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Preface

This memoir is an outgrowth of earlier work of Moser and of Bangert on solutions
of a family of nonlinear elliptic partial differential equations on R” and of research
of the authors on an Allen—Cahn PDE model of phase transitions. The simplest
example of the class of equations studied by Moser and Bangert is

— Au+ F,(x,u) =0, xeR", (PDE)

where F is periodic in all of its arguments. Our earlier work was for equations of

the form
—Au+ G, (x,u) =0, xeR? (AC)

where G is a double-well potential, e.g., G(x, u) = a(x)u*(1 — u)?> with a(x) > 0
and 1-periodic in the components x;, x, of x. The behaviors of F' and G in u are
rather different. However, the study of solutions of (AC) that lie between 0 and 1 can
be reduced to a similar study for (PDE). Namely, taking G restricted to R? x [0, 1],
extending it evenly and 2-periodically about # = 0, and rescaling the u variable
yields an equation of the form of (PDE).

Moser initiated the study of a much more general family of equations than
(PDE). His goal was to establish a version of the theory of Aubry and of Mather
on monotone twist maps for partial differential equations. Toward that end, Moser
and then Bangert studied solutions of their equations that possessed two additional
properties: a certain minimality in a variational setting, and a so-called “without self
intersections property” that will be explained later.

The goal of this monograph is to develop and study the rich structure of the
set of solutions of the simpler model case (PDE), which both contains our earlier
work on (AC) and expands the work of Moser and Bangert to include solutions that
merely have local minimality properties. Minimization arguments are an important
tool in our investigations. We begin in Part I by following Moser and using
minimization arguments to obtain an ordered family of solutions of (PDE) that are
1-periodicin x, ..., X,. Suppose there is a gap, i.e., no other members of this class,
between a pair of such periodics. Then an ordered family of heteroclinic solutions
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in x; (and periodic in x», ..., x,) between the pair are obtained by minimizing a
“renormalized functional” associated with (PDE). Such basic heteroclinic solutions
were originally obtained by Bangert. His argument was based on Moser’s work
and was not variational in nature. Our minimization approach is crucial for the
construction of more complex solutions of (PDE) that, in the language of dynamical
systems, shadow (or are near) formal concatenations of the basic heteroclinic states.
These new multitransition solutions of (PDE) defined on R x T"~! are studied in
detail in Part II. They are obtained as local minima of the renormalized functional
via a constrained minimization problem.

Whenever there is a gap between a pair of the basic heteroclinics in xi, a
second renormalized functional can be introduced and used to obtain ordered
families of heteroclinic solutions in x, between them. The existence of such
solutions by nonvariational arguments was also originally carried out by Bangert.
The minimization approach to this new family of basic solutions of (PDE) is given
in Part I. Lastly, it is used in Part III to construct further solutions of (PDE) defined
on R? x T"=2 that shadow formal concatenations of the heteroclinics in x;.

We thank Sergey Bolotin and Misha Feldman for many helpful conversations.

October, 2010 Paul H. Rabinowitz
Edward W. Stredulinsky
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Chapter 1
Introduction

The goal of this memoir is to study the partial differential equation
—Au+ F,(x,u) =0, xeR",
where F satisfies
F € C*(R" xR, R) (Fy)

and

F is 1 — periodic in xy, ..., X, and in u. (F»)

Conditions (F)—(F>) can be combined into the more concise condition

F € C3(T" R), (F)

where ']I*n+1 — Rn-&-]/zn—i-l.

The equation (PDE) is a special case of a much larger class of quasilinear elliptic
partial differential equations studied by Moser [1] and by Bangert [2]. Seeking a
codimension-1 analogue of results of Aubry [3] and of Mather [4] for monotone
twist maps, Moser studied solutions u of (PDE) that were (i) minimal in the sense
of Giaquinta and Giusti [5] and (ii) without self-intersections, or WSI for short. To
explain (i)—(ii), set

1
L(u) = E|vu|2 + F(x,u),

the Lagrangian associated with (PDE), and
L(u) = f L(u)dx.
R7
Then calling # a minimal solution of (PDE) means

Lw+¢)—Lw) >0 (1.1)

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 1
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_1, © Springer Science+Business Media, LLC 2011



2 1 Introduction

for all g € Wl(l)’cz(R”) having compact support. Thus by (1.1), for any bounded
domain Q C R” with 02 a smooth manifold, # minimizes £ over the class of
Wléf(R”) functions v such that v = u on R” \ Q. Condition (ii) means that for each
j €Z"and j,4+1 € Z,u(x+ j)—u(x)— j,+1 does not change sign on R”, i.e., there
do not exist y,z € R" suchthat y —z = j € Z"\{0} and u(y) — u(z) = j,+1 € Z
unless u(x + j) = u(x) + j,+; forall x € R".

Moser [1] and then Bangert [2] obtained a great deal of information about
solutions of (PDE) that are minimal and WSI including the existence of elementary
periodic solutions [ 1] and basic heteroclinic states that connect neighboring periodic
solutions [2]. Our main goal in this memoir is to show that in addition to these
solutions, there is an enormous number of additional more complex homoclinic
and heteroclinic solutions of PDE that are “near”, or in the language of dynamical
systems, shadow formal concatenations of the basic states. These new solutions are
not minimal and may not be WSI, but they possess a local minimality property. One
of our motivations for seeking such solutions stems from an Allen—Cahn model of
phase transitions that can be viewed as a very special case of (PDE) and for which
these additional solutions represent possible phase-transition states.

To explain these statements, we begin by summarizing some of the work of
Moser. In [1], he showed (in much greater generality):

Theorem 1.2. If F satisfies (F1)—(F>) and u is a solution of (PDE) that is minimal
and without self-intersections, there is an o = a(u) € R" such that

lu(x) —a - x| (1.3)
is bounded on R".

The n-tuple « is called the rotation vector of the solution u. In the simplest case
of = 0, u is bounded. Moser also proved:

Theorem 1.4. For each € R", there is a solution v of (PDE) that is minimal and
without self-intersections such that a(v) = f.

For example, for « = 0, such a v is obtained by minimizing

Jo(u) = /” L(u)dx

over

Io={ue Wkl)f(R") | u is 1-periodic in xy, ..., X, }.

An analogous minimization argument produces v for « € Q". See Chapter 5.
Suppose now that o« =0. Except for Chapter 5, this is the case that we will
study. Set
Co = inf Jo(u) (15)

u€ly
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and
Mo ={u € I'o | Jo(u) = co}.
Moser further proved:
Theorem 1.6. My is an ordered set, i.e., if v,w € My, then v(x) = w(x),

v(x) < w(x), or v(x) > w(x) forall x € R".

Since by (F2), u € My implies u + j € My for any j € Z, Theorem 1.6
implies that either there is a continuum of members of M that join u and u + 1
and therefore M foliates R"*! or there is a gap in M given by a pair of adjacent
members vy, wg € My with vy < wy. We will refer to v, wy as a gap pair. In the
presence of such a gap pair, M, merely laminates R"*!. Of course whenever there
is one gap pair vg, wy, there are infinitely many, namely vo + j, wo + j for any
j €.

Assuming this gap condition, e.g. given by vo < wp, Bangert [2] showed that
there is a solution U; of (PDE) that is minimal and WSI and that is heteroclinic
from vy to wyp in x; and periodic in x3, ..., x,. Thus U; € C%(R x T*1). Likewise
there exists a solution U | of (PDE) that is minimal and WSI and that is heteroclinic
in x; from wy to vy. For these results, x; can be replaced by x;, 2 <i < n, and even
by any direction jje; + -+ + j,e,, where ey, ..., e, is the usual Euclidean basis in
R" and j € Z" \ {0}. The periodicity conditions in the remaining variables can also
be generalized. See Chapter 5.

For j € Z and k € N, set r}‘u(x) = u(x — jey). Staying in the simplest setting,
suppose U is as above. Then 7! ;U1 is also a solution of the same type, and Bangert
further proved the set of such heteroclinic solutions is ordered. Thus

Uy <t ,U. (1.7)

More generally, when u < rllu, we say that u is 1-monotone in x| and when
(1.7) holds, we say that U is strictly 1-monotone in x,. As above, either the region
between U; and !, U in R"*! is foliated by such solutions or there is a gap given
by, e.g., an adjacent pair of solutions v; < w; lying between U; and tllU 1. When
such a gap is present, Bangert showed that there is a solution U, of (PDE) that
is minimal and WSI and that is heteroclinic in x, from v; to w; and I-periodic
in x3,...,x,, 50 Uy € C*(R? x T"2). Likewise there is a U, heteroclinic in x,
from w; to v;. Continuing in this fashion with further observations about ordered
sets of solutions and gap conditions, Bangert found more complicated heteroclinic
solutions of (PDE) that were minimal and WSI.

Variants of what was just described for « = 0 hold equally well for any o € Q"
and will be discussed in Chapter 5.

In the theory of dynamical systems, when one has families of basic solutions like
{r} Ui,tiU; | j.k € Z} fori = 1,2,...,n, one can often find further homoclinic
and heteroclinic solutions of the associated equations that shadow phase shifts of
the basic solutions, i.e., are near them in some sense. The simplest examples in our
setting are solutions of (PDE) in C2(R x T"~!) that are homoclinic to vy in xj,
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near a phase shift of U; for large negative x; and near a phase shift for U, for
large positive x;. Similarly, given U, and U, one can seek solutions of (PDE) in
C?(R? x T"2) that are homoclinic to v; in x5, and have shadowing properties as
above. Such solutions obtained by variational arguments have also been referred
to as multibump solutions in the literature, but the terminology “multitransition
solutions” seems more appropriate here. Thus the above homoclinics to vy are
2-transition solutions, and one can seek analogous 2k -transition homoclinics to vy
(orto wy, v, or wy) as well as (2k +1)-transition heteroclinics from v to wy, etc. The
construction of such solutions is one of our main goals. In general these solutions
will not be minimal and without self intersections although they will possess a local
analogue of the minimality property (1.1).

Existence mechanisms to find such shadowing solutions have been developed
in the settings of both dynamical systems and partial differential equations using
constrained minimization arguments. See, e.g., Mather [6] for the dynamics case
and [7, 8] for PDE results. For example, Mather [6] used such methods in his
extensions of Aubry—Mather theory. There has also been a great deal of work using
other variational approaches to find multitransition solutions for dynamical systems
and partial differential equations. See, e.g., Séré [9, 10], who initiated work of this
nature for dynamics problems and also Coti Zelati and Rabinowitz [11, 12]. The
construction by Bangert [2] of the basic heteroclinic solutions that was mentioned
above is not variational. Therefore before attempting to use minimization methods
to find multitransition solutions of (PDE), a variational approach to obtain the basic
heteroclinic solutions is needed. This is the main goal of the first part of this memoir.
Work toward this end was initiated in [13, 14] for the case of @ = 0 under the further
hypothesis that

Fiseveninxi,...,x,. (F3)

This spatial reversibility condition yields functionals that are nonnegative and that
can be analyzed much more simply than without (F3).

Here we will drop (F3) and in Chapter 5 also handle general « € Q". In doing
so, use will be made of some of the tools of [13, 14] and even more so of those
developed in [7, 8], which considered an Allen—Cahn model of phase-transitions.
In fact, our interest in (PDE) is an outgrowth of [7, 8] and earlier work on such
phase- transition models by Alama, Bronsard, and Gui [15] and Alessio, Jeanjean,
and Montecchiari [16, 17]. In [7,8, 16, 17], model problems of the form

—Au+G,(x,u) =0, xeR? (1.8)

were studied. Typically G is a double-well potential, e.g.,
G(x,u) = a(x)u*(1 —u)?, (1.9
with a(x) > 0 and 1-periodic in x|, x. Thus u = 0 and ¥ = 1 are minima of

G and solutions of (1.8). Of interest are further solutions of (1.8) that lie between
0 and 1 and are asymptotic to these basic states. Due to its definition in (1.9), G
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is rather different from F in (PDE). However, if G2y, is extended evenly in

u to R? x [—1, 1] and then made 2-periodic in u, the resulting function G satisfies
(F1—F,) (with period 2 in u rather than 1). For some other work on Allen—Cahn
model equations, including results about cases not considered here such as nonpe-
riodic dependence of F on x and irrational ¢, see, e.g., Alessio and Montecchiari
[18-20], Bessi [21,22], and de la Llave and Valdinoci [23, 24].

More generally, by their very nature, solutions of phase transition problems
are heteroclinics or homoclinics for the associated differential equations. Thus
the relatively simple equation (PDE) with its rich variety of solutions serves as a
paradigm for the study of spatial phase-transition problems.

To outline what we will do here, beginning with the case of o =0, in Chapter 2
the function spaces and functional that will be used to find the basic heteroclinic
solutions like U; and U, will be introduced and their properties developed.
Unfortunately, the natural functional to use to treat (PDE) in general is not bounded
from below on any reasonable class of admissible functions. Therefore a new
renormalized functional is introduced to overcome this difficulty. Then in Chapter 3,
minimizing the renormalized functional establishes the existence of the basic
heteroclinics. The relationship between the solutions of (PDE) obtained here by
variational methods and those discovered by Bangert [2] will also be clarified. To
obtain heteroclinics like U,, U, and their higher-dimensional counterparts in the
most precise way, an induction argument should be employed. However, unlike
the U, case, at the level of U, and higher, one has to deal with integrals over
noncompact domains, and more technicalities are involved. Therefore the induction
should begin after one has obtained U, and U,. The existence of U,, U, will be
carried out in Chapter 4, mainly by indicating the changes needed in the framework
of Chapters 2-3 to do so. Then Chapter 5 discusses how to modify the tools
and constructions of the previous sections to extend the earlier results in three
ways. In Section 5.1 higher-dimensional basic solutions defined on R¥ x T"*
are constructed. Then in Section 5.2 we find additional sets of basic solutions for
the settings of Chapters 2—4 and Section 5.1. Finally in Section 5.3, the case of
a € Q"\{0} in the contexts of Sections 5.1-5.2 and the earlier chapters is treated.

Parts II and III of the memoir employ the basic solutions of Part I to construct
shadowing or multitransition solutions on R x T"~! and on R? x T"~2 respectively.
Several comparison results that will be useful for this purpose are obtained in
Chapter 6 and then used in Chapter 7 to establish the existence of infinitely many
two-transition solutions defined on R x T"~!, lying between v, and wy, homoclinic
to vy, and shadowing phase shifts of U; and U,. In Chapter 8, we extend the
results of Chapters 6—7 on 2-transition homoclinic solutions of (PDE) in the gap
between vy and wy to k- and oo-transition homoclinic and heteroclinic solutions.
While this can be done by a direct generalization of the methods used for the
simpler case, we introduce another more geometrical construction in the spirit
of [7, 8]. Chapters 9-10 study 2-transition solutions of (PDE) which are strictly
I-monotone in x; (in the sense of (1.7)). Assuming that we have an ordered pair
of gap pairs vo < wy < » < w, in Chapter 9 the existence of infinitely many
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heteroclinics strictly 1-monotone in x; from vy to w is established. Such solutions
are present even if the region between wy and ¥ contains continua of periodics
or of heteroclinics. Several technical results that are required in Chapter 13 are
also proved in Chapter 9. Then Chapter 10 shows how to extend the results of
Chapter 9 to find k-transition solutions of (PDE) that are strictly l-monotone in x;.
Part II concludes with Chapter 11 where a study is made of solutions with behavior
intermediate to those of Chapters 6-10. Thus we treat cases in which there are
multitransition solutions of (PDE) on R x T"~! that neither are 1-monotone in x;
nor lie in a gap in M. This requires ideas from the regularity theory of variational
inequalities, and we are indebted to Misha Feldman for his essential contributions
here.

There are natural analogues of the results of Chapters 6-11 in the context of
solutions on R? x T"~2, However, we do not pursue them in Part III, but rather
study two cases that involve new phenomena. In Chapter 12, our main interest is in
the construction of solutions of (PDE) that are in a sense concatenations in x, of
an infinite number of phase shifts of U,, are strictly 1-monotone in x; and x,, and
are heteroclinic from vy to wy in both x| and x,. This involves in part a monotone
rearrangement argument that is of independent interest. Then lastly, in Chapter 13,
we again study the existence of solutions of (PDE) that are strictly 1-monotone in
x1 and x, but now are heteroclinic in x, between a pair of solutions of (PDE) that
are 1-monotone in x; and are of the type obtained in Chapter 9. This final case is
the most technically demanding one that we treat.



Part I
Basic Solutions






Chapter 2
Function Spaces and the First
Renormalized Functional

Suppose My is as in the introduction, and the gap condition
there are adjacent vy, wy € My with vy < wy (o

holds. Our goal is to show there are solutions of (PDE) heteroclinic in x; from vy
to wy and 1-periodic in the remaining variables. This requires introducing a class of
admissible functions and an appropriate functional on this class whose minima will
be the desired solutions of (PDE). As a first attempt, take the class of Wléf (RxT*1
functions that are asymptotic to vy and wp as x; — F00 in some reasonable way and

minimize / L(u)dx 2.1
RxT?—!

over this class. By writing u € Wl(l)'cz(]R x T"~1), we mean that u(x + ¢;) = u(x),
2 < i < n. Unfortunately, this functional may not be bounded from below. In
addition, if F > 0 on T”*!, the functional will be infinite for any admissible «. Thus
a more careful approach is required, and the functional in (2.1) must be modified.
Such a “renormalized” functional that is bounded from below will be introduced.
Toward that end, let v, w € My, v < w, and define

T = fl(v, w) ={ue WI’Z(R x T Y v <u<w.

loc

Fori € Z,setT; = [i,i + 1] x T""'. Now foru € T’y and i € Z, define

Ju(w) = f Lwdx —c

T;

with ¢y as in (1.5). For p,q € Z with p < g andu € Ty, set
q
Jl;pvq (”) = Z Jii (”)
i=p

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 9
Progress in Nonlinear Differential Equations and Their Applications 81,
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10 2 Function Spaces and the First Renormalized Functional

It is easily seen that Ji;,,(u) is bounded from below, but its lower bound may
depend on g — p. The next result helps us obtain a better lower bound.

Proposition 2.2. Let ¢ € N" and

To(€) = {u € W 2R | u(x + ie;) = u(x), 1 <i <n)}.

loc

Set

[l [n

JE(u) =/ / L(u)dx

0 0
and

_ 4

co(l) = uelg)f(z) Jo (). (2.3)

Then

Mo(£) = {u € To(€) | J5 (u) = co(£)} # 0.
Moreover, My(£) = My and ¢o(£) = (T} £i)co-

Proof. The proof of Proposition 2.2 is contained in Moser’s work [1]. Some of
the arguments will be required repeatedly in this paper, so it is convenient to give
the proof in the current simple setting. Since J(f is weakly lower semicontinuous
on I'y(€), My(£) # @. Moreover, standard elliptic regularity arguments show that
u € My(£) implies that u is a classical solution of (PDE).

