ2;�i .�i;j;k/j; j OJ2;�j .�i;j;k/j � �10.	/; (13.129)

and for i D i.k; 	/ large, by Proposition 13.30,

j OJ2I�1;i .uk/j � �10.	/: (13.130)

Therefore by (13.128)–(13.130),

X
t�0

OJ2;t .uk/ �
0X

�j
OJ2;t .uk/ � 3�10.	/: (13.131)

Getting a similar estimate for positive indices and then choosing 	 D 	."/ small
enough yields (13.115).

To prove (B), for ji j � j , write

OJ2;i .uk/ D J1.�
2�iuk/� b1 D J1I�1;m1�R�1.�2�iuk/C J1I�R;R.�2�i �1�mk;1uk/

CJ1Im1CR;m2�RC1.�2�iuk/C J1I�R;R.�2�i �1�mk;2uk/

CJ1Im2CR;1.�2�iuk/ � b1: (13.132)
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As in (9.38) (with Qc D 0), for k � k5.ı/,

b1 � c1.v0;w0/C c1.Ov0; Ow0/C ı: (13.133)

We claim that for R � R1.s/ and k � k6.s/,

jJ1I�1;m1�R�1.�2�iuk/j; jJ1Im1CR;1.�2�iuk/j; jJ1Im1CR;m2�R�1.�2�iuk/j � �11.s/:

(13.134)

Assuming (13.134) for the moment, by (13.115) and (13.132)–(13.134),

X
ji j�j

J2;i .uk/ �
X
jlj�j

h
J1I�R;R.�2�i �1�mk;1uk/ � c1.v0;w0/

CJ1I�R;R.�2�i �1�mk;2uk/� c1.Ov0; Ow0/
i

�" � .2j C 1/3�11.s/ � ı: (13.135)

Thus choosing s so small that 3�11.s/ � ı yields (13.116).
Now to prove (13.134), we argue as in Proposition 9.107. By (9.118),

Z mk;1�R

�1
.�2�iuk � U1;k/dx1 �

Z mk;1�R

�1
.�1�1U1;k � U1;k/dx1

�
Z mk;1�RC1

mk;1�R
.U1;k � v0/dx1; (13.136)

so (9.108) implies

Z
S0I�1;m1�R

.�2�ruk � U1/dx � kU1 � v0kL2.Tm1�R/ � s: (13.137)

Since �2�ruk satisfies (PDE) in S0I�1;mk;1�R for R > l0,

��.�2�iuk � U1;k/C .Fu.x; ��iuk/ � Fu.x; U1;k// D 0 (13.138)

in that region. Multiplying (13.138) by �2�iuk � U1;k , integrating over S0Ip;mk;1�R,
and letting p ! �1 gives

Z
S0I�1;mk;1�R

jr.�2�iuk � U1;k/j2dx

D
Z
@S0I�1;mk;1�R

.�2�run � U1;k/ @
@�
.�2�iuk � U1;k/dHn�1

�
Z
S0I�1;mk;1�R

.Fu.x; �
2�iuk/ � Fu.x; U1;k//dx: (13.139)
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Estimating the boundary terms as in earlier cases with the aid of (13.136) yields

k�2�iuk � U1;kkL2.S0I�1;mk;1�R/ � �12.s/: (13.140)

This with (9.116) for u D �2�iuk and (9.109) establishes (13.134) for
J1I�1;mk;1�R�1.�2�iuk/. A similar argument gives the estimate for
J1Imk;1CR;1.�2�iuk/. Lastly, to get estimates for the intermediate region, since
U1;k � uk � U2;k � �1�1U1;k ,

Z mk;2�R

mk;1CR
.�2�iuk � U1;k/dx1 �

Z mk;2�R

mk;1CR
.�1�iU1;k � U1;k/dx1

D �
Z mk;1CRC1

mk;1CR
.U1;k � w0/dx1 C

Z mk;2�RC1

mk;2�R
.U1;k � w0/dx1: (13.141)

Thus by (13.141) and (9.113), as in (13.137) we have

Z
S0Imk;1CR;mk;2�R�1

.�2�iuk � U1;k/dx � kU1;k � w0kL2.Tmk;1CR/

CkU1;k � w0kL2.Tmk;2�R/ � 2�3.s/: (13.142)

We can assume that k is so large that �2�ruk satisfies (PDE) in S0Imk;1CR;mk;2�R.
Therefore following (13.138)–(13.140) and using (9.114) then gives (13.134) for
J1Imk;1CR;mk;2�R.�2�ruk/.

Next to prove (13.134), by (13.140), for k � k6.ı/,

c2.v1;w1/C c2.Ov1; Ow1/C ı �
X
ji j�j

h
.J1I�R;R/

�
�2�i �1�mk;1uk

	
� c1.v0;w0/

C
�
J1I�R;R

�
�2�i �1�mk;2uk

	
� c1 .Ov0; Ow0/

	i

�" � .2j C 2/ı: (13.143)

Choose ı such that .2j C 3/ı D �, so (13.143) becomes

c2.v1;w1/C c2.Ov1; Ow1/ �
X
ji j�j

h�
J1I�R;R.�2�i �1�mk;1uk/� c1.v0;w0/

	

C
�
J1I�R;R.�2�i �1mk;2uk/ � c1.Ov0; Ow0/

	i
� 2":

(13.144)
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Letting k ! 1 and using the weak lower semicontinuity of J1Ip;q gives

c2.v1;w1/C c2.Ov1; Ow1/ �
X
ji j�j

�
J1I�R;R.�2�i Nu1/� c1.v0;w0/

CJ1I�R;R.�2�i Nu2/� c1.Ov0; Ow0/
� � 2": (13.145)

Now let R ! 1, then j ! 1, and finally " ! 0, yielding (13.114) and 2o(a) of
Theorem 13.38.

To complete the proof of Theorem 13.38, note that 2o(b) follows as usual from
2o(a) as in earlier arguments. Likewise, 2o(c), (3o) follow from 2o(a) and standard
maximum principle arguments exploiting the fact that all constraints in the definition
of Ym are pointwise constraints. The proof of Theorem 13.38 is complete.

Remark 13.146. Another class of solutions of (PDE) on R
2 � T

n�2 that it is natural
to seek is the class of solutions that approach two transition solutions as obtained
in Theorem 6.8 corresponding to different values of m as x2 ! ˙1. Whether
such solutions exist remains an open question. Likewise, based in the results of
Chapters 6–11, there is a rich variety of other possible x2 asymptotics for solutions
that one could pursue. Existence for all of these cases remains unknown.
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