Next it will be shown that M (€) is an ordered set. If not, there exist v, w € My (£)
and &, € []'_, (& T") such that v(§) = w(£) and v(n) < w(n). Set ¢ = max(v, w)
and ¢ = min(v, w). Then ¢, ¥ € Ty(£) and

JE(@) + JE (W) = JE ) + JE(w) = 2¢o(0). (2.4)

Since
Jo (9), 5 (¥) = co(0),

(2.4) implies J(f(go) = J(f(W) = co(£), so ¢, ¥ € My(£). Therefore ¢ and Y are
classical solutions of (PDE) with ¢ > v, (&) = v (§), and ¢(n) > ¥ (). Thus
f = ¢ — ¥ > 0 and satisfies the linear elliptic partial differential equation

—Af +af =-bf, xeR", (2.5)
where a = max(4,0), b = min(4, 0), and

Fy(x, 9(x)) — Fu(x, ¥ (x))
A= p(x) = ¥ (x)

Fuu(x’(p(x)) 1f</’(x) = 1ﬂ(x)

if o(x) > ¥ (x),
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Since @ > 0 and b < 0 are continuous, the elliptic maximum principle applies to
(2.5) and shows that either f = 0 or f > 0in R". But f(§) = 0and f(n) > 0, a
contradiction. Hence no such v and w exist and My (€) is an ordered set.
Now to prove the final assertions of Proposition 2.2, let u € My(£). If each
u € My(€) satisfies
ulx +e)=ulx), 1<i<n, (2.6)

then Mo(€) = My and ¢o(€) = ([]72, €i)co. To verify (2.6), suppose u € Mo(¥£).
Since u(x +¢;) € Mo(£),i = 1,...,n, and My(¥) is ordered, either (2.6) holds or

(1) u(x +¢) >u(x) or (i) u(x +e;) <u(x) 2.7
for each i. Butif (2.7) (i) is satisfied,

u(x) = u(x +Lie;) > - > u(x + e;) > u(x),
a contradiction. A similar argument when (2.7) (ii) holds shows that (2.6) is valid,

and the proposition is proved.
Now a better lower bound for Ji;, 4 (1) can be obtained.

Proposition 2.8. There is a constant Ky > 0, depending on v and w but
independent of p,q € Z and u € 'y, such that

Jipg (u) > =K.

Proof. Letu € ). Then
1 2
Jip(u) = §|V(u—v)| + V(u—v)-Vv
TP

1
+§|Vv|2 + F(x,u) — F(x,v) + F(x,v)) dx —co

1
E||V(u — v)||2Lz(Tp) + [T (V(u—v)-Vv+ F(x,u) — F(x,v))dx.

2.9
Now
/ (F(x,u)—F(x,v))dx < M1||W—v||Loo(T0), (2.10)
TI’
where M| = maxq+1 |F,(x,u)|. Also
av

/ V(u—v)-Vvdx = (u—v)—dS—/ (u—v)Avdx, (2.11)

T, aT v T

P P P
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where v denotes the outward-pointing normal. Since u € fl and v is a solution of
(PDE),

/T (u—v)Avdx

f ||Fu(-’v)||Lo<>(Tp)/ (W—V) dx S Mlllw_v||L°°(To)~
TP

(2.12)

The boundary term in (2.11) can be estimated by

av v
(M—V)—dS <2 H— ||W_V||L°°(T0)~ (2.13)
or, v 0x1 LOo(Ty)
Combining (2.9)—(2.13) yields
1 2

Jl,p(u) — EHV(M — V)”LZ(T],) < M2||W — V”LOO(TO), (2.14)

where M, = 2M, + 2”% | Lo (7). This proves Proposition 2.8 forqg = p, p + 1,
or p +2 with Ky = 3M,||lw —v||zoo(r,). Thus suppose that g > p + 2. Define y via

v, X1 = p,
x1—=pu+(p+l-x)y, p=<xi<p+l,

X =1u, p+1<x <gq, (2.15)
(x1=qv+ (g +1—x1u, g<x1<qg+1,
v, qg+1=<x.

Then y extends naturally to i"\l asa (¢ + 1 — p)-periodic function of x;. Hence by
Proposition 2.2,

0= Ji;pq00) = J1,(0) + Ji;pt+14-10) + J14(0),

or
Jl;p+1,q—l(u) = _Jl,p(X)_Jl,q(X)~ (216)

Next observe that
r—v=@-pu—-v), p<xi=p+1,

SO

0
VO =01 = (o= p2 IV =) + (= v)? +2(x1 — p)(u — M@=

d
= (x1 — p)’IVu—v)]* + a_((x‘ - p)u—v)?
xi
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and

2 2
IV(x — V)||2LZ(T,,) < |IV(u— V)HLZ(T,,) + [lw— V||L°°(T0)'

Hence by (2.14) and (2.17),

1 1
Jip () = SV - WZzr,) + Mallw = vizoe() + Slw— VlIZ oo -

Finally,

Jipg@) = J1p W) + Jip+19-1() + J14(u)
> —4M,||w — vl Loo(zy) — [lw = Voo )

= —Kl.

Remark 2.20. Tfv =voand w = wy, ||[w —v|reo(r) < 1.

(2.17)

(2.18)

(2.19)

The lower bound for Ji;, 4 (1) provided by Proposition 2.8 suggests defining

Ji(u) = lim Jl;p,q(u)
p—>—00
q—>00

for u € Ty. For J; so defined, there is also an upper bound for Jy;, 4 (u):

Lemma 2.22. [fu € T and p.q € Zwith p <gq,
Jl;,,,q(u) < Ji(u) + 2K;.
Proof. By (2.21) and Proposition 2.8,

Ji(u) = lim Jl;s,p—l(u) + Jl;p,q(”) + lim Jl;q+1,t(”)
=00

§—>—00

A%

J];p.q(u)—2K1.
Define
r=ri(v,w) E{u el | lu = vl 2¢7,) = 0,i — —o0,

lu—=wlp2ry) = 0,i — oo}

2.21)

(2.23)
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Fortunately, the expression for J; simplifies when we are dealing with u € I'y, since
the lim’s in (2.21) become limits. The next result shows this and more:

Proposition 2.24. Ifu € T’y and J, (1) < oo, then

Jri(u) =0, [i] = oo, (2.25)
”Tli” — Vw2 — 0, i = —o0, (2.26)
||Tli” —wllwray — 0, i — oo, (2.27)

Jiw) = lim_ Jy.,, ). (2.28)

p—>—0Q
q—>00

Proof. By (2.23) with p = ¢ = i, J;; (1) is bounded from above independently of
i € 7. Hence by (2.14), |V(zL,u — V)|l 22(zy) 1s bounded independently of i € Z.
Since

el =Vl 2y < W —vllLoo ()., (2.29)

tl.u — v is bounded in W!?(Ty). Therefore there is a ¢ € W'2(Ty) such that
thu—v — ¢ weakly in W!?(Tp) and strongly in L*(Tp) for a subsequence of
i’s > —oo. But since ue Ty, [|tL,u — vllp2(ry) — 0asi — —oo. Hence ¢ = 0,
and it readily follows that t!,u — v weakly in W'2(T) and strongly in L*(Tp) as

i — —oo along the full sequence. By the weak convergence in W 1-2(Ty),
/ Vy- V(rll-u —v)dx -0, i > —o0,
To
and by the convergence in L?(Tp),
(F(x, riiu) — F(x,v))dx - 0, i — —o0.
To
These observations and (2.9) show that

1
lim Jy;() = lim S|V(lu—=v)7sq, =0 (2.30)

i——00 i—>—00 2

If lim;, , Ji;(u) is positive, J;(u)=o00, contrary to hypothesis. Hence
lim; , . Ji,(u) = 0. Providing a similar argument for i — oo, (2.25) follows

with lim replaced by lim. Then (2.30) yields (2.26)—(2.27) along a subsequence.
Next it will be shown that

() lim Ji,0() and (i) lim Jy.,(u) (2.31)
p—>—00 q—>00

exist. Then (2.25) and (2.28) are valid, and returning to (2.9) again shows that
(2.26)—(2.27) hold. A slight variant of an argument from [7] — see also Bosetto and
Serra [25] — will be employed.
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Their proofs being the same, the existence of (2.31) (i) will be verified. Set
P={peZ|p<0 and J;,(u) <0}

If P is a finite set, Ji;,0(u) is a monotone nondecreasing sequence with
Ji;po(u) < Ji(u) + 2K;. Hence (2.31) (i) follows. If P is infinite, (2.9) shows that

lim |
i—>—00,i€P

|Tli” —vllwi2q) = 0. (2.32)

Suppose Ji;,,0(u) does not converge as p — —oo. Set

0= dim T, €= Tim_ Jipo),
p—>—00 p—>—00

s0o—K; < £~ < £*.Choose
0<e< (@t —t7))5. (2.33)

The following technical lemma is useful at this point.

Lemma 2.34. Forany y > 0, there isa § = §(y) > 0 such that if u € T1(v,w),
P.q € Z, with p < q and

||I/t — V”WI,Z(T/,) < S or ||l/l — W”WLZ(TI.) < ) (235)

for j = p and q, then
Jip+1q-1(u) = —y. (2.36)

Assuming Lemma 2.34 for the moment, choose y = ¢ and § = §(¢). By (2.30)
and (2.32), there is a py € P such that

Jip(u) > —¢ for all p < py,
() 2 p=po (2.37)
||Tlp” —Vlwiagy <8, p = po.p€P
Hence by Lemma 2.34,
Ji;p+1g-1(u) = —e, (2.38)

whenever p,q € P and p < g < py. Choose sequences (px), (gx) C —N such that
qr+1 < pr < qk < po and

Jipeo) = €73 Jigow) = €7, k — oco. (2.39)

Therefore there is a ko such that for k > ko,

Jipo) <€ 46 Jigow) = €1 —e. (2.40)
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Next let g be the largest ¢ € P such that ¢ < gx and let Py be the smallest p € P
such that p > pi. Then
~ (u)=0 (2.41)

J
L pk.pk—1

(where this term is not present if px = py). Thus by (2.40),

Jl;}?k,o(”) <{ +e. (2.42)
Similarly
Jio i1y (02 0, (2.43)
so by (2.40) again,
Jig 1) = L7 —e. (2.44)

Consequently, by (2.42), (2.44), and (2.33),
_ - +
Jl;?k,’q\k(u) = Jl;?k,o(”) — ‘]1;’({;{+1,0(”) <l 4+e—U"—¢) <—3e. (2.45)
On the other hand, by (2.38),

() > —e, (2.46)

L4151
which combined with (2.37) with p = pi, gx yields

J ~~ (u) > —3e, (2.47)

Lpk.qr

contrary to (2.45). Thus {* = £~ and the proof of Proposition 2.24 is complete
modulo the:

Proof of Lemma 2.34. Suppose, e.g., (2.35) holds with the v term. Take y as in
(2.15). Then (2.16) implies the result, provided that

1o Q0L+ [/14G01 = v (2.48)

But (2.48) follows from (2.35), the form of y, and the continuity of J;; (in
I - lwi2cr,)) fori € Z.

Corollary 2.49. Suppose u € fl(v, w), Ji(u) < oo, and u < t',u. Then either
(i) u € Mo, or (ii) there are ¢, ¥ € My with v < ¢ < ¥ < w such that
ue (. ¥).

Proof. Setu, = rlku. Since J; (1) < oo and by (2.23) (1) is bounded in W 12(Ty),
thereis a ¢ € W12(Ty) such that uy — ¢ as k — —oo along a subsequence, weakly
in W'2(Tp) and strongly in L*(Ty). Since rlluk = up4+1 > uy, the entire sequence



2 Function Spaces and the First Renormalized Functional 17

converges to ¢ in L?(Ty) and 7! ¢ = ¢, ie., ¢ € Ty. If ¢ & Mo, Jo(¢) > co + ¢
for some ¢ > 0. Since J, is weakly lower semicontinuous,

co+e < Jo(p) < lim Jo(uy).

k—o00

But then J;(u) = oo, a contradiction. Thus ¢ and similarly ¥, the weak limit of
1

up as k — oo, belong to M. If ¢ = ¥, u < v_,u implies u = ¢ and (i) holds.
Otherwise ¢ < ¥ and (ii) is valid.

Having established some convergence results for J;, next a compactness property
of minimizing sequences will be studied. It represents, in the current setting, the
analogue of the Palais—Smale condition in other contexts involving critical point

theory and is modeled on similar results in [7].
Proposition 2.50. LetY C T, (v, w). Suppose Y possesses the following property:

(Y}) Letue Y, p € N, and let U be a sequential weak limit (in Wl(])f(R x T"=Y) of
(ux) C Y. Define x, = xp(u, U) by

u, X1 =-p,
Xp=73yU, —p+1=<x1=p,
u, p+1=x,
and extend x, to the intermediate intervals as in (2.15). Then y,(u,U) € Y
for all large p (independently of u).
Define
c(¥) = ;2’5 Ji(u). (2.51)

If c(Y) < oo and (uy) is a minimizing sequence for (2.51), then there is a U € T
such that along a subsequence, uy — U in Wl(l)’c2 (R x T*1).

Proof. Since (uy) is a minimizing sequence for (2.51), there is an M > 0 such that
Ji(ug) < M. (2.52)

By Lemma 2.22, (uy) is bounded in Wkl)'c2 (R x T""). Therefore passing to a subse-
quence, it can be assumed that there is a U € Wl(])‘c2 (R x T"~!) such that uy — U
weakly in Wkl)’cz(]R x T"~1), strongly in L} (R x T"~'), and pointwise a.e. Thus
U e T';. It remains to show that convergence is in Wl(l)'c2 (R x T"1). Fori € 7Z, set

8 = lim Jy;(us) — J1,;(U). (2.53)

§—>00
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Since Jy; is weakly lower semicontinuous, §; > 0. By Proposition 2.8,
Lemma 2.22, and (2.53), for any p € N,

p p
K = Ji—p,(U) = Z (ll_m Ji(us) —31') < lim Jy;—p p(us) — Z&'
§—>00

§—>00

=P -p
V4
< lim Jy(us) + 2K, — ) ;. (2.54)
Jim 1(ug) 1 Zp:
Therefore by (2.52) and (2.54),
> 8 <M +3K,. (2.55)
i€Z

Consequently 6; — 0 as |[i| — oo. Next observe that by (2.53), (2.9), and the
convergence already established for uy,

I .
i = 5 lim (I =g, = 1YW =) Esr)). (256)

S—>00
Since

IVt = Uy =1Vt =gy + VU =)o

- 2/ V(ug —v)- V(U —v)dx,

T;

§—>00

§—>00

Thus combining (2.56)—(2.57) yields

§—>00
By (Y\), xk.p = xp(ur,U) €Y for large p. Therefore
c(9) < N1(xkp) = Ji5—00—p (i) + J1;— p1.p—1(U) + J1;p.00 (uk)
+ Jl,—p(Xk,P) - Jl,—p(”k) + Jl,p()(k,p) - Jl.p(”k)~ (2.59)

Passing to a subsequence of (uy) for which (2.58) holds as a limit, it follows that
there is an o, — 0 as p — oo such that

[J1.—p(Xk.p) = J1—p @) | + [J1p ke p) — J1p ()] < o (2.60)
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for k > ko(p). Thus by (2.59)—(2.60),

c() = N(u) + Ji—pr1p—1(U) = Ji,—pi1p—1 (ux) +

p—1
< D@) + Hm Ty po1 () = Jiimprpot () — Y 8 + . (2.61)
§—>00 —
Letting k — oo gives
p—1
Z 8 <a,, (2.62)

—p+1

and then letting p — oo shows that §; = 0 for all i € Z, completing the proof of
Proposition 2.50.

Remark 2.63. For the results of Chapters 3-5, the choice of Y is such that a milder
version of (Yll) suffices: There is an R > 0 such that whenever u € Y and y € T 1
with y(x) = u(x) for |x;| > R, then y € Y. However, for the results of the later
sections involving multitransition solutions, the sets Y used there involve additional
integral constraints. These constraints are also satisfied by the weak Wkl)’c2 limits of
sequences of Y, and the full strength of (Y}') is needed for these settings.

In applications of Proposition 2.50 in later sections, the members of Y will satisfy
some asymptotic conditions as in the definition of I';. The convergence of u to U is

merely in Wkl)’cz, (R x T"~!) so a priori U need not possess this asymptotic behavior.

Consequently, U may not belong to Y. Nevertheless, if an additional condition is
satisfied by the minimizing sequence, U will satisfy (PDE), as the next result shows.

Proposition 2.64. Under the hypothesis of Proposition 2.50, suppose

(Y)) there is a minimizing sequence (ux) for (2.51) such that for some r € (0, %),
some z € R", all smooth ¢ with supportin B,(z) = {x e R" | |[x —z| < r} and
associated to(p) > 0,

c(¥) < Ji(ux +to) + 6 (2.65)

Sfor all |t| < to(@), where §x = S (p) — 0 as k — oo.
Then the weak limit U of uy satisfies (PDE) in B, (z).

Proof. Suppose (uy) is the minimizing sequence for (2.51) satisfying (2.65). Define
& via
Ji(ur) = c(¥9) + &, (2.66)

so g — 0as k — oo. By (2.69),

c¥) < Ji(u) =c(¥) + e < Ji(ug +to) + 8k + &,
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or
Ji(up) < Ji(ux + o) + 0k + &k (2.67)

Now B, (z) C [p.q + 1] x T"! for some p,q € Z, p < q. Then by (2.67),
Jiipg (i) < Jipq(uk +19) + Sk + e (2.68)

Letting k — oo and using the Wl(l)'c2 (RxT"~1) convergence of uy to U, (2.68) shows
that
Jl;p,q (U) = Jl;p.q(U + l(p),

or

/ L(U)dx 5/ L(U + tp)dx. (2.69)
Br(z) Br(z)

for all smooth ¢ with support in B,(z) and |t|] < #,(¢). Hence standard elliptic
regularity arguments imply that U is a solution of (PDE) in B, (z).

The final result in this section provides a useful tool for comparison arguments
that will be used repeatedly later. For v € My, set

i) ={ue Ty —1,v+ 1) | Ju—vl2m, — 0, |i| — oo}
Remark 2.70. 1t is readily verified that the conclusions of Proposition 2.24 hold for
I'1(v), (2.27) being deleted and (2.26) valid for |i | — oo.
Define
ci(v) = inf Jy(u) (2.71)
u€l;(v)

and set
Mi(v) ={ue ) | Ji(w) = a1(v)}.

Theorem 2.72. If F satisfies (F1)—(F>), then c;(v) = 0 and M, (v) = {v}.
Proof. Sincev € T'j(v) and J;(v) = 0,

c1(v) 0. (2.73)
To obtain the reverse inequality, it suffices to show that

Ji(w) >0 (2.74)

for all u € T'j(v). Thus suppose u € I'j(v) and J;(u) < oo. In the definition of
Xp in (Y}") of Proposition 2.50, replace u by v, U by u, and denote the resulting
function by x,. Thus y, € I'1(v). Set ¢, = Ypl—p—1.p+1)xm—1 and extended as a
(2p + 2)-periodic function of x1. Then ¢, € I'y(£) with £ = (2p 4 2,0,...,0), so
by Proposition 2.2,

0=< Jl;—p—l.p(‘Pp) = Jl;—p,p(‘ﬂp) = Jl;—pﬁp()(p) =J (Xp)- (2.75)
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Now
Jl()(p) = Ji(u) + Jl,—p(Xp) - Jl.—p(u)
+ J1p(p) = J1p(u) = Jis—00,—p—1 () = J1;pt1,00 (1)
= Ji(u) — Ry(u),
so by (2.75),

R, (u) < Jy(u). (2.76)

Now to prove (2.74), it will be shown that R,(u) — 0 as p — oo. By Remark 2.70
and Proposition 2.24, the tails Ji;—co.—p—1(#), J1;p+1,00(1) approach 0 as p — oo
and likewise the differences

Jl;—p(Xp) - Jl,—p(”)v Jl.p(Xp) - Jl,p(”)

goto0as p — oo, since ‘L':ltp)(p, ‘L':ltpu — vin WH2(T,) via (2.26).

Remark 2.77. The above argument holds equally well if v £ 1 is replaced by v &
forany j € N.

It remains to prove that M; (v) = {v}. Letu € M;(v). Thenv—1 <u <v+1,s0
foranyz € R",r € (0, %), ¢ smooth with supportin B, (z), and |7| small (depending
ong),v—2 < u+tp <v-+2.Hence with the aid of Remark 2.77, and u; = u, note
that (Yé) of Proposition 2.64 (with §; = 0) is satisfied. Consequently, u satisfies
(PDE) for all z € R". By (F»), u € M, (v) implies t',u € M;(v). If ' \u = u, u is
I-periodic in x1, and ||u —v||;2(7;) — O as |i| — oo then implies u = v, completing
the proof. Thus suppose u # t!,u. An argument like that of Proposition 2.2 (and
essentially due to Moser [1]) then leads to a contradiction. We claim that

u<tiu or (i)u>r7lu (2.78)

Otherwise, set ¢ = max(u, t',u) and ¥ = min(u, ! ,u). Then ¢ > V¥ and there are
points £ and 7 such that ¢(§) = ¥ (&) and ¢(n) > ¥(n). Note that for any i € Z,

/@@H¢WWM=/@@+Mdmwm
T; T;

or
Jii(@) + J1i(¥) = Jii(u) + Jii(z2 ). (2.79)

Therefore summing over i leads to
Ji(@) + J1(Y) = Ji(u) + Ji(tLu) = 0. (2.80)

Since ¢, ¥ € T'1(v), Ji(p), J1(¥) > 0. Hence by (2.80), ¢, ¥ € M;(v) and thus
they satisfy (PDE). Consequently their difference f = ¢ — ¢ is nonnegative and



22 2 Function Spaces and the First Renormalized Functional

satisfies (2.5). Hence a contradiction as in the proof of Proposition 2.2 obtains,
yielding (2.78). The remaining argument is the same for (i) or (ii) in (2.78), so
suppose (i) holds. Then for all j € N,

t}u<u<tlju. (2.81)

Letting j — oo gives
vV=u=<v, (2.82)

and the proof of Theorem 2.72 is complete.

Remark 2.83. Suppose () holds. Set

T1(vo) = {u € T (vo) | vo < u < wp}

and
Ci(vo) = inf Ji(u).
u€l'y(vo)
Then since T (vo) C T1(vo),
0= c1(vo) <T1(v0) < Ji(vp) =0, (2.84)

80C1(vg) = 0 and likewise

Mi(vo) = {u € T1(v) | J1(u) =T ()} = {vo}

via Theorem 2.72.
Remark 2.85. Suppose condition (F3) holds, i.e., F is even in xy, ..., x,. Then as
was shown in [9],
co= inf Jo(u)
uEW‘-Z([O,l]”)
and any u € M is even in xy, ..., x,. Therefore if u € /fl(vo, wo),

T = [ L(uwdx —co > 0

T;

forall i € Z and J;(u) > 0 on this set of functions. This fact allows us to obtain
several of the results of this section and in the sequel much more simply. See, e.g.,
[13,14] for a treatment of (PDE) under this additional hypothesis.



Chapter 3
The Simplest Heteroclinics

Using the preliminary results of Chapter 2, the existence of heteroclinic solutions of
(PDE) will be established in this section. To formulate the main result, set

c1 =c1(vo,wp) = inf  Ji(u). 3.1

u€T (vo,wo)

Theorem 3.2. If F satisfies (F)—(F>) and (x)y holds,
1° There is a Uy € Ty such that J,(Uy) = cy, ie.,

M] = M](Vo,WQ) = {M (S rl(VQ,Wo) | J](u) = C]} 7é ?;

2° Any U € M satisfies

(a) U is a solution of (PDE);
(b) U —vollc2ry = 0, i — —o0,
U —wollc2ry — 0,1 — oo,
i.e., U is heteroclinic in x| from vy to wy,
(c) vo< U < 'cllU < wy, i.e., U is strictly 1-monotone in x,

3° M is an ordered set.

Proof. Let (u;) C I'y be a minimizing sequence for (3.1). Then there isan M > 0
such that for all k € N,
Ji(u) < M. (3.3)

Since Ji(u) = J; (tllu) for u € Ty via (F;), unless a normalization is imposed
on (uy), it may converge weakly to, e.g., v, yielding no useful information. Thus
normalize uy via

1
/ U dx < —/ (vo + wo)dx 5/ uy dx (3.4)
7 2 Jg, T

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 23
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_3, © Springer Science+Business Media, LLC 2011
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foralli € Z,i < 0, and for all k € N. This is possible by the definition of I'j.
Noting that Y = T'j1(vo, wo) satisfies (Y%) of Proposition 2.50, by that result there is

al, e fl(vo, wp) such that uy — Uj in Wkl)“:z(R x T"~1) along a subsequence that

can be taken to be the entire sequence. By (3.4), for0 > i € Z,

1
/ Uy dx < —/ (vo + wp)dx < [ U, dx, 3.5
7 2, To

so vy # U; # wy. By Proposition 2.8, (2.23), and the weak lower semicontinuity of

Jl;p,q’
- Ky < Jip4U) = M + 2K, (3.6)

for any p < q. Hence
- Ky = /i(Uy) =M + 2K,. (3.7)

To complete the proof, it will be shown that (A) U, is a solution of (PDE), as is
any U € My; (B) U, and any U € M satisfy 2°(b) and 2°(c); (C) J,(U,) = ¢, so
19 holds, and lastly (D) 3¢ is valid.

Proof of (A). For the first statement it suffices to verify (Y;) of Proposition 2.64 for
(ug). Since vo < uy < wy, for ty = to(¢) sufficiently small,

wo—2=<vo—1=<u+1tp <wy+2.

Set fr = max(uy + t@,wp) and g = min(uy + 1@, wo). By Remark 2.77, it can be
assumed that f; € T';(wy). Hence by Theorem 2.72,

Ji(fi) = 0. (3.8)
Since g € T'1(vo — 1, wp), by (3.8),
Ji(gr) = J1(fi) + J1(gk)s (3.9)
and as in (2.79)—(2.80),
J1(fie) + Ji(gk) = Ji(ux + to). (3.10)

Set yx = max(gk,vo) and ¥ = min(gx, vo). Then yx € 'y and ¢ € I'(v), so as
in (3.8)—(3.10),
J1() = L) + I (W) = Ji(ge). (3.11)

Combining (3.9)—(3.11) gives
c1 < Ni(uk) = ¢+ 8 < Ji(xe) + 0 < Ji(uk + 1) + 6, (3.12)

where §; — 0 as k — oo. Thus (Y;) holds and U, is a solution of (PDE). Next
observe that if U € M, the sequence (¢ ), where ¢, = U for all k € N, is a mini-
mizing sequence for (3.1). Hence by what was just shown, U is a solution of (PDE).
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Proof of (B). Suppose that
Uy <t,U. (3.13)

Then since U; € fl(vo, wo) \ {vo,wo} by (3.7), (3.13), and Corollary 2.49,
U, € T'1(vg, wp). Likewise any U € M belongs to I'; (vy, wy). Hence by Proposition
2.24, |lu = vollwr2(r;y — 0 asi — —oo and |lu — wolly127;) — 0asi — oo for
u = U, or U. By (A), u is a solution of (PDE), and by the Schauder estimates, for
any a € (0, 1),u is bounded in C>%(R x T"~'). Hence the W2 asymptotics and
standard interpolation inequalities yield 2°(b).

To verify (3.13), set &, = max(uy, rlluk) and W, = min(uy, rlluk). Then
®;, W, € I'y and as in (2.79)—(2.80),

T @) + 1 (W) = Ji(u) + izl ) = 201 () = 2¢; (3.14)

as k — oo. Therefore ®; and W are also minimizing sequences for (3.1). Using
Propositions 2.50 and 2.64 again together with the fact that max(-,-) and min(, -)
are continuous on Wkl,’cz(]R x T"~1) shows that &y — ® = max(U;,t!,U;) and
U — W = min(U;, 7}, Uy) in W 2R x T" ') as k — oo with ®, ¥ solutions
of (PDE). Since & > W, the maximum principle argument following (2.5) implies
either (i) ® = W or (ii) ® > ¥ on R x T"~'. If (i) occurs, U, is 1-periodic in x, so
U eTyn f‘l. Moreover, as noted earlier, vo # U; # wy. Therefore Jo(U;) > co,
so J1(U;) = oo, contrary to (3.7). Thus (ii) occurs, so either (a) U; > fllUl or
(b) Uy < tll U,. But (a) is not compatible with (3.5) (for i = —1). Therefore (b)
holds and (3.13) is valid. Note also that if U € M; and ®, ¥ are as above with U
replacing Uy, (3.14) with J;(U) = c; shows that ® and W are solutions of (PDE).
Again as above this leads to (a) or (b), and since U € T'j, its asymptotic behavior
excludes (a). Thus any U € M, also satisfies (3.13). The remaining inequalities in
2°(c) for Uy or U € M follow from the maximum principle as in (2.5).

Proof of (C). Since U; € Ty,
Ji(Uy) = c1. (3.15)

An approximation argument will be used to obtain the reverse inequality. By (3.7),
J1(Uy) < oo so Proposition 2.24 implies

||U1 _VOHWLZ(TI') —> 0, I — —0Q,

(3.16)
||U1 - W0||W'-2(T,-) — 0, i - o0.
Set T; = U’jJ;ll_l Tj.Lete > 0.
By (3.16), po = po(e) can be chosen such that if p > p,
U — VO”W‘Q(?_,,) <eg/2. (3.17)
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By Proposition 2.50, there is a kg = ko(p) such that for k > ko,

lux — Unl| y = e/2. (3.18)

WI.Z(?ip

Hence for such k and p,
||k — v0||W1_2(/T\7p) <e (3.19)

Similarly for k > k¢(p), it can be assumed that

|l — wol| <e. (3.20)

WI.Z(?p)
Since u; € T'y, there is a go = qo(k) such that for ¢ > g,
||Mk - VO”wl,Z(’fiq)’ ”I/tk - WO”wl,Z(’fq) =e. (3.21)

Define
ug, x1<p-—1,

wo, p=<x1=<p+1,

Je=u, p+2=<x<qg-1, (3.22)
wo, q=<x1=<q-+1,
e, q+2=<x.

Extend f; to the intermediate intervals as in (2.15). Then by (3.20)—(3.21), there is
a k(&) such that

|J1;p,q(”k) - Jl;p,q(fk)l <k(e) (3.23)

and xk(¢) — 0 as ¢ — 0. The function fk| (pg+1)xT—! extends naturally to a
(g + 1 — p)-periodic function of x;, so by Proposition 2.2,

Ji;pq(fi) = 0. (3.24)
Since
Ji:1.00 () = Jis1,p—1(ur) + J1;p.q (i) + J13g41,00 (), (3.25)
by (3.23)—(3.25),
Jiitoouk) = Jis1p—1 (i) — k(8) + Ji3g+1.00 (Uk)- (3.26)

Letting ¢ — oo in (3.26) and combining it with the analogous estimate for
J1—000 (k) yields
Ji(ug) = Ji—pt1.p—1 (ux) — 26 (e). (3.27)

Thus letting k — oo and using Proposition 2.50 again shows that

c1 = Ji—p1p-1(Ur) — 2k (e). (3.28)
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Lastly, letting p — oo and then ¢ — 0 gives
c1 = Ji(Uy). (3.29)

This with (3.15) completes the proof of 1° of Theorem 3.2.
Proof of (D). Let V,W € M, and set ® = max(V, W) and ¥ = min(V, W). Then

JU(®) + J1(V) = J1(V) + J1(W) = 2¢1, (3.30)

so by the argument of the end of (B), ®, ¥ € M, with ® > W and either ® = W, in
whichcase V= W,or ® > W, andthen V' > W or W > V. The proof of Theorem
3.2 is complete.

Remark 3.31. Reversing the roles of vy and wy, there is also a solution of (PDE)
heteroclinic in x; from wy to vy and periodic in xp,...,x,. Using the natural
notation, it lies in

Mi(wo, vo) = {u € I'1(wo, vo)[J1(u) = c1(wo, vo)}.
Next we will give another characterization of ¢;. For that purpose, set
81 ={u€f1|u§rllu and vy # u # wp}.

Corollary 3.32.
Ccl1 = inf Jl(l/t)

UES |

Proof. By Corollary 2.49, {u € 8 | Ji(u) < oo} C I'1. Therefore

=)

= inf Ji(u) > c;.
ues|

But by Theorem 3.2, U € M, implies U € 8;,s0 J;(U) = ¢; > s. Hence s = ¢;.

Remark 3.33. An examination of the proof of Theorem 3.2 shows that assertions
2°-3¢ do not require ()q directly but merely that M; % @. Next we will show that
()o is both necessary and sufficient in order that M; # @.

Theorem 3.34. Suppose F satisfies (F1)—(F3), and v,w € My with v # w. Then
M, (v, w) # @ iff v and w are adjacent members of M.

Proof. The sufficiency follows from Theorem 3.2. Thus assume M (v, w) # @ with,
e.g., v < w. If v and w are not adjacent members of My, there is a u € My with
v < u < w Let U € My(v,w). Then f = min(u,U) € I'i(v,u) and
g = max(u, U) € T'y(u,w), so as in (2.79)—(2.80),

civ,u) +ci(u,w) < Li(f) + Ji(g) = Ji(U) = ci1(v.w). (3.35)
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We claim that there is strict equality in (3.35). Otherwise,
e=ci(v,w)—ci(v,u) —ci(u,v) > 0.

With o free for the moment, choose ¢ € I'1(v, ) and ¢ € I'j(u, w) such that

lo —ullwizgy <o, i >0,
(3.36)

IV —ullwroq,) <o, i <1,

and
Ji—0—1(p) < c1(v,u) +¢/3,

Ji100(¥) < ci(u,w) +&/3.

(3.37)
This is possible since & € T'j(«, B) implies tljh € I'i(a, B) forall j € Z. Set

x = = (3.38)

with the usual interpolation in between. Choose ¢ so small that
Jio(yx) <e/3. (3.39)
Then by (3.37)—(3.39) and the choice of ¢,
Ji(y) < c1(v,w). (3.40)

But y € I'i(v,w), so (3.40) is impossible. Hence there is equality in (3.35), so
f e Mi(v,u) and g € M;(u, w). Therefore by Remark 3.33, f and g are solutions
of (PDE) and v < f < u. But f = u for large xi, a contradiction. Consequently
Mi(v,w) = @.

Remark 3.41. Theorem 3.34 does not exclude the possibility of there being a
solution of (PDE) heteroclinic in x; from v to w with v and w nonadjacent members
of M. Indeed, such heteroclinics will be constructed in Chapter 9. Theorem 3.34
simply prohibits such solutions from being minimizers of J; in I'y (v, w).

The next result shows that the gap condition (%), depends continuously on
F. First some notation is needed to deal with multiple functions and functionals
associated with (F})—(F3>). Suppose H satisfies (F;)—(F;). For u € Ty, set

I (u) :An (%|Vu|2 + H(x,u)) dx;

co(H) = inf J (w:
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and
Mo(H) = {ue Ty | Jf' () = co(H)}.

When () holds for H, an associated gap pair will be denoted by vo(H ), wo(H ).

Proposition 3.42. Let F satisfy (F1)—(F>). If (x)o holds for F, there is an ¢ such
that if

||F — f”Loo('En-H) + ||Fu - fu”LOQ('[F”‘H) <e, (343)

then (x)o holds for F. Moreover, suppose vo, wy is a gap pair for F and

Ot()I/V()dX; ﬂOZ/WodX.
To To

Then for any § € (0, ’%—;0‘0) there is an g1 = ¢g((F,§8) such that (3.43) with &
implies

[ vdx & (co + 8, fo — 6) (3.44)
To

forall v e My(F).

Proof. 1f suffices to prove the second assertion. If it is false, for some such § there
is a sequence (F}) satisfying (Fy)—(F>),

1
I F = Fill ooemnt1y + [ Fu = Frull oo oty < o (3.45)
and an associated u; € My(Fy) with
/ ur dx € (ap + 6, ,30 - 8) (3.46)
To

By (3.45), if w € Mo(F),

1 1
co(Fy) = / (—|Vuk|2 + Fk(x,uk)) dx < / (—|VW|2 + Fk(x,w)) dx
To 2 To 2

=co(F)+ | (Fr(x,w)— F(x,w))dx <co(F) + 1. (3.47)
To

Therefore
x|l < M, (3.48)
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where the constant M, is independent of k. By the Poincaré inequality, for any
p>1,

o= [ alercry = MalVae vy
0
and hence by (3.46),

lullLr ) < leol + [Bol + Ma||Vug || Lr (). (3.49)
Now (PDE) for Fy and the L? elliptic theory imply

lwr llw2r(ryy < Ma(llugc Nl Loy + I FreuC u) | Lo (1))- (3.50)

By the Gagliardo—Nirenberg inequality [26],

IVurllry < Mallu I ) I Vit | 267, (3.51)
where a = n(p —2)/(n(p —2) + 2p) € (0, 1). Finally, for any « € (0, 1) and p

sufficiently large,
||uk ”C“"(To) < M5||Mk ||W2<p(T0). (352)

Consequently, (3.48)—(3.52) yield
lurllcre(ry) < Ms (3.53)

with Mg independent of k. Hence there is a ue C'%(T,) such that along a
subsequence, u; — u in C'(T,). By (PDE) for Fy,

(Vu-Vo + F,(x,u)p)dx =0 (3.54)
To

for all ¢ € W'2(Ty), i.e., u is a weak solution of (PDE). Standard regularity results
therefore imply that u € C?%(Tp) and that u is a classical solution of (PDE).
Moreover, by (3.45) and (3.47), Jo(u) = co(F), so u € My(F). But by (3.46),

/udxewmm»
To

contrary to (x)o for F.

Remark 3.55. By (3.44), there is a vo(F) € My(F) with largest mean value that is
less than ag 4§ and a wo(F) € Mo(F) with smallest mean value that is greater than
Bo — 8. The proof of Proposition 3.42 shows that the unique gap pair vo(F), wo(F)
for (x)o for F approaches vo(F), wo(F) as F — F in C'(T"+1).
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Even if (x)¢ fails, by perturbing F slightly, (x)¢ can be regained, i.e., () is a
generic condition. More precisely:

Proposition 3.56. Let F satisfy (F1)—(F>). Then there is a G satisfying (F))—(F>)
such that if ¢ # 0, (%) holds for (PDE) with F replaced by F + ¢G.

Proof. Letv € My(F) and set
G(x,u) = sin® 7 (u — v(x)).

Then G satisfies (F;)—(F,), and so does F + ¢G for any ¢ # 0. Moreover, since
G > 0 except on {(x,v(x) + j) | x € T",j € Z}, it readily follows that
Mo(F +eG) ={v+ j | j € Z} and the proposition follows.

Proposition 2.2 showed that My = My({), i.e. by seeking solutions of (PDE)
with integer periods other than 1, nothing new is obtained. In the same vein, the
other results of Chapter 2 and this section required

u(x +e;)=ulx), 2<i=n, (3.57)

but that the period was 1 played no role. Thus with inessential changes, these results
are also true if (3.57) is replaced by

ulx +4Lie;) =ulx), 2<i<n, (3.58)

where £; € N. In particular, Theorem 3.2 provides the set M, ({) of solutions of
(PDE) heteroclinic in xi, satisfying (3.58), and minimizing J;(¢,u) over I'{({),
where £ = (€5,...,¢,) and J{(€, u) and I"; (£) are the natural extensions of J; and
I'; to this setting. Moreover the following version of Proposition 2.2, which will be
required in Chapter 4, shows that no new solutions are obtained in this fashion.

Proposition 3.59. M, ({) = M, and ¢1({) = infuer, o J1 (L. u) = ([T; €)er.

Proof. Using that M (£) is ordered and u(x + ¢;) € M;({), 2 < i < n, the proof
follows exactly as in Proposition 2.2.

To conclude this section, the relationship between the solutions of (PDE) that
have been constructed here, namely Mo, M; (v, wg), and M (wg, vo), and solutions
of (PDE) that are minimal and WSI will be explored. As was mentioned in
Chapter 1, when (x)o holds, Bangert found solutions of (PDE) of this type that
were heteroclinic in x| from vy to wy and periodic in x5, . . ., x,, as well as solutions
heteroclinic from wy to vy. Among other things, the next theorem shows that
Bangert’s solutions precisely constitute M (v, wy) U M (wo, vo)-

Theorem 3.60. Let F satisfy (F1)—(F>).

1° If u € My or if (x)o holds and u € M (vy, wy) U My (wo, vo), then u is minimal
and WSL
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2° If u is a solution of (PDE) with u(x + ¢;) = u(x), 2 < i < n, with
rotation vector 0, and is minimal and WSI, then u € My or (*)o holds and
u € Mi(vo, wo) U My (wo, vo) for some adjacent pair vy, wg € M.

Proof. 1° If u € My U M (v, wo) U My (wp, vo), by 2°(c) of Theorem 3.2, it is
clear that u is WSI. To see that u is also minimal, let €2 be any bounded domain
in R" with a smooth boundary. Suppose u € M. By shifting the origin to some
appropriate j € Z", it can be assumed that @ C [0,£;] x --- x [0, £,] for some
£ € N". Then in the notation of Chapter 2,

inf/ L(f)dx (3.61)
s Ja

exists, where

S={felo@|f=u in ([0,{]x---x[0,£,])\2}.

Moreover, the inf in (3.61) is achieved by some g € 8. If u is not a minimizer, then
via Proposition 2.2, J{(g) < J{(u) = co(£), a contradiction. Thus u is minimal.
Similarly, using Proposition 3.59 shows that if u € M, (vy, w;) U M;(wg, v1), then
u is minimal and 1° holds.

To prove 2°, the following technical result is needed.

Lemma 3.62. Ifu € W2 (R x T"=1) is minimal, then for any ¢ € Wl’z(]R x T 1)

loc loc
with compact support,

/ (L(u + ¢) — L(u))dx > 0. (3.63)
RxT#—1

Proof. LetX = (x2,...,x,) and £ € N. For s € R, let 9;(s) be a C' function such
that 9 = lon|s| < {; 0, =0if|s| >£+ 1> 1,and 0 < 6, < 1. Since u is
minimal,

0= ” (L(u+ 0c(15))¢) — L(u))dx. (3.64)

Suppose the support of ¢ lies in [p,g + 1] x T"~! with p,q € Z. Then (3.64)
can be rewritten as

0< / (L(u+ 6,p) — L(u))dx
[p.q+1]x[——1L+1]2—1

=" ! /[ o (L(u+ @) — L(w)dx + Re(u, @), (3.65)
P4 [0, n—1

where

Re(u, @) = ; (L(u + 6cp) — L(u))dx
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and Ay is the region
[p.q+ 11 x ([—€— 1, £+ 1""\[=£. " 7).

Since u, ¢ € W,'2(R x T 1), for each of the (¢ — p + D[(2(£ + 1))~ — (2£)" 1]

loc
unit cubes a; in R” that make up A;, we have an estimate of the form

/ (L(u+ 6pp) — L(w)dx| <M (3.66)
aij
where M depends on u and ¢ but not £. Therefore by (3.65)—(3.66),

05@@**/ (L(u+ @) — L(u))dx + Mbe" 2, (3.67)
RxT#—1

where b depends on 1 and ¢. Hence dividing (3.67) by (2¢)"~" and letting £ — oo
yields (3.63).

Proof of 2° of Theorem 3.60. The proof here requires more work. Let u be a solution
of (PDE) with rotation vector « = 0 that is minimal and WSI. Since « = 0, by
Theorem 1.2, u is bounded. Therefore there are a smallest w and largest v in M,
such thatv < u < w. If v = w, u € M. Thus suppose that v < w. Then as in the
argument involving (2.5), v(x) < u(x) < w(x) for all x. Since u is WSL, 7! ,u = u,
thu>uortliu<u

Suppose

hu<u (3.68)

For k € Z, the sequence of functions ux = tu is bounded in C*(Tp). Since
by (3.68),

Uk+1 > U, (3.69)

as k — 0o, uy converges in C2(Ty) to < w. Similarly, as k — —oo, ux — u > v.
By (3.69),

tho=0¢ (3.70)

for ¢ € {u,u}. Thus u,u € T.
We claim that ¢ € M for ¢ € {u, u}. For example, if ¢ = % and

Jo() > co, (3.71)

there is a ko € N such that for k > ko,

1
Jo(ug) —co = E(Jo(ﬁ) —c) =y >0. (3.72)
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Therefore forg > p + 4 > ko,
Jizpq (W) = (¢ = p)y. (3.73)
Set

p+2—xDu+01—(p+))w, p+1<x<p+2,

f _w P+2§X1§q—2,
pq =
(g—2—xw+@1—(@—-Du, g-2=<x1=qg-1,
u, otherwise.

By Lemma 3.62,
0> Jl;p,q(“) - Jl;p.q(fp,q)' (3.74)

Then by (3.73)—(3.74),
0= Jiptig-1) = J1pt1(fpg) = J14-2(fpg)
=g —p—=2y—=Jip+1([pg) = J1.9-2(fpq)- (3.75)
Since for A € [0, 1], Aug + (1 = A)w — Au+ (1 — A)was k — oo,
JoAuk + (1 = M)yw) = Jo(Au + (t — A)w).
Therefore the last two terms on the right in (3.75) are bounded. Hence (3.75) cannot

hold for g— p large. Thus Jo (7)) = co and similarly Jo(x) = co. It follows that u = v,

u = w, and u € I'1(v,w). The argument of this paragraph also shows rllu = uis

not possible unless v = w.
Next it will be shown that

Ji(w) = ci1(v,w). (3.76)

Therefore by Theorem 3.34, v and w are adjacent members of My, so (x)o holds and
u € Mi(v,w). If (3.76) is false, since u € I'1 (v, w),

Ji(u) > c1(v,w). (3.77)

(Note that the left-hand side of (3.77) may be infinite.) Choose U € TI'y (v, w) such
that for some o > 0,

a <JilU)< 1(U)+ 0o < Ji(u). (3.78)

Let k > 0. Then there is a ¢ = ¢g(k) € N such that for ¢ € {u, U},

e _v||W1-2(T,-) <k, i=<-—q,
(3.79)

le —wlwizg,) <k, i>q.
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Fori e Zandi <x; <1i + 1, set
g=0—x)DU+ (1 +1—=i)u.
Thus for k = k(o) sufficiently small and ¢ € {u, U, g;, h;},
|J1i (@) —co|l <0/6 (3.80)

for |i| > ¢q(k). Let p € N, p > ¢. For p sufficiently large,

Ji—ppU) <= J1(U) +0a/6. (3.81)

Set

u, X1 S _p7

gp, —P<x1<-p+1,

¥ =10, —p+1<x<p-—1,

gp. p—1=<x1=p,

u, p = Xi.
Consider

f (L(u) — L(U))dx
[—p.p]xT" !

- / (L) = LAx + J1—y () — I (U)
[—p—l,p-‘rl]XT"_]
+ Jip-1 () = J1p—1 (V). (3.82)

By Lemma 3.62, the first term on the right in (3.82) is < 0, while by (3.80), each of
the other terms on the right is < ¢/6 in magnitude. On the other hand,

/ (L(u) = LU))dx = Ji;—p p—1(u) = J1;—p p—1(U)
[=p.p]xTn—!
> Ji—pp1 () = J{(U) — 0/6 (3.83)

via (3.81). If J; (1) = oo, the right-hand side of (3.83) goes to 0o, as p — oo while
if J1(u) < oo, the right-hand side of (3.83) exceeds 20/3 for large p, contrary
to (3.82).

The remaining case of u < t',u is treated similarly, and Theorem 3.60 is proved.






Chapter 4
Heteroclinics in x; and x,

In this section the results of Chapters 2—-3 will be extended to the next level of
complexity, providing solutions of (PDE) heteroclinic in both x| and x,. To describe
such solutions more precisely, suppose that () holds and also M; = M; (vo, wp)
has gaps, i.e.,

there are adjacent vy, w; € M (vo, wp) with vi < wy. ()1

It will be shown using minimization arguments in the spirit of Chapters 2-3
that there is a solution of (PDE) heteroclinic in x, from v; to w; (and therefore

heteroclinic in x; from vy to wy) and also periodic in Xxs, ..., Xx,. This provides
a variational characterization of the corresponding part of Bangert’s work. In
Chapter 5, it will be indicated how to get heteroclinics in x1, ..., x; forany i < n.

The general program and many of the technical details for this section are close to
those of Chapters 2—3 and therefore we will be brief whenever possible, focusing
on the additional features present here. The new difficulties are mainly due to
the compact sets 7; of Chapters 2-3 being replaced here by unbounded regions
Rx[i,i + 1] x T" 2.

To begin, let v, w € M, v < w, and define

~

Ty =To(v,w) = {ue W2R x T"72) | v < u < w}.

loc
Forue I'and{,i € Z,

||72 'TIKM — V0||L2([0,1]2><’J1‘"*2) < ||W — vO”LZ(T/g) —> 0, {— —oc0 (41)

—j =

and similarly -
T2, 7—u — woll 2o, 12 xT—2) = 0, € — o0, 4.2)

Thus rziu satisfies the asymptotic conditions required of members of I';. However,

rziu is not periodic in x;, so a priori, J; (ri ;1) is not defined. It will be shown next

how to extend J; to rfl-u foru € fz. For such u, define

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 37
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_4, © Springer Science+Business Media, LLC 2011
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Ji) = Tim Ty (). (4.3)

p—>—00
q—00
We claim that Jy;, 4 (1) is bounded from below independently of u € > and P.q.

Further observing that rfl. : i"\z — fz fori € Zand{ = 2,...,n, it then follows
that the extension of J; can be carried out. To verify the claim, for i € Z, set
S; =R x[i,i + 1] x T"72. Then as in (2.9),

1
Jl;p,q(u)=/ |:§|V(u—v)|2+V(u—v)-Vv
SoN{p=<x1=q+1}
1
~|—§|Vv|2 + F(x,u) — F(x,v) + F(x,v)] dx —(g+1—p)co

|:1V(u V)PP +V(u—v)-Vy

=J1;p’q(V)+/‘ 3

SoN{p=<x;<q+1}

+ (F(x,u) — F(x, v))j| dx. 4.4)

As —p,qg — 00, Ji;p4(v) — Ji(v) = c;. To analyze the remaining terms, note
first that

/ ’F(x, u) — F(x, v)‘dx < ||FL,||LOO(T"+1)/ (u—v)dx
So So
< ” E, ”LOO(T”‘H) / (W - v)dx. (45)
So
Since v,w € M, w < tt ;v for some smallest j > 0. Therefore

(w—v)dx < / (el v=vydx < j | (wo—vo)dx < j. (4.6)
So

So To

Thus the integral on the left in (4.5) is finite, and as estimates like (4.5)—(4.6) show,

(F(x,u) — F(x,v))dx
So

differs from the corresponding term in (4.4) by the tail of a convergent integral.
Hence it is the limit of the corresponding term in (4.4) as —p,g — oo. Next as
in (2.11),

?
V(u—v)-Vvdx:/ (u—v)%dS

/Soﬂ{psxlsqﬂ} A(SoN{p=x1=q+1})
— / (u—v)Av dx. 4.7
SoN{p=<x1<q+1}
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Since Av = F,(x,v), the argument of (4.5)—(4.6) shows that
(u—v)Avdx
So

exists, is bounded as in (4.5)—(4.6), and is the limit of the corresponding integral
over So N {p < x; < g + 1}. The boundary integral in (4.7) has contributions from
x, = 0,1 and from x; = p, g + 1. Each of the x, boundary integrals is bounded by

av av

[ s <) ‘
L0 (RxT—1) J SoN{x =0} 0x

as in (4.6). The remaining two boundary integrals are bounded by

Since ||rlp<p—v0||cz(ro) - 0as p — —oo, and ||rlq(p—w0||cz(70) — 0as g — oo,
where ¢ = v or w, these integrals go to 0 as p — —oo, ¢ — oo. Therefore

axZ LOO(RXT"—1)

ﬁ (w—v)dS.

dx; LOO(RxTﬂl)/Soﬂ{pr org+1}

/ V(u—v)-Vvdx
SoN{p=x1=q+1}

has a finite limit. Thus it has been verified that J; extends to /fz. Moreover, the
above shows that

Jiw) =00 & [[V—)|iss, = (4.8)

and if |[V(u —v)|| < 00, a variation of this argument implies

2
L2(So)

1
5w = ¢+ 31V =gy + [ (Flrao = Fexmdx

~|—/ V(u—v)-Vvdx
Son{lxi]<r}

d
+[ (u—v)—v dS—/ (u—v)Avdx, 4.9
A(SoNtli=r}) dv Sonlxi|=r}

the latter two integrals bounded independently of r, with zero limits as r — oo. In
particular, since w € I'y and J1(w) = ¢y, [[V(w — )] 12(s,) < 0©.

To find the type of solutions of (PDE) that we seek here, as in Chapter 2 a
renormalized functional, J;(u), is required. It is defined in a similar fashion to J;.
For u € fz andi € Z, set

Jz,,'(u) = Jl(‘l,'iiu)—ﬁ = J](M‘S’_)—Cl.
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By the above remarks, J,; is defined on f‘z foreachi € Z, as is

q
Jz;p,q (u) = Z Joi(u)
V4

for p < g in Z. To continue, an analogue of Proposition 2.8 is required.

Proposition 4.10. Suppose that u € /F\z(v, w) and p,q € Z. Then there is a
constant K, > 0 depending on v and w but independent of p, q, u such that

Jz;p,q(u) > —K>.
Proof. If ”v(”_v)HZLZ(sg = oo for some i then J5;, , (1) = oo by (4.8); otherwise,

IV (u— v)”i2(s,~) < ooforalli € Z and by (4.5)—(4.9), with r = 0,

1
J2.i (u) - EHV(M - V)HZLZ(S[) = M2a (411)

where M, is a constant independent of i. This proves the proposition for ¢ = p,
p + 1, p + 2 with any K, > 3M,. Thus suppose ¢ > p + 2 and define y as in
(2.15) with x; replaced by x,. By Proposition 3.59, J;, ,(x) > 0. Continuing as in
(2.16)—(2.19) (using |u —v| < wp —vp < 1, and arguing as following (4.7) to handle
the boundary integral term resulting from the “new” (2.17)) yields Proposition 4.10
for this case.

Proposition 4.10 permits us to define

So(u) = lim  Jo;p4(u) (4.12)
p—>—00

4—o0
foru € fg. Note that (4.8) implies
[V(u—=v)llL2s,) = coforsomei € Z = Ja(u) = oo. (4.13)
Then as in Chapter 2, J>(u) provides an upper bound for Jy;, , (u):
Lemma 4.14. Ifu € T'\g, p.q € Zwith p < q, then
Jo;pq() < Jo(u) + 2K;. 4.15)

Proof. Asin Lemma 2.22.

Now the class of functions in which the new heteroclinic solutions of (PDE) will
be obtained is

I =0h,w) = {u el, | le = vl 25,y = 0, — —o0, and

lu—wllp2(s;) — 0.0 — oo}.
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As in Chapter 2, J> has nicer properties on I'»:

Proposition 4.16. Ifu € T and J,(u) < oo, then

Jri(w) =0, |i| > oo, “4.17)
1724 = vliwiagsy) — 0. i — —oo, (4.18)
ll22u— wllwiaes,) —> 0, i — o0, (4.19)

Jz(u) = ]impq—;—ogo Jg;,,,q(u). (420)

Proof. The proof follows the same lines as that of Proposition 2.24. However, since
the compact set 7 is replaced by the unbounded set Sy here, some modifications
are necessary. Replacing (2.29) by

||173iu —_ V”ZLZ(SO) f ||W — V”LOQ(R") /S (W — v)dx f ]”W — V”LOO(IR") (421)
0

(where (4.6) was used) and arguing as in the proof of Proposition 2.24 shows that

t2,u—v — 0 weakly in W!2(Sy) and strongly in L*(Sy) as i — —oo. This implies

(F(x,7%,u) — F(x,v))dx — 0 (4.22)
So

asi — —oo. Indeed,

(F(x, zii u) — F(x,v))dx
So

< |1 Full oo (pnt) /S (TZu—v)dx,  (4.23)
0

and for any r > 0,

/ (2, u—v)dx = / (t2,u—v)dx + / (t2,u—v)dx
So SoN{lx1[>r} SoN{lxi|<r}

5/ (w—v)dx + f (riiu —v)dx. (4.24)
SoN{lxi|>r} SoN{xi|=r}

As r — oo, the first term on the right approaches 0, while for any r, the second
term approaches 0 as i — —oo via the L?(Sp) convergence of t2;u to v. Thus (4.22)
follows, and arguing as in the proof of Proposition 2.24 and above, (4.9) shows that

lim J5;(u) = lim —||V(r v)||L2(SO) (4.25)

i—>—00 i—>—00
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A similar result for i — oo holds, and this gives (4.17) with lim replaced by lim
and (4.18)—(4.19) along a subsequence. The proof now continues and concludes in
a manner similar to that of Proposition 2.24. The inequality

||V(X - v)||i2(5p) = 2||V(M - v)”%/yll(sp)

is used, and continuity of J;; is replaced by (4.9). To show that the left-hand side
of (4.9) is close to ¢y, one takes r large enough so the last two terms are small, then
takes | V(u —v) ||%/qu2 So) small enough that the remaining terms are small. The term
involving F is estimated as in the proof of (4.22).

Next it is useful to show that J,; is weakly lower semicontinuous. The
corresponding result for J;; was trivial.

Lemma 4.26. Supposei € Z andyY C T'> with Jri(w) < oo forallu € Y. Then
Jai is weakly lower semicontinuous (with respect to || |ly12s,)) on Y.

Proof. Let (u;) C Y,u € Y, and uy —u — 0 weakly in W'2(S;). By (4.9) with
r=0,

1
Do) = SV =) o, + /S (P = F(x,v)dx

)
| w=—nZas - | w—v)Avdx. 4.27)
aS; v S

The argument of (4.22)—(4.24) shows that
/ (F(x,ux) — F(x,u))dx - 0 ask — oo.
Si

A similar argument handles the last two terms on the left-hand side of (4.27).
Therefore by the weak lower semicontinuity of || - [y12(s,),

. 1
lim Ja; () = 31V =g, + [ (Pl = Flxmd
Si

k—o00

+ (u— v)@ ds — / w—v)Avdx = Jr;(u). (4.28)
as; dv s;

The next result is a further compactness property of J, corresponding to
Proposition 2.50.

Proposition 4.29. LetY € f’g(v, w) with the property

(Y2) ifu€Yand g € T with xr(x) = u(x) for |x3| > R, then yg €Y for all
large R.
Define
c(Y) = ing Jo(u). (4.30)
ue
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If c(Y) < oo and (ux) is a minimizing sequence for (4.30), then there is a U € T
such that along a subsequence, i, — U in W12(S;) foralli € 7.

Proof. Let (u;) be a minimizing sequence for (4.30). By (4.9), (4.15), and argu-
ments as in (4.5)—(4.8), (ux — v) is bounded in W '2(S;) independently of i for all
i € Z. Therefore thereisa U € fz such that u; —v goes to U —v weakly in wb2(S;)
for each i along a subsequence that can be taken to be the entire sequence. Thus the
weak lower semicontinuity of || - || y12(s,) implies that || V(U —v)||;2(s,) is bounded
in W12(S;) independently of i. Since uy — U in L2_(R? x T"~?), a slight variant

loc

of (4.24) shows that uy — U — 0in L?(S;) for eachi € Z. Define

§i = lim Jy; (us) — J2,;(U). (4.31)

§—>00

By (4.9) with r = 0, estimating terms as in the proof of Lemma 4.26,

[
8 = 5 lim (IV(s =)}, = IVU =07, (4.32)

§—>00

Since
”V(us - U)”iz(S,-) = ”V(MY - V)”%}(Sl.) + ”V(U - V)”iZ(Si)

—2/; V(u; —v) - V(U —v)dx,

li_m ”Vu\ - U)”iz(S,-) = 11_1’1’1 ”V(u\ - v)”iz(S,-) - ”V(U - v)”iz(S,-)' (433)
§—>00

§—>00

Combining (4.32)—(4.33) gives
26; = lim [|V(u; = U)l72s,)- (4.34)

§—>00

Now slightly modifying (2.59)—(2.62) completes the proof of Proposition 4.29, with
standard arguments involving (4.9) implying the analogue of (2.60).

The regularity result Proposition 2.64 readily carries over to this section:
Proposition 4.35. Under the hypotheses of Proposition 4.29, suppose
(Y%) there is a minimizing sequence (uy) for (4.30) such that for some r € (0, %)

some 7 € R, all smooth ¢ with support in B,(z), and associated ty(¢) > 0,

c(¥) < L(ux +to) + 6k (4.36)

Sforall |t| < ty(¢), where 8 = 6k (@) = 0 as k — oo.
Then the weak limit U of uy satisfies (PDE) in B, (z).

Proof. As earlier with appropriate changes in notation.
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As a final preliminary, for v € M (vo, wo), set
Do) = {u € Ta(e/v, elw) | [|22,u = vl| 125, = O as |i] — oo}

Define
ca(v) = inf Jy(u) 4.37)
u€lh(v)

and set
M) = {u € Ta(v) | Ja(u) = c2(v)}.

Then we have:

Theorem 4.38. If F satisfies (F1)—(F2) and (x)y holds, then c;(v) = 0 and

Ma(v) = {vi.
Proof. Following the proof of Theorem 2.72 (with the natural changes due to
the current setting) until Remark 2.77 shows that c;(v) = 0. The analogue of

Remark 2.77 here is that /v < u < t!,v can be replaced by t}v <u< tljv for
any j € N. The proof then continues and concludes as earlier.
Now the main existence result of this section can be stated. To formulate it, set

Cy) = cz(vl,wl) = inf Jz(u) (439)

u€ly(vi.wy)

Theorem 4.40. If F satisfies (F1)—(F>) and (x); holds, i = 0, 1, then

1° There is a Uy € Ty such that Jo,(Up) = ¢, ie, My = My(vi,wy)
= {l/l S FQ(V],W]) | Jz(u) = CQ} 75 @.
2° Any U € M, satisfies

(a) U is a solution of (PDE),
(b) ||U — V1 ||C2(Si) e 0, l — —0Q,
U —=willcas,) = 0,0 — o0,

i.e., U is heteroclinic in x, from vy to wy,
(c)vi<U<72U<wandU < ' |U.

3% My is an ordered set.
Proof. Proceed as in Chapter 3, changing the normalization to

1
/ uy dx < - | (vi+wy)dx < / up dx 4.41)
[0.1]X[1,i +1]xT#—2 2 Jr, T

foralli € Z,i < 0, and for all k € N to get U, satisfying the modified versions of
(3.5). Moreover as, e.g., in the proof of Proposition 4.29, [|[V(Us —v)|12(s;) < 00
for all i € Z and the analogues of (3.6)—(3.7) hold. In particular, J,(U;) < oco. Now
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follow (A)—(D) as earlier with some small modifications, e.g., in (A), we require

Tow < tjvi < + 1o < ' w for 7| < 19(p), and in (B), (3.13) now becomes

Uy < t2,U, (4.42)

and U, € fz(vl,wl) \ {vi, w1}, so an analogue of Corollary 2.49 shows that
U, € I';(vy, wy). Continuing in this fashion, the argument of Chapter 3 yields all of
Theorem 4.40 except for

U<t U (4.43)

whenever U € M.
To verify (4.43), a slight variant of the argument used to show that (4.42) holds
will be used. Set ® = max(U, !, U) and ¥ = min(U, ', U). We claim that

® e Tyl v, 7tywy) (4.44)

and

(VRS Fz(V],W]). (445)

If so, by earlier arguments,

L(®) + H(W) = L(U) + Lt U) = ca(viowi) + ooz v thyw). (4.46)

(Actually the two numbers on the right are equal.) Therefore by (4.44)—(4.46),
H(®) = ol vi,thw) and L(¥) = c(vi,wi). Hence by 2°(a) of
Theorem 4.40, ® and W are solutions of (PDE) with & > W. By the maximum
principle argument of (2.5), either (i) ® = W, or (ii)) ® > W on R”. If (i) holds,
U= fllU. so U is 1-periodic in x;. But then the requirement that vi < U < w;
fails. Therefore (ii) occurs, so (a) U > tilU or(b)U < tll U.1If (a),

U =W05

wo >w; >U > lim rlj

] —>00

a contradiction. Thus (b), i.e. (4.43), is valid.
It remains to check that (4.44)—(4.45) hold. The arguments are the same for each
inclusion, so (4.45) will be verified. Since v < U and v; < tl,v; < «1|U,

Vi < W < U < wy. Therefore U € T'. To check the asymptotic requirements
of I'», note first that

||\IJ — Vi ”LZ(Si) < ||U — Vi ”LZ(S,') — 0, I — —00.

Next observe that

/ W — wi|?dx =[ |W — w|?dx +[ W —wi|2dx. (4.47)
Si Sin{lx1]=r} Sin{lxi|=<r}
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As in earlier arguments,

/ | — w |*dx 5/ (!t vi —vi)dx, (4.48)
Sin{[x1|>r} SoN{lx1]>r}

and the right-hand side of (4.48) is the tail of a convergent integral. Therefore it
goes to 0 as r — oo. Since t2,U — wy and ! 72, U — tl\w; > wy asi — oo,
convergence being in C2.(Sy),

/ W —wi|?dx — 0, asi — oco. (4.49)
Sin{lxi|=<r}

Combining (4.47)—(4.49) shows that
W —willp2s) — 0, @ — o0,
and Theorem 4.40 is proved.

Next as in Theorem 3.34 we have:

Theorem 4.50. Suppose F satisfies (F)—(F3), (x)o holds, and v,w € M (vo, wp)
with v # w. Then My (v, w) # @ iff v and w are adjacent members of My (vo, wo).

Proof. The proof is the same as that of Theorem 3.34 with some obvious changes
in notation.

Remark 4.51. Tt is straightforward to show that Proposition 3.59 carries over to the
current setting.

The analogues of Propositions 3.42, 3.56 and Theorem 3.60 will be given next.
To formulate a version of Proposition 3.42 for the current setting, suppose ()
holds for F with a gap pair vo(F), wo(F). Then by Remark 3.55, for any F near
F, there is a unique associated gap pair vo(F), wo(F) for F. Suppose (x); also
holds for F and v;(F), wi(F) is any associated gap pair for (x); for F (with
vo(F) < vi(F) < wi(F) < vy(F)). Then we expect a corresponding gap pair
vi(F), wi(F) for F. The next result is the first step in showing that this is the case.

Proposition 4.52. Let F satisfy (Fi)—(F2), (x)o, and (x)1. Then there is an € > 0
such that if (3.43) is satisfied, (%), holds for F. Moreover, suppose vi,w; is a gap
pair for F for (x), and

o1 Z/ Vi dx; /31 Z/ w1 dx.
[0,1]2xT"—2 [0,1]2xT"—2

Then there is an €; = €(F, 8) > 0 such that (3.43) with €, implies

[ . 2udx € () +6,61—9) (4.53)
0,1 xTrn—

forall u € M;(vo(F), wo(F)).
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Proof. As in the proof of Proposition 3.42, if (4.53) is false, there are a
8 € (0, (B1 —a1)/2) and a sequence (Fy) satisfying (F)—(F>) and (3.45) with
ur € Mi(vo(Fx), wo(Fy)) such that

/ , ) u dx € (a1 + 8,[31 — 8) (4.54)
[0.12xTn—

Since vo(Fr) < wr < wo(Fy) and by Remark 3.55, vo(Fy),wo(Fy) are near
vo(F), wo(F), it follows that (u;) are bounded in L>®°(R x T"~'). Therefore by
the L,’;C elliptic theory and estimates like (3.52), the functions u; are bounded in

CH*(R x T ") for any o € (0, 1). Passing to a limit as in Proposition 3.42 yields a

loc

solution u of (PDE) for F with
/ udx € oy + 8, 61 — 9. (4.55)
[0.1]2%Tn—2

The functions u; are minimal, so u is also minimal. Likewise rlluk > uy implies
rllu > u, (4.56)

and by the maximum principle, there is never equality in (4.56) unless u is 1-periodic
in x1. In either event, u is also WSI. Consequently, by 2° of Theorem 3.60, u € M,
oru € Mi(vo(F), wo(F)). But either of these possibilities is contrary to (4.55).
Thus (4.53) must hold, and Proposition 4.52 is proved.

Remark 4.57. by Proposition 4.52, the remarks immediately preceding it, and
Remark 3.55, for € small in (3.43) there is a unique gap pair v;(F), w;(F) near
Vi (F), wi (F)

The next result is a version of Proposition 3.56 for the current setting.

Theorem 4.58. Suppose F satisfies (Fi)—(F>). Then for any € > 0, there is a G
satisfying (Fy)—(F,) with

1° |G = Fll oo prt1y + |Gy = Full oo (1) < €.

29 (x)o, (x)1 hold for G.

3° Mo(G) ={v+ j | j € Z} for some prescribed v € My(F).

4° If My (v,v+ 1, G) is the set of minimizers given by Theorem 3.2, My(v,v+ 1, G)
= {tikU | k € Z} for some U € My(v,v+ 1,G).

Proof. By Proposition 3.56, for any prescribed v € My(F), there is a G; > 0

satisfying (F;)—(F,) and such that F + §,G; satisfies (x)¢ for any §; > 0 and

Mo(F) = Mo(F +81G1) ={v+ j | j € Z}. Therefore co(F) = co(F + 61G1).
Consider the family of functionals J 1F+8‘G‘ on I'i(v,v 4+ 1). Note that

TEFO Gy = IF () + 8, / 1 G (x,u(x))dx. (4.59)
RxT"—
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Denote the associated minimum on I';(v,v + 1) by ¢;(v,v + 1, F + 6;G}) or more
simply by ¢ (F + 8;Gy). Likewise let My(v,v + 1, F + §1Gy) or My (F + §,G))
denote the corresponding set of minimizers. By Theorem 3.2, M (F + 6,G1) # @
for all §; > 0. Choose §; so that

$1(1G1l[ ooty + |Grull poo (1)) < €/2. (4.60)

If (x); holds for M, (F + 8§,G;), we have 1°-3° via Proposition 4.52. If not,
M, (F + 8,G,) foliates

A={(x.2) | x e RxT" ! v(x) <z <v(x)+1}.
Choose any U, € M (F + 8:Gy). We will show there is a G, satisfying
(F1)—(F>) such that Go > 0, Gy(x,9(x)) = 0 for x € R x T"! and
pe{v,v+1} U {rlj U, | j € Z} and G2(x,z) > 0 on A aside from the above set
of {x, ¢(x)}. For such a G, consider G = F 4 §,G| + §,G,. Then JOG (v) = ¢o(F)
andifu e To\{v+ j | j € Z},
Jo () = Jo(u) > co(F).

Hence co(F) = ¢o(G). Similarly if u € T'y(v,v + 1),

JO ) = I () + 52/ G>(x,u)dx > ¢\(F + 8,Gy). (4.61)
RxT#—1

Therefore (4.61) shows that
ci(F +61Gy) = c1(G). (4.62)

Moreover, if u € M;(G)\ U {tlj U | j € Z}, then u is continuous and
{(x,u(x)) | x € R x T""'} contains points in A where G, is positive. Therefore

JZ(u) = ¢1(G) > ¢1(F + 8G)), contrary to (4.62).
Finally, to construct G», it suffices to define it on
A={x.29) |x [0 1]xT""v(x) <z < v(x) + 1}
and extend it periodically to R"*!. Set G, = 0 on
{(x,v(x)) | x € [0, 1] x """} U {(x, rlle X)) |jeZ,xel0 1] xT 1.

For z between 7" ; U, and 7! -1 U, define

Gy(x.2) = |z=Ui(x + j)[*lz— Ui(x + j + DI|*.



4 Heteroclinics in x; and x, 49

Then G, is C? and positive in the desired set. Taking 8, sufficiently small, 2 holds,
and the proof of Theorem 4.58 is complete.

Lastly, the versions of Theorem 3.60 in the context of this section will be
considered. Using Remark 4.51 and the proof of 1° of Theorem 3.60 readily shows

Theorem 4.63. Let F satisfy (F)—(F>) and let (x)o, ()1 hold. If u € My (vi, wy)
(or My (w1, v1)), then u is minimal and WSI.

The most natural extension of 2° of Theorem 3.60 would assume that u is
1-periodic in x3, ..., x, and offer the earlier alternatives plus allow the possibility
that a version of (x); holds and u € M;(vy, wy) for some adjacent pair vy, w; € M.
Unfortunately, this is not true. In fact, there are many other possibilities for u. This
point will be taken up in Chapter 5 where the additional cases will be discussed. For
now a milder result will be proved.

Proposition 4.64. Let F satisfy (F))—(F>) and (%), (x)1 hold. If U € T (v, wy)
is minimal and WSI, then U € M, (vi, wy).

Proof. Being minimal, U is a solution of (PDE).
Since U € I’z (vi, wy),
LH(U) > cp. (4.65)

We claim that
H(U) =cs. (4.66)

If so, U € M (v, w) and the proof is complete. To verify (4.66), an argument in the
spirit of the analogous conclusion in the proof of Theorem 3.60 will be employed.
First, in order to cut and paste, it must be shown that as j — oo,

||U — Wi ”WI*Z(S/')’ ||U — Vi ”WI*Z(S_/-) — 0. (467)

Indeed, both U and w; are solutions of (PDE). Setting ® = U — wy, as in (2.5),
® satisfies
—AD+ AD =0, (4.68)

where || Al oo @) < || Fuull poo(pa+1y- Choose p € C! such that [y| < 1,7 = 1 on
Ul__, S;+i, n = 0 outside of ( J7__, S/, and | V| < 3. Multiply (4.68) by 72®

i=—1

and integrate by parts to get
0= /2 (P?IVO|* 4+ 27®Vn - VO + An*®?) dx. (4.69)
Ui=72 Sj+i

Consequently, for any € > 0,

9
/ |V > dx < [ [62n2|vq>|2+ (—2+||A||LOO(Rn)) @2} dx.
Ures Sjp Ui—s 84 €

(4.70)
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Choosing €2 = % yields

1
IV®|’dx < = |V |2dx
1 2 2
Ui=—1 Si+i Ui=—2 Sj+i

<[, 8 Al ¥,
i=—2Sj+i

N =

ie.,

/] V(U —W1)|2dx <2(18 + ||A||L00(R2))/2 |U —W1|2 dx.
Uiz=—18j+i Ui=—2Sj+i

4.71)
The right-hand side of (4.71) goes to 0 as j approaches infinity since
Ue T'; (vi,w;). This fact with (4.71) and its analogue for v; imply (4.67).

Now to prove (4.66), we slightly modify the corresponding argument in the proof
of Theorem 3.60. If (4.66) is false,

JQ(U) > (. 4.72)
Choose ¥ € I, (v, w;) such that for some ¢ > 0,
c2 = h(Y) < L) +o < LU). (4.73)

By (4.67) and Proposition 4.16, for any k > 0, there is a ¢ = ¢(k) € N such that
forp € {U, v},

le =villwrizs) <« i =—q,

o —wy ||W‘~2(S,~) <k, 1>gq. 4.74)
Fori € Z and x, € [i,i + 1], set

Gi=x—DY+(0+1-x)U,
Hivi = —0D)U+ (@ +1—x2)¢.

Thus for ¥k = k(o) sufficiently small and ¢ € {U, ¥, G;, H; 11},
|12 ()| =0/6 (4.75)
for |i| > q(k). Let p € N, p > 1. For p sufficiently large,

Jrpp-1(¥) = Lr(¥) + 0/6. (4.76)
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Set
U, X2 < —p,
G—p., —P=<x2=-p+1,
Y=9qv. —p+l=zsx=p-1
Hp, p—1=x2=<p.
U, p < x3.
Consider
/ O L = / MO L

+ Jo—p(V) = Jo—p(¥) + J2p—1 (V) — T2 p—1 (V). 4.77)
The first term on the right is < 0, since U is minimal. By (4.75), each of the

remaining terms on the right is < /6 in magnitude. To estimate the left-hand side
of (4.77), we write

p—1
/Rx[,,,p]xw_z(“l’ )= Ly)dx = ) fS (LW) - Ly

i=—p
p—1
= Z (JI(TEZU) - Jl(lew))
i=—p
= i pp-1 (U) = Jasmppm1 (§) = asp pm1 (U) = J2(¥) = 0/6

(4.78)

via (4.76). Thus if Jo(U) = oo, by (4.78) the left-hand side of (4.77) — oo as
p — oo, while if J,(U) < oo, by (4.73), the left-hand side of (4.77) exceeds 20/ 3.
In either case, we have a contradiction and (4.66) is valid, completing the proof of
Proposition 4.79.

To conclude this section, a result that is needed to obtain extensions of Proposi-
tion 4.52 will be presented. To set the stage, suppose (Fy), F satisfy (F})—(F>) and
Fy, F satisfy (3.43) with ¢ = ¢, — 0 as k — oo. Suppose also that (x)g, ()
hold for F. Then by Remark 4.57, for any gap pair v;(F), wi(F) for (x); for F,
whenever k is large there is a unique gap pair v (Fx), wi (Fy) for (x); for Fy that is
near vi(F), wi(F). Moreover, as k — o0, v{(F) — vi(F) and wi(F;) — wi(F).
Let Uy € My (vi(F), wi(Fy)) be a solution of (PDE) given by Theorem 4.40. Then
we have:

Proposition 4.79. Along a subsequence,
Uc > U € Mo(vi(F),wi(F)) U{vi(F), wi(F)},

. . 1 —
convergence being in C, (R? x T"72).
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Proof. Note that vi(Fy) < Ux < wi(Fy). It follows as in the proof of
Proposition 4.52 that U converges along a subsequence to U, a solution of
(PDE) with v{(F) < U < w(F), and U is minimal and WSI. Moreover, if
vi(F)(z) = U(z) for some z, then as earlier, vi{(F) = U, and likewise for w; (F).
Thus suppose that

vi(F) <U <wi(F). (4.80)
Since U is WSI, the functions 72 U form a monotone increasing sequence in j.

Hence as j — oo, ‘L’_J U lrxo,1jxm—2 converges in Cloc to a solution u of (PDE)
that is minimal and WSI and is 1-periodic in x, ..., x,. By (4.80),

vi(F) <u <w(F). (4.81)
Theorem 3.60 implies u € Mo U M (vo(F), wo(F)). Since
V()(F) < V](F) < W](F) < W()(F),
u € Ml(vo(F) wo(F)). But vi(F), wi(F) is a gap pair for (*)1, so u = wi(F).
Slmllarlyt U — v|(F)as j - —o0. Therefore U € Fz(vl(F) wi(F)).
We claim that U € I'(vi(F),w;(F)). This requires showing that
1U =vi(E)llr2is_ s U =wi(F)l 25, = 0, j — oo (4.82)

Since for any R > 0,

U = wi(F)l7a,) =/S |22,U —wi(F)dx
0

= / +/ =P+ P
{lx1|=R}INSy {lx1|>R}NSo

and 72 n4 — wi(F)in L as j — 0o, Py — 0as j — 0o. Asin (4.6) or (4.24),

loc

P, 5/ (wi(F)—12 jU)dx < / (Tt vi(F) —vi(F))dx
{Ix11>R}NSo {Ix11>R}NSy

= —/ vi(F)dx + hm vi(F)dx
[R,R+1]xT"—! N—00 JIR4N,R+N +1]xT—!

—I—/ vi(F)dx — hm vi(F)dx.
[-R—R+1]xT"—! N—>00 JI_R—N,—R—N+1]xTn—!

As R — 00, vi(F) — wo(F) uniformly on [R, R + 1] x T"! and as R — —o0,
vi(F) = vo(F) uniformly on [R, R + 1) x T"~!. Therefore P, — 0 as R — oco. It
follows that (4.82) holds.

Consequently, U satisfies the hypotheses of Proposition 4.64. Hence
U € My(vi(F),w;(F)) and Proposition 4.79 is proved.



Chapter 5
More Basic Solutions

The purpose of this chapter is to extend the results of Chapters 2—4 in three ways.
This will be carried out in Sections 5.1-5.3 that follow. In Section 5.1, we briefly
indicate how to modify Theorems 3.2 and 4.40 to obtain more complex heteroclinic
solutions of (PDE). These new solutions, Uy, 3 < k < n, are higher-dimensional
analogues of U, of Theorem 3.2 and U, of Theorem 4.40. By higher-dimensional we
mean that Uy, is periodic in Xg+1, ..., X,, lies between Ux—; and rfl_lUk_l, and is
heteroclinic in x; from Uy_; to T 1_1 Ui—1. All of these new solutions have rotation
vector a = 0.

Still keeping @ = 0, in Section 5.2 it will be shown that for k = 1,...,n, in
addition to the solutions of Chapters 2—4 and Section 5.1, there is a further infinitude
of basic heteroclinic solutions corresponding to each of the Uy’s. For example, in
the simplest case, for 1 < i < n, let o;; € Z be relatively prime, 1 < j < n,
and set w; = ZT ajje;. Suppose that wy, ..., w, are orthogonal. Then there is a
solution Uy(wy,...,w,)(x) of (PDE) that is heteroclinic from vy to wy in the w;
direction and periodic in the w; direction, 2 < i < n. When w; is not a multiple
of ey, these solutions are all distinct from U (e, ..., e,). Moreover, there are also
solutions U (w1, . .., w,)(x) in the spirit of Chapter 4, etc.

Lastly in Section 5.3, it will be discussed how all of the results obtained up to
this point carry over to a € Q"\{0}.

To begin, some remarks about notation are in order. When (x)y holds,
Theorem 3.2 and Remark 3.31 provide at least two solutions of (PDE) heteroclinic
in x| and periodic in x>, ..., Xx,. Namely, up to the phase shifts, ! i there is a pair
of solutions, each heteroclinic in x;, one from vy to wy, and the other from wy to
vo. This leads to two versions of (%), one each for M; (vo, wg) and M;(wy, vp).
Likewise, each version of (x); and Theorem 4.40 then provide a pair of solutions of
(PDE) heteroclinic in x, between gap pairs in M;. Hence there are four versions of
(%)2, and at step k, 2% versions of (). For simplicity this section will deal with the
version of (x); for which U € My (vx—1, wi—1) implies rilU >U,1<i <k.The
remaining cases are treated in the same way.

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 53
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_5, © Springer Science+Business Media, LLC 2011
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5.1 Higher-Dimensional Heteroclinics

Suppose the theory of Chapters 2—4 has been extended to level £ < n. Using the
notation just explained, to obtain results for level £ + 1, assume

there is a gap in My = My (ve—;, we—1) given by adjacent vy, w, € M, with vy < wy.
(%)

For v,w € M, with v < w define

f€+1 = le(v, w) = {u e WI2(RH! x =Dy |y <u < w}.

loc

As in (4.1)-(4.2), for u € le and i € Z, the functions tfflu have asymptotic

limits in the directions x;, 1 < j < ¢, but J({(‘L{Tlu) is not yet defined. Setting

ST = REx [i,i + 1] x T"~¢+D and replacing S of Chapter 4 by S¢*! shows
how J; extends to this setting and as in (4.9),

1 2
) = o S IV@=)I o) + /SOH] (F(x.u) = F(x.v)) dx

av
+ /angrl(u— V) - 5dS — /;(+l(u —v)Avdx. S.D

0

This permits us to define Jy41; (1) foru € /I:Hl via
Jeari(w) = T u) —co = I (M\SHI) —ce.

Continuing to follow the template of Chapter 4 yields a version of Proposition 4.10
for the current setting and the definition of Jy:

Jor1(w) = Lm  Jot1;p4(u).
p—>—00

q—> 00
An updated form of Lemma 4.14 holds, and setting
Loy =Tepi(vow) ={u € Togr | fJu— V”LZ(S,H_I) — 0, as

i — —o0;||u _W”LZ(S.“") —0,i —> oo}
leads to extensions of Proposition 4.16, Lemma 4.26, Propositions 4.29 and 4.35,

and Theorem 4.38. Setting

Co+1 = Cot1(ve, we) = e Jirn(fv[ » Jot1(u), (5.2)
41 B
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as earlier the above results yield:
Theorem 5.3. If F satisfies (F)—(F>) and (x); holds, i = 0, ... ¢, then:

1° Thereis a Uz+1 € FZ+1 such that JZ+1(UZ+1) = Ci41, Le.,
Met1 = Meg1(ve, we) = {u € Dog1 Ve, wo) [ Je41(w) = coq1} # 0.

2° Any U € Myy satisfies

(a) U is a solution of (PDE);

(b) U = vellcamexii i+ 1xm—e+vy = 0, 1 = —00,
IU — wellc2@exgii+1jxm—e+ny = 0, i — 00,
i.e., U is heteroclinic in x¢41 from vy to wy;

(c) ve <U < rilU <wg, i=1,...,0+1.

3% M4 is an ordered set.

The remaining results of Chapter 4 also have extensions here. Thus Theorem 4.50
extends to:

Theorem 5.4. Suppose F satisfies (F1)—(F>), (x); holds, 0 < i < { — 1, and
vww € Mg with v # w. Then Myyi1(v,w) # @ iff v and w are adjacent
members of M.

Proof. As earlier.

The continuity result for (), (Proposition 4.52) and the genericity result for (),
(Theorem 4.58) carry over to ()¢, and as in Theorem 4.63, we have:

Theorem 5.5. Let F satisfy (Fi1)—(F2) and let (x); hold, 0 < 1 < £ — 1. If
u € My(ve—1, we—1), then u is minimal and WSI.

Proof. As earlier.

Likewise, there is a version of Proposition 4.79 here. As was noted in Chapter 4,
Proposition 4.79 could be viewed as a weak extension of 2° of Theorem 3.60.
However, the most natural extension of that result fails. This situation will be studied
in Section 5.2.

5.2 Other Coordinate Systems

Consider ® = )_!_, pie;, where p; € Z. Then F(x + w,z) = F(x,z) for any
(x.z) € R""!. Suppose w; = Z;'-:laijej with o; € Z, 1 < i,j < n, and the
vectors w; are linearly independent. Using the standard Gram—Schmidt process, it
can be assumed that the w; are orthogonal and for fixed i, the components ¢;; of w;
have no common factor. Now one can seek solutions of (PDE) that are periodic in the
directions w;, i.e., u(x + w;) = u(x), 1 <i < n. For brevity, set v = (w1, ...,w,),

m
R =R(w) = Zt,-w,—|0§t,-§l, 1<i<n

i=1
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and set

To(w) = {u € W2R", R) | u(x + wi) = u(x), 1<i<n}. (5.6)

loc

For u € Ty(w), let

J¥(u) = AL(u)dx (5.7)

and set
co(w) = inf J§(u). (5.8)
u€ly(w)

As in Theorem 1.6, there is a set M(w) of minimizers of this variational problem
and My(w) is ordered. Moreover, continuing as in Chapters 2—4 and part (A) of
this chapter produces versions of our earlier results with ey, ..., e, replaced by w.
However, as Proposition 2.2 hints, this generalization of the previous results is not
as extensive as it first appears. In particular:

Lemma 5.9. My(w) = My(ey,...,e,).

Proof. Letu € My(w). Thus for each i, u(x + ¢;) € I'y(w) and

JO(u(x +e;)) = ];z+{ | L(uydx = Jy (u) = co(w),

so u € Mp(w). Since My(w) is ordered, we have (a) u(x + e;) > u(x),
) u(x + e;) < u(x), or (¢c) u(x + ¢;) = u(x). Suppose (a) holds. Since

e; = Y, Pikwy for some pix € Q, thereisa j € Nsuch that jpix € Z, 1 <k <n.
Now (a) implies

ux) <ulx +e) <---<ulx+ je;) = u(x),

a contradiction. Similarly, (b) cannot occur. Thus (c) holds for 1 < i < n, so

u € Iy(ey,...,e,). Moreover, u € My(w) implies that u is minimal. Therefore as
in the proof of 2? of Theorem 3.60, u € My(ey, ..., ey).
Conversely, u € My(ey, ..., e,) implies

J§'(u) = (vol R)co = det(aij)co = co(w),

so u € My(w).

With Lemma 5.9 in hand, when (x)o holds, following the arguments of
Chapters 2-3 yields a class of functions 'y (vo, wo; ) with w; replacing e;, etc.
Likewise, there are a corresponding renormalized functional J”(#) and minimiza-
tion value

c1(vo, wos w) = inf JP(u) (5.10)

u€l'y (vo,wo30)

This leads to a version of Theorem 3.2 for the current setting and shows that

Ml(Vo,Wo;a)) = {u (S Fl(vo,wo;a))|J1‘”(u) = Cl(V(),W()Qa))} 7& 0



5.2 Other Coordinate Systems 57

and that it is an ordered set of solutions of (PDE). However, as the next proposition
shows, the flexibility with respect to w again is less than it first appears to be.

Proposition 5.11. Let w = (wy,...,w,) and & = (@1, ..., d,) be admissible sets
of orthogonal vectors. Then

M (vo, wo; @) = M (vo, wo; @) <= w1 = @y,

i.e., My(vo, wo; ) is determined by w;.

Proof. Suppose u € M (vo, wo; @) = M (vo, wo; @). Since @ = D | gk,
j € N can be chosen so that jg.x € Z,1 <k <n.Thenforf € N,

u(x) = u(x + @) = u(x + jn) = u(x + jgnwi) = u(x + £jguwr), (5.12)

SO
vo(x) < u(x + jguwr) = u(x + £jgawr) < wo(x). (5.13)
If ¢o1 # O,u(x + £jgriw;) — vo(x) or wo(x) as £ — oo, contrary to
(5.13). Therefore g,; and similarly ¢;; = 0,2 < i < n. Thus w; lies in the
orthogonal complement of span (@, ..., ®,), i.e., ; = y®, for some y € R. But
w; = )Y 1aje; and @ = Y ] d;e;. Hence a; = ya;. The earlier normalization that
the components of @; have no common factors implies y = +1. If y = —1 and
£ e {w, a1},
u(x + L&) - wo(x) as £ — oo, (5.14)
but
u(x + £ay) = u(x — Lwy) — vo(x) (5.15)
as £ — oo, contrary to (5.14). Thus y = 1 and w; = @;.
Next suppose = @, and let u € M;(vo, wo; w). Then
u(x + @) € I'1(vy, wo; @), and since @, € span (ws,...,w,),

JP W) ((x + @2)) = J{(u),

so u(x + @,) € My (v, wo; w), an ordered set. Therefore (a) u(x + @;) > u(x),
b) u(x + @) < u(x), or (¢) u(x + @) = u(x). If (a) occurs, as in (5.12), for
appropriate j,

u(x) < u(x + jan) = u(x). (5.16)

Thus (a) and likewise (b) cannot occur. A similar argument shows that
u(x + @) = u(x),2 < i < n.Consequently u € T'j(vy, wg; ®). Moreover, by
the analogue here of Theorem 3.60 1°, u is minimal and WSI. Then 2° of that
theorem implies u € M, (vo, wo; @). Reversing the roles of w and @ then yields
M (v, wo; @) = My (v, wo: ).

Proposition 5.11 shows that the sets M; (v, wo; @) are more properly denoted
by M (v, wo; @1). In particular, to get heteroclinics at the next level of com-
plexity merely requires a gap in M, (vo, wo; @) independently of the choice of
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3, ...,w,. Thus condition (x); depends only on w; and will be denoted by
(*)1(wy). If it holds, denoting the associated gap pair by vi(w;), wi(w;) and
defining [ (vi(w1), wi(w1); w), J¥, c2(w) in the natural fashion leads to a version
of Theorem 4.40 for this setting. A priori, the set M;(vi(w;), wi(w1); @) depends
on wy, ..., w,, but again as for Proposition 5.11, it depends only on w;:

Proposition 5.17. Let w = (w1, w,, ..., w,) and ® = (w1, ®s, .. .,0y,). Then
Ma(vi(@1), w(@r); @) = Ma(vi(wr), wi(wr); ©) iff wy = @,

Proof. That the equality of the sets implies w, = @, follows as in the proof of
Proposition 5.11 with small modifications. For the converse, suppose w, = @, and
u € Ma(vi(w1), wi(w1); ). Then again as earlier, u(x + @;) = u(x),3 <i <n,
sou € fz(vl(wl), wi(w)). We claim that u € T (vi(w;), wi(w1); @). To show this
requires proving

|l — vl(w1)||L2(Sl_,;,) — 0, i - —o0, (5.18)

||l — Wl(a)l)”U(S,@) -0, i - oc. (5.19)

Here S l‘" is the analogue of the earlier strips S;. Thus Si‘a = Sg) + iw, and

S¢ =

n
f1w1+12602+2ti50i|11€R, 05¢i§1,25i§n}-
3

Note that

n
S(()Z) = {tlwl +t2w2+zti%‘kwk |heR, 054 <1,2<i Sn§
3

Cltioi|h eRO<t, <1,|t;] < j} = S*
for some j € N. Therefore
llu=vi@)ll 250y = llu = Vi@l L2(s*tiom) (5.20)

and since u € I(vi(wy), wi(wy),w), the right-hand side of (5.20) goes to
0 as i — —oo. Thus (5.18) and similarly (5.19) are satisfied. Consequently,
u € Ih(vi(wy), wi(wy),®). Since u is also minimal and WSI, by a variant of
Proposition 4.79, u € M;(vi(w;), wi(@1), ®), and Proposition 5.17 is proved.

Continuing in this fashion leads to further solutions of (PDE) as in (A) of this
chapter with properties as in Chapters 2—4 as well as corresponding versions of
Proposition 5.17.
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5.3 Generalizations to « € Q"

So far, only the case of the rotation vector « = 0 has been treated. This section
indicates how our earlier results extend to o € Q".
Letr € N" and s € Z". Suppose u* satisfies
w*(x +rie)) =u*(x)+s;, 1<i=<n. (5.21)

By Theorem 1.1, if such a ™ is a solution of (PDE) that is minimal and WSI, there
are an ¢ € Q" and M > 0 such that

u*(x) —a-x| <M
forall x e R".By (5.21)for1 <i <nandk € Z,
|u*(x + krie;) —a-(x + krie;)| = |u*(x) + ks; —a-x —a;ikri|,  (5.22)
and (5.22) is bounded in k iff
a =si/ri, 1<i<n. (5.23)
Thus given o € Q", choosing r € N, s € Z" with r;, s; relatively prime and
satisfying (5.23), solutions of (PDE) having rotation vector « can be sought in the

class of functions satisfying (5.21). For u* in this class, set u = u* — « - x. Then for
1<i<n,

u(x +rie;) =u*(x +rie;) —a-(x +rie;) = u*(x) + s —a-x —a;r;i = u(x),

(5.24)

i.e., u is r;-periodic in x;, or in the notation of Chapter 2, u € T'y(r), where
r = (ry,...,r,). Moreover, if u* satisfies (PDE),

—Au+ F,(x,u4+a-x)=0. (5.25)

Thus to find solutions u* of (PDE) of rotation vector «, it suffices to find u € Ty(r)
satisfying (5.25).

With these observations, results paralleling our main earlier theorems obtain for
each o € Q". We will indicate them for the simplest cases and make some remarks
about the more general ones. To begin using suggestive notation, the results of
Chapters 1-3 become the following: There is an ordered set of solutions of (PDE),
MG, satisfying (5.25). In addition, whenever there is a gap pair vy, < Wy in Mg,
there is a solution of (PDE), U{, lying in the gap, heteroclinic in x; from v, to
we and satisfying (5.24) for i = 2,...,n. The function U} is a minimizer of an
associated functional J{* defined on I'{"(vy, wy), and the set of such minimizers
M (v, W) is nonempty. Conversely if M{(vq, wo) # 0, vo, W, are adjacent
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members of M{. Moreover, u is a solution of (PDE) having rotation vector o
satisfying (5.23) for 2 < i < n which is minimal and WSI iff u € M or
u € MY(va, W) U MY (Wa, Vo) for some adjacent pair vy, w, in M. The changes
required of the material in Chapters 1-3 to obtain these results are minor. Therefore
the new classes of functions and functionals that are needed will be defined, but
most proofs will be omitted.

To introduce M, a version of Proposition 2.2 will be needed, so for the moment
we work with r € N” and s € Z" rather that «. Define

Iy = {u* € W (R") | u* satisfies (5.21)}.

loc

Setting o; = s;/r;, 1 <i <n,by(5.24),
Iy ={u+a-x|ueTyr)}="Tr)+a-x.
For u € I'g(r) and J{ as in Chapter 2, define

¢t = 16111£ Jy(u+a-x). (5.26)
usly

Set
My ={u+ax |ueT]and J§(u+ ax) =cy'}.

In [1], Moser proved

Theorem 5.27. 1° Mg" # 0.
2° Any u* = u+ o - x € My is a solution of (PDE) that is minimal and WSI.
3% My* is an ordered set.

4° Fork e N" andt € 7", seté(l‘) = (kit1, ..., knty). Then Mg(r)’k(s) = My" and

N N n
Cl(;(r).k(x) _ (l_[ k,’) CS"S.
1

Proof. 1°-3° are proved as earlier. For 4°, let u + ax € Fg (KO Then using (Fy),

a computation shows that for 1 < i < n, tiu+a-x € F(I; (k) Therefore

u+oa-x € Mﬁ(r)‘k(s) implies rj[u +a-xe€ Mg(r)’k(s). Note that 3° is equivalent to

the statement that
{ueTo(r) |u+a-x €M’} = Mo(r)

is ordered. Hence, (i) 7} u = u, (ii) 7}, u > u, or (iii) 7/ u < u. Possibilities (i) and
(iii) are excluded as in Proposition 2.2, so (i) holds. Thus u € T'y(r) and it satisfies
(5.21) with r, s.
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To continue, henceforth for a given @« € Q”", choose the unique » € N” and
s € 7" such that o; = s;/r; and s;, r; are relatively prime, 1 < i < n. Further set
_ r,.s _ r.s _ .S
Iy =Ty cf =cy,and M = M.
Assume that

there are adjacent vg, wy € Mo(r) with vy < wg. ()5

We seek a solution U* = U + « - x of (PDE) with U heteroclinic in x; from v{
to wg. To formulate a variational problem for U, replace T" ! and T; of Chapter 2
by R/[0,72] x --- x R/[0,r,] = T2V and [iry, (i + 1)ry] x T2~! = T%. Then for
v,w € My(r), define

’F\‘i‘ = ’I:‘i‘(v, w)={ue WL2(R x T"!) | u lies between v and w}.

loc

Foru e f‘f andi € 7Z, set

Jii(w) = /T‘" Lu+oa-x)dx —cf

1
and

q
TR, ) =" T ).
14

Then with the aid of 4° of Theorem 5.27, the proof of Proposition 2.8 carries over
to the current setting with minor modifications. This allows us to define

Jiw) = Lm Jp, (u),
p—>—00

q—>00
and Lemma 2.22 extends to this functional. Next defining

If =T¢v,w) ={u e TY | llu— |2 — 0.i > —o0,
||I/l - W”LZ(T?) — O,l —> OO},
Proposition 2.24 extends to J{* and I'Y" as do the remaining results of Chapter 2 with

small changes. For example, in Corollary 2.49, u < ! u is replaced by u < 7!

u,
r
the SpaCC F (V) beCOmeS

Ity = {u € f‘f‘(v— Lv+1)]||u _V||L2(Tf.') — 0, as|i| > oo},

cf(w) = inf J¥(w),

u€l'y (u)

and
M) ={ue Y@ [ J{'(u) = ()}
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These preliminaries lead to:

Theorem 5.28. If F satisfies (F1)—(F2) and (x ) holds:

1° There is a U € TIY(05,wg) such that JX(UY) = «cf, ie,
M =MEOgwy) ={ue Y5 wy) | J(u) =} # 0.
2° IfU e My,

(a) U + o - x is a solution of (PDE),
(b) ||U — Vg“Cz(T?t) — O, i — —0Q,
||U - Wg”cZ('ﬂ*lll) — O, I —> oo,

o 1 o
(c) vg <U <1, U <wy.

3% MY is an ordered set.

The proof of Theorem 5.28 follows that of Theorem 3.2.

With the above observations, it is straightforward to extend the remaining results
of Chapters 3—4 to o € QQ". Likewise, Sections 5.1 and 5.2 of this chapter carry over
to @ € Q". For example, for Section 5.2, we replace (ey,...,e,) by (w1,...,w®y)
in (5.16).
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Chapter 6
The Simplest Cases

In the second part of this memoir, the existence and variational characterizations
of the basic solutions of (PDE) that were found in Part I will be used to construct
more complex solutions. The new solutions are near formal concatenations of the
basic solutions. Hence in the terminology of dynamical systems, they shadow basic
solutions, while in the language that has been used in other related settings, they
are “multibump” solutions of (PDE). The term “multitransition” solution is more
accurate, and it will be used here.

Two of the simplest cases will be studied first. To describe them, observe that by
()0, M1 (vo, wo) # @ and therefore

Miwo+ Lwog+1)={14ul|uecM(vg,w)} # @.

This suggests trying to find solutions of (PDE) that are heteroclinic in x; from vy
to wo + 1, are 1-periodic in X, ..., Xx,, and shadow members of M (vy, wy) and
Mi(vo + 1,wo + 1). It will be shown that there are infinitely many such solutions
of (PDE), provided that (x); holds, i.e., M (vo, wo) has gaps. These heteroclinics u,
whose existence was alluded to in Remark 3.41, are strictly 1-monotone in x; and
also possess some minimality properties, but they are not minimal as in Chapter 1.

Next observe that (x)o implies that both M (vg, wg) and M (wy, vo) are nonempty.
Thus one can seek solutions of (PDE) homoclinic to vq (or to wy) that shadow mem-
bers of M (vg, wo) and M (wg, vo). Under the further assumptions that M (vg, wo)
and M (wo, vo) have gaps, it will be shown that there are infinitely many such
solutions. Unlike the previous case, they are not monotone but again possess local
minimality properties. Consequently, here we leave the realm of solutions that are
minimal and WSI.

As in Part I, the main tools for obtaining these new heteroclinic and homoclinic
solutions are minimization and comparison arguments. However, in contrast to the
earlier settings, the new variational problems involve additional integral constraints
that force admissible functions to have the shadowing properties we seek. Such
constrained variational approaches have been used in dynamical systems settings
by Mather [6] and others and also for partial differential equations as in [7, 8].

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 65
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_6, © Springer Science+Business Media, LLC 2011
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There are different kinds of shadowing results one can attempt to find. The most
precise sort of result, which requires the greatest technical effort, is to seek solutions
that are globally near a given pair of isolated basic solutions (or if the basic solutions
are not isolated, the new solutions should shadow the corresponding respective
components of solutions). A less onerous approach gives shadowing orbits in a
“controlled region” of the function space under consideration, a region that may
contain many basic solutions. By a controlled region, we mean that constraints are
imposed on the functions that require them to have the form we seek. Our results
are mainly of this latter type.

Turning to the two cases that are the current focus, the second is simpler in that it
concerns only solutions lying in the gap between vy and wy. The first case deals with
the region between vy and wy + 1, which may contain a complicated set of periodic,
heteroclinic, or homoclinic solutions of (PDE). The simpler case will be treated in
Chapters 68 and the monotone case in Chapter 9. To formulate the main result for
two-transition heteroclinic solutions of (PDE) between vy and wy, assume (x)y and
also (x); for M (vo, wo) and M (wo, vo). Define

_(u) = u — v 2 k)
p— () = llu—=voll L2(7) 6.1)

p+ ) = llu—wollL2(r)-

By Theorem 3.2, M (vg, wy) and M;(wy, vy) are ordered sets. Therefore p_ is
strictly increasing on M (vo, wg), and M (wg, vo) while p4 is strictly decreasing
on these two sets. Set p = |[wo —vo || 12(r;)- Choose constants p; € (0,p), 1 <i <4,
such that

p1 & p—(Mi(vo, wo)), p2 & p+(Mi(vo, wo)).

(6.2)
p3 & p+(Mi(wo, vo)), P4 & p—(M;(wo, vo)).
Let £ € Nand m € Z* with
my <my <my+ 20 < mz < my. (6.3)

Now the class of admissible functions for our first minimization problem can be
introduced. Set

Yoo = Yini(vo, wo) = {u € Ty (vo, wo) | u satisfies (6.5)—(6.6)}, (6.4)
where
i p—(w) <pi,  m—C<i<m-—1,
(i) pr(thu) <pp.  my<i<my+L-—1,
(i) pp(tlw) <ps,  ma—L<i<my—1,

(v) p—(tLu) <ps,  msa<i<myg+L—1, (6.5)
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and
Ietiu—voll 2y — 0, |i] = oo. (6.6)

Define
bmi = bmo(vo,wo) = inf Ji(u). (6.7)
UEY,y ¢

The main result of this section is:

Theorem 6.8. Let F satisfy (Fi)—(F>). Assume that (%) holds and also (x); for
M (vo, wo) and My (wo, vo). Then for each sufficiently large £ € N, there is a
U = Uy € Yy suchthat J1(U) = by, . If in addition my, — my and my — ms are
sufficiently large, U is a solution of (PDE) and

U =vollc2r;y — 0 asli| — oc. (6.9)

Remark 6.10. (i) Applying Theorem 6.8 with larger and larger choices for
£, my —m, and m4 — m3 produces infinitely many distinct solutions of (PDE).
(i) Stronger statements about shadowing can be made. For example, U will be
close to vo in || - ly12(r,) for i < my and i > my4 and to wo in || - [[y12(7; for
my <1i < mj.

The proof of Theorem 6.8 will be given in Chapter 7. It requires a few
preliminaries, which will be stated and proved in this section. Using Theorem 6.8 as
the main tool, the existence of multitransition solutions will be studied in Chapter 8.

Lemma 6.11. ¢ (vo, wo) + ¢1(wo, vo) > O.

Proof. Let V.. Mji(vo,wo) and W € M;(wo, vp). Set ® = max(V, W) and
W = min(V, W). Then ® € I'y(wp) \ {wo} and ¥ € I'1(vg) \ {vo}. Therefore by
Theorem 2.72, J;(®), J1(¥) > 0, and as in (2.79)—(2.80),

0 < Ji(®)+ J1(W) = Ji(V) + J1(W) = c1(vo, wo) + c1(wo, Vo). (6.12)

The next result is related to Lemma 6.11 and provides an estimate useful in future
comparison arguments. Set

2
X, = UT

i==2

Proposition 6.13. Suppose (x)o holds. Let y > 0. Then for any u € T'1(vo) (resp.
u € I'y(wg)) satisfying

lu—=volli2xyy =y (resp.llu—wollwizxy) = V). (6.14)

there is a B = B(y) > 0 independent of u such that J,(u) > B.
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Proof. The proofs are the same for the vy and wy cases, so the former case will be
proved. Set

Y ={uecTi(v) | u satisfies (6.14)}

and
cY) = inlg Ji(u). (6.15)

Then by Theorem 2.72,
0=ci(vo) <c(Y) < o0. (6.16)

If ¢(Y) > 0, Proposition 6.13 follows with (y) = ¢(Y). Hence it suffices to show
that ¢(Y) = 0 is not possible. Thus suppose ¢(Y) = 0 and let (ux) be a minimizing
sequence for (6.15). Then (uy) is also a minimizing sequence for (2.71). Since
Y C T'1(vp), which satisfies (Y})—(Yé), by Propositions 2.50 and 2.64, it can be
assumed that thereis a P € Wkl)’c2 (R x T"~') such that uy — P in Wkl)’c2 (R x 1
as k — oo, thereby satisfying (6.14), and P is a solution of (PDE). Moreover,
as, e.g., in (3.6)—(3.7), J1(P) < oo. Consider ®; = max(u, tlluk) and ¥, =
min ey, rlluk). Then as in (3.14) (with ¢; = 0) and the argument following it, ®y,
W, converge to ® = max(P, 7!, P) and ¥ = min(P, t', P), which are solutions
of (PDE) with ® > W and either (i) ® = W or (ii) ® > W on R x T"~L. If (i) is
satisfied, P = t! P, so P € T\. Therefore J;(P) < oo implies P € {vy, wy}.
By (6.14), P = vy is not possible. Thus (i) implies P = wy. If (ii) is valid,
(a) tllP > Por(b) P > tllP. Alternative (a) shows that P € I'1(vg, wp), while
(b) implies P € T"j(wp, vo). A similar argument applies in either event, so suppose
(a) is satisfied. Then by Proposition 2.24,

P —wollwr2ery — 0, i — oo. (6.17)

Note that (6.17) also is valid for case (i). Thus to verify that ¢(Y) > 0 and complete
the proof, it suffices to prove that (6.17) is impossible. A comparison argument
exploiting Lemma 6.11 will be employed to do so.

Let ¢ > 0. Since uy — P in W'2(T}) for each s € Z, (6.17) shows that there is
aq = ¢(e) € Nsuch that for all large k € N,

e = wollwi2r,) < & (6.18)
Define
U, X1 5 q - 15
fe=1{wo, ¢=<x1<q+1, (6.19)
ug, q+2=xi,

and interpolate in between as usual. Then as in (3.23), there is a function w(s)
satisfying p(s) — 0 as s — 0 and such that

|J1(ui) = Ji(fi)l < u(e) (6.20)
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for large k. Further, choose ¢ so that

1
ule) < E(cl(vO,wO) + ¢1(wo, vo)). (6.21)

Hence by (6.20)—(6.21), for large k,

1
Ji(fe) < Ji(ug) + E(CI(VOJ’VO) + c1(wo, vo)). (6.22)
Define
<
g = {f"’ =4 (6.23)
wo, (¢ = X1,
and
<
=" =1 (6.24)
S g < x1.
Then
S (fi) = Ji(gk) + Ji(he) (6.25)
and g € "1 (vo, wo), hix € T'1(wo, vo). Consequently, by (6.22)—(6.25),
1
c1(vo, wo) + c1(wo, vo) < Ji(ux) + E(CI(VO,WO) + c1(wo, vo)),
or via Lemma 6.11,
1
0< E(CI(VO,WO) + CI(W(),V())) < Ji (uk) (626)

for all large k. But J;(ux) — 0 as k — oo, contrary to (6.26). Thus ¢(Y) > 0, and
Proposition 6.13 is proved.

The next result provides a crucial tool for future cutting and pasting arguments
and for analyzing asymptotic behavior. Define X; = U?’:-z T;+ ;. Then roughly

speaking, the result says that if u € T, (vo, wo) and J; (1) < oo, u must get L? close
to vy or wy at least for a sequence of sets X; with i — Fo0.

Proposition 6.27. Suppose () holds and u € fl(vo,wo) with J1(u) < M < oo.
Then for any 0 > 0 and t € 7Z, there is an £y = Ly(o, M) € N independent of u and
t such that whenever £ € N and £ > £,

lu—@l2x) <o (6.28)

forsomei =i(l,t) e (t—L+2,t +€—2)and ¢ = @p; € {vo, wo}-
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Proof. If the proposition is false, there areao > 0, ¢ € Z, and a sequence (ux) C fl
such that
Ji(up) =M (6.29)

and
lux —@ll2xy) =0 (6.30)

for ¢ = vp and wy and for alli € (t — k,t + k). By Lemma 2.22, (u;) is bounded
in W,'2(R x T"~'). Hence there is a U* € Wk])f(R x T"!) such that along a

loc

subsequence, u; — U* weakly in W12 (R x T"~1), strongly in L2 _(R x T"~"), and

loc
pointwise a.e. as k — oo. Therefore U* € 'y,

—-K<Lh(U*)<M+2K (6.31)
as in (3.6)—(3.7), and
1U* —oll2x) =0 (6.32)

foralli € Z and ¢ € {vy, wo}.
To complete the proof, it suffices to show that such a U* cannot exist.
Choose U € M (vo, wo) as given by Theorem 3.2 and further require that

o
U —wollr2xy) < 3 (6.33)
Set
B ={c ,U"|j €Z}
and define
Y ={u € fl(VO,W0)| u<U and
lu—glli2,) — 0, as i — oo forsome g = g(u) € B}.
Note that Y satisfies (¥}') of Proposition 2.50. Setting
Vo, x1 <0,
S =1xmin(U,U*) + (1 —x))vy, 0<x; <1,
min(U, U*), x> 1,
shows f €Y # @. Thus if
ay) = ing Ji(u), (6.34)
ue

by Proposition 2.8 and (6.34),

— K fCl(y)le(f)<OO (6.35)
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Let (¢ ) be a minimizing sequence for (6.34). Then for each k € N, there are an
s, € Nand gx € B such that if s > s¢,

ok — gill2x,) < (6.36)

w|Q

Note that Ji(¢x) = Ji (rlSk ¢i)- Since rlSk ¢x need not belong to Y, (rlSk @) may
not be a minimizing sequence in Y for J;. However, (rlSk @) can be modified to
produce such a minimizing sequence. This will be shown next.

Let ¥ = max(rlSkg)k, U) and y = min(TlSk vr,U). We claim that
Yk € T'1(vg, wp) and yx € Y. The only point that need be checked is the asymptotic
behavior of the functions as x; — oo. We will show that

lxe — 2y, gl 2y — 0 (6.37)

as i — oo. Indeed, observe that

1 2 1 1 2
e — g P < [ (2, gx — o', guPdx

T T,N{U>tL, i}

1 1 2
4 / et o — L, g Pdx
T; m{,l_% 8k SU<f'_,Yk Ok}

+/ |U — wo|?dx
Ti N{U <min(gk. L, 1)}

</ lok — grl*dx + | |U —wol*dx — 0 (6.38)
Ti-‘r.vk i

i

as i — oo. The asymptotics for i follow in a similar but simpler fashion.
Next we show that

Ji(We) + N Ge) = Ji(er) + J1(U). (6.39)

Expressions like (6.39) have been used several times earlier. They have always
involved functions u for which J;(u) < oco. In general, as defined J; (1) is a liminf
but when J; (1) < o0, it has a simpler form as a limit. Equation (6.39) represents the
first time we may actually encounter a lim inf. Thus more care is needed to verify
(6.39) for this case. As earlier, for any p < g € Z,

Jipg (Vi) + Jiipg (Xi) = Jl;p.q(dsk@k) + Ji;pq(U). (6.40)

We can assume J| (¢;) < co. Therefore (6.40) and (2.23) imply J; (¥%), J1(xx) < co.
Choose p; — —00, g; — 00 as i — oo such that Jy;p, 4, (tL, ¢x) — Ji(¢x). This
plus Proposition 2.24 for ¥ and U gives us control of the limits of three of the
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terms in (6.40). Hence by (6.40) as i — 00, Ji;p, 4 (xx) converges to o > Ji(xx).
In fact, @ = Ji(yk), for otherwise o« > J;(xx) and

Ji(Wre) + S () < Jilgr) + J1(U). (6.41)

On the other hand, if s, — —oo and f — o0 as m — oo and
Jl;s,j;,t*m()(k) — Jl (Xk)s by (640)9

SiW) + (G = m Jiss,, 0, (96) + J1(U), (6.42)

so by (6.41)—-(6.42),

lim Jizg, 0, (06) < Ji(er) = 1im  Ji;p 4 (%), (6.43)
m—>0Q0 p—>—00,
q—>00

a contradiction. Therefore (6.39) is valid for the current setting.
Since ¥y € T'1 (v, wo), (6.39) shows that

Ji(xe) < Ji(ek). (6.44)

Consequently, () is a minimizing sequence for (6.34). Thus by Proposition 2.50, it
can be assumed that there is a ® € I"{(vg, wy) such that y; — P in Wkl)‘c2 (Rx T
as k — oo. For any ¢, ¢ as in (¥,)) of Proposition 2.64

(¥ = Ji0u) = ci(¥) + 6 = Ji( +19) + 8

with §; — 0 as k — oo. Therefore (V') is satisfied, and by Proposition 2.64, ® is
a solution of (PDE) in R x T"~!.
We claim that fori > 0,

o
[®—wollL2x;) = 5 (6.45)
It suffices to show that
o
”Xk — WO”LZ(X,-) Z 5 (646)

By (6.32),

e — W0||L2(X,) > [lwo — Tlskgk”y(xi) — Ik = flsk gk||L2(X,-)

>0 — e — i, gkl 2o (6.47)
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Now as in (6.38),

1 2 1 1 2
/ e — 2, g < / It o — 7L g Pdx
X; Xin{Uztl, o}

1 1 2
4 / 2t g — 7, guPdx
X0{gsUStL, o}

+ / |U — wo|*dx. (6.48)
X; {U <min(gx,tL, o)}
Therefore by (6.36) and (6.33),
1 2 ONT L (9N _2
I =gl < (3) +(3) =35> (6.49)

S0 (6.46) follows from (6.47) and (6.49).
Next choose W € M (vg, wp) such that W < @ in Xj. This is possible, provided
that ® > v in X(. Assume for the moment that this is the case. Let

Py = min(W, yx) and Qy = max(W, yi).

As above, P, € Y and Qy € T'j1(vo, wp). Therefore as in (6.44) and the lines that
follow it,
Ji(Pr) < J1(xx). (6.50)

and as k — oo, Py converges in W/kl,f(R x T"~1) to a solution P of (PDE) with
P = min(W,®). Hence P < W, and by construction, P = W < & on
Xo. Therefore the maximum principle argument of Theorem 3.2 yields P = W.
Consequently, ||P — woll2(x,) — 0 asi — oo. But P < &, so by (6.45),
[P — woll;2x,) = o0/2 forall i > 0. This contradiction shows that U* cannot
exist.

Now to complete the proof of Proposition 6.27, we must show that & > v in
Xo. If not, ®(z) = vo(z) for some z € Xj. Since & € f‘l (vo, wo), © > vy. Thus @
is a solution of (PDE) with a global minimum at z. Hence the maximum principle
argument of Theorem 3.2 implies ® = v,. Therefore yx — vo in L*(X;). On the
other hand, U > vy, so yx = min(rlSk ¢k, U) implies

||Tlsk<ﬂk - V0||L2(X0) = llox — V0||L2(X.\.k) -0 (6.51)

as k — oo. But by (6.32), (6.36), and (6.51),

(6.52)

w|Q

o
o =< llgx— VO”LZ(XU{) < llgx — @k”LZ(XSk) + [lox — V0||L2(Xsk) = 3 +

for large k, a contradiction. Thus the proof of Proposition 6.27 is complete.
The next result shows how Proposition 6.27 can provide asymptotic information
about solutions of (PDE).
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Proposition 6.53. Under the hypotheses of Proposition 6.27, suppose there is an
R > 0 such that u is a solution of (PDE) for x; > R (resp. x; < —R). Then for
some @ € {vo,wo}, |lu—@llwiax,) — 0asi — oo (resp. |u— ¢llyizx,) — 0as
i —> —00).

A more refined conclusion is:

Corollary 6.54. Under the hypotheses of Proposition 6.53, |u — ¢|c2;y — 0 as
i — —oo (resp. |lu—¢|c2qy — 0asi — —o0).

Proof of Proposition 6.53. Choose 0 > 0 and free for the moment. Apply
Proposition 6.27 to a sequence t; — oo to obtaina ¢ € {vy, wo} and a corresponding
sequence (sx(0)) C N with s;(0) — 0o as k — oo and such that

flu— (p”LZ(XXk(,,)) <o (6.55)
With ¢ so determined, it suffices to show that
lu—oll2x) — 0. i— oo. (6.56)

Indeed, assuming (6.56) for now, we claim that there is a constant M3 independent
of u and i such that whenever s; > R + 2,

lu—@llwiaz, o) < Msllu—@ll2x, ) (6.57)

where Z, = U}=_1 Tp+ ;. To verify (6.57), set ® = u — ¢. Then as in (2.5),
satisfies
—AD+ AD =0. (6.58)

Now following the argument from (4.69)—(4.71) shows that (6.57) follows from
(4.71). Moreover, (6.56) and (6.57) imply the proposition.

It remains only to verify (6.56). If it is false, there is are y > 0 and a sequence
pi — 00 asi — oo such that

lu—@llr2x,) = v (6.59)

Relabeling sy (0), it can be assumed that p; € (s;(0), s;+1(0)). Define

u, xp <s; —1,
@, si<x1<s+1,
fi=qu s +2=<x <sip -1, (6.60)
@, Sit1 = x1 < si41 + 1,
u, Si+1 +2 < x1,
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with the usual interpolation in between. Then as in (3.23), there is a k(o) with

k(o) — 0as 0 — 0 such that

|J1§Si,5i+1—1 (M) - Jl;Si.s‘erl—l(ﬁ)' = K(G)'

Set

©, X1 =S,
hi =19 fi, si <x1 <Sit1.

©,  Si+1 = Xi.
Then h; € T'1(¢), so by (6.59) and Proposition 6.13,

Ji(hi) = B(y).
Since
Ji(hi) = T -1 (fi).
by (6.61)—(6.63),
Jissisi—1 () = B(y) — k(o).
Choose o so small that
2k(0) < B(y)-

Therefore (6.64) becomes

Tisparsr1(®) = 360

6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

Now suppose that s; > R + 2 fori > ijy. With ¢ € N free for the moment, write

q—1

Jl (I/l) = Jl;—oo,sl-o_l (I/t) + Z ‘]l;si0+j ,S,-0+/'+1—1 (I/l) + Jl;SiOJrq.OO(u)'

Jj=0

Since by hypothesis, J; (1) < M, by (6.66)—(6.67) and Lemma 2.22,

M +2K, > %ﬂ(y)-

(6.67)

(6.68)

But (6.68) is not possible for large g. Thus (6.56) holds, and Proposition 6.53 is

proved.
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Proof of Corollary 6.54. Observe that with ® = u — ¢ as in (6.58), |®| < 1. Hence
by the L7 _ elliptic estimates for (6.58) with p > 2, forany z € T; and i > R + 2,

loc

2 2
1@ w2 s,y < Mall@lLrmaen < Mall RIT, ) < Mall I, . (6.69)

with M, a constant independent of u,i, and z € T;. Thus for p > %, (6.69), the
Sobolev embedding theorem, and Proposition 6.53 imply

[®llcrzy =0, @ — o0. (6.70)

By the interior Schauder estimates, for any @ € (0, 1), there is a constant M5 such
that

@l c2e(8,)) < Ms (6.71)

for all z € [R + 2,00) x T""!. Now (6.70)—(6.71) and standard interpolation
inequalities yield
[®llc2ry =0, @ — o0. (6.72)

One final comparison result is needed to prove Theorem 6.8. With p; as in (6.2),
define

A1(vo.wo) = {u € T1(vo. wo) | llu — voll 2y = p1or [lu—woll 2y = p2}

and

d] (V(), W()) = inf J] (M) (673)

u€A(vo.wo)
Replacing p; by ps and p; by p3, A (wg, vo) and d; (wy, vo) are defined similarly.
PI‘OpOSiﬁOIl 6.74. d] (Vo, W()) > (] (V(), Wo) and d] (WO, V()) > C (W(), Vo).
Proof. Their proofs being the same, only the first inequality will be proved. Since
A1 (vo, wo) C I'i(vo, wo),
d; (W(), vo) > (W(), Vo). (6.75)

To exclude equality in (6.75), let (ux) be a minimizing sequence for (6.73). By
Propositions 2.50 and 2.64, it can be assumed that there is a P € I'; (v, wp) with
J1(P) < oo such that 4 — P in Wl(l)f(R x T 1),

[P —vollL2eryy = p1or [P —wollp2ry) = p2 (6.76)

and P is a solution of (PDE) whenever x ¢ [0,1] x T"~!. Moreover,
Proposition 6.53 applies to P, so

1P —ollwiaxy. 1P =¥lwiax_y—0 (6.77)
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asi — oo for some ¢, ¥ € {vo, wo}. Suppose, e.g., ¥ = wy. Choose ¢ > 0. Then

there is an s € —N such that for all k > ko(s),
lux —wollwrz(x,) < e

Since uy € Ty (vo, wy), for any g = g (k) € N and sufficiently large,
||14k - WO”WLZ(Xq) <e&.

Define
Ug, X Q/Zs @] Zq,

Wwo, X € TYUTqv

fi =

(6.78)

(6.79)

(6.80)

with the usual interpolation in the remaining four regions. Then as for (6.61), there

is a function k (0) with k(6) — 0 as & — 0 such that

[J1(ur) — Ji(fi)| < k(e).

Set
Wo, X1 =,
gk =\Jr, s<x1=<q+1,
wo, ¢ +1=xi,
and
S, x1 =,
he = ywo. s<xi<q+1,
feo q+1=x,
SO

Ji(fi) = Ji(gk) + Ji(hi).
Moreover, g € I'1 (wp) and
lgx — W0||L2(T0) = |lux — W0||L2(T0)~

Thus either
[P —wollr2(z) = P2,
in which case it can be assumed that

||I/lk - W0||L2(T0) = P2,

or
P — V0||L2(T0) = P1,

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)
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in which case

lux = woll 2y = B — pr. (6.87)
Recall p = ||wo — vol|.2(z;)- Thus by (6.85)—(6.87),

wo — gkl 12(r,) = min(p2, 0 — p1) = ¥, (6.88)

so by Proposition 6.13,
Ji(gr) = B(y). (6.89)

Since /i € Ty (vo, wo), by (6.81), (6.84), and (6.89),
Ji(ug) = —k(e) + B(y) + c1(vo, wo). (6.90)

Choose ¢ so small that
2k (e) < B(y) (6.91)

and let k — oo in (6.90), yielding

1
dy(vo, wo) = ¢1(vo, wo) + 5,3()/)- (6.92)

If ¢ = vy, a similar argument gives (6.92) with y replaced by min(p;, p — p2).
One case remains: ¥ = vy and ¢ = wy. Then P € A (vp, wy) and therefore
J1(P) > dj(wp,vo). An argument essentially as in the proof of Theorem 3.2, in
particular the proof of (C) beginning with (3.15), shows that J,(P) = d,(vo, wo).
If dy(vo,wo) = c1(vog, wp), the fact that P € T'j(vo, wp) and 2° of Theorem 3.2
show that P is a solution of (PDE). But P satisfies (6.76), which is incompatible
with (6.2). Thus d; (v, wg) > c1(vo, wp) for all three cases, and Proposition 6.74 is
proved.

For the final result in this section we give a partial answer to a question posed
by Moser [1] and by Bangert [2]. They noted that for n = 1, if u# is minimal, then
u is WSI. They asked what further conditions one needs for # to be WSI when
n > 1. Some sufficient conditions were given by Bangert in [2]. The next result
provides another partial answer of a different spirit from those of [2]. We thank
Sergey Bolotin for a helpful suggestion.

Proposition 6.93. Suppose u € T (vo, wo), and u is minimal. Then u is WSI.

Proof. Since u is minimal, it is a solution of (PDE). Suppose for the moment
that Ji(u) < oo. Then by Corollary 6.54, |lu — ¢|lc2;) — 0asi — —oo and
lu—V¥llc2r,) — 0asi — oo, where ¢, ¥ € {vo, wo}. We consider two cases:
(@) ¢ = Y and (b) ¢ # V. For (a), u € T'1(vy) U I'1(wp). Let p € N and set
up, = @, |xi| < p;up, = u,/|x;| = p 4+ I; and interpolate as usual for
p < |x1| < p + 1. Then by the minimality of u,

Jiw) < Ji(u,) >0, p— oo. (6.94)
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Thus by Theorem 2.72, J;(#) = 0 and u = ¢. Consequently « is WSI. Similarly for
(), u € T'1(vy, wo) U I'y (wo, vo). We claim that u € M;(vg, wg) U M;(wy, vo) and
therefore u is WSI via 2°(c) of Theorem 3.2. If the claim is false, say u € ' (vo, wo),
then

Ji(u) > c1(vo, wo). (6.95)

Let U € Mi(vo, wo). As for case (a),set U, = U, |x1| < p; U, = u, |x1| = p+1;
and interpolate for p < |x;| < p + 1. Then

Ji(w) < Ji(Up) = c1(vo,wp), p — o0, (6.96)

so Ji(u) < c1(vo, wp), contrary to (6.95). Thus u € M (vg, wo).
It remains to prove that J; (1) < oo. Let u, be defined as in case (a) with ¢ = wy.

Then
p

0= > {Juiup) — i)} = Ji(up) — Ji(w). (6.97)

—p—1

Since u is a solution of (PDE), |J1—,—1(up)| and |J1 ,(u,)| are bounded by a
constant K depending only on u. Therefore by (6.97),

p

Z J]J(M) < 2K

and letting p — oo shows J; (1) < oo.






Chapter 7
The Proof of Theorem 6.8

The proof consists of several steps. Let (u) be a minimizing sequence for (6.7).
Thus there is an M > 0 such that

Ji(w) = M (1.1)

for all k € N. In fact, if V; € M, (vo, wo) and W, € M;(wy, vo) such that V satisfies
(6.5) (i) and W, satisfies (6.5) (iv), setting

Vi, x1 <my,
U= wy, m+1=<x3 <myg—1,

Wi, m4 < xi,

with the usual interpolation in between, J; (ﬁ ) furnishes an upper bound for J; (uy)
independently of m and {. The set Y, satisfies (Y1), so by Proposition 2.50,
it can be assumed that there is a U € fl(vo, wp) such that (ux) converges to U in
W,L2(R x T"~'). Therefore U satisfies (6.5). As in (3.6)~(3.7),

loc

Ji(U) <M +2K;. (7.2)

Moreover, as in the proof of Theorem 3.2, U is a solution of (PDE) except possibly
for the four integral constraint regions.

The remainder of the proof is divided as follows: We show (A) for £ sufficiently
large, there is an X; in each integral constraint region such that U satisfies (PDE) in
the interior of X;; (B) U satisfies (6.6) and therefore U € Yy, ¢; (C) J1(U) = by 4;
(D) for my — m; and m4 — mj3 sufficiently large, U satisfies (PDE) in the integral
constraint regions; (E) U satisfies (6.9).

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 81
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Proof of (A). Choose o so that

0 <o < min (pj,p—pj). (7.3)
I<j=<4 ~

It can be assumed that { > {y(o, M) with M:Jl(ﬁ) and {; given by
Proposition 6.27. Let R be any of the integral constraint regions. Then by
Proposition 6.27, there are an X; C R and ¢; € {vy, wo} such that

U —@illi2x,) <o (7.4)

The choice of ¢ in (7.3) implies ¢; = vy if R = R, [m; —€,m;] x T"7! or
Ry = [mg,mg + € x T and ¢; = woif R = Ry = [my,m; + €] xT" ! or
Rs = [m3 — £, m3] x T"~!. For example, if X; C R, and ¢; = vy, by (7.4) and
(6.5) (ii),

o > U =voll2xyy = U =vollizry = 0 = 1U =woll 2y = p—p2,  (7.5)

contrary to (7.3). The remaining cases are proved similarly. Thus (7.3) shows that
U satisfies the integral constraint for these special X;’s with strict inequality. Thus
so does uy, for large k. Hence for z € X; and r sufficiently small, the proof of (A) of
Theorem 3.2 shows that U is a solution of (PDE) in the interior of X;.

Proof of (B). To obtain (6.6), note first that by Proposition 6.53 with R = my4 + £,
U — ‘P”Lz(xj) -0, j— o0, (7.6)

for some ¢ € {vy, wo}. If ¢ = vy, then (B) is proved. Otherwise, ¢ = wy. Then by
(7.6), for some p > my + £,

3_
U =vollr2r,) = i (7.7

and by the convergence of uy to U in W*(T)),

5 (7.8)

N =

[l — V0||L2(T,,) =

for all large k. By Proposition 6.27 and the argument of (A), there is an
i € (my+ 2, myg+ £ —2)such that

IU =vollz2x,) = o (7.9)
Since U and vy are solutions of (PDE) in X;, as in (4.68)—(4.71),

U = vollwi2z,) < Mso. (7.10)
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Hence for large k, the Wlé’cz convergence of u; to U yields

”Mk - VO”WI‘Z(TI') =< 2M3(T

83

(7.11)

Now a cutting and pasting argument as in the proof of Proposition 6.53 will

establish (6.6). Choose gx > p so that
||uk _VOHWLZ(XW{) < Mjo.
As in (6.60), define

ue, x1<i-—1,

vo, I =<x1=<i+1,
Joe=que, i+2<x <q—1,
Vo, Gk <Xx1 =<gqr+1,
g, qr +2 <x,

with the usual interpolation otherwise. Then as in (6.61),

|J1;i,qk (ur) — Jl;i,qk (fk)| <«(o)

with k(6) — 0as 8 — 0.
Define
vo, X1 =1,

hi =9 fe, @ <x1 <q,
Vo, gk = X1.

Thus Ay € T'1(vy), and by (7.15) and (7.8),

Ji(hi) = Jiq (fi) = B(p/2).

B being given by Proposition 6.13. Now by (7.14) and (7.16),

Ji(uk) = Ji—cci—1(ur) + B(p/2) — k(0) + J1g0+1.00 (1)

But setting
ug, x1=<i-—1,
& = yvo, I =x1=gqr+1,
U, qr +2=x,

and interpolating in between as usual, it can be assumed that

[J1si—1 (i) — Jii—1(8)| + [1ge+1(k) — g +1(80) | < k(o).

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)
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Therefore (7.18)—(7.19) show that

Jl;—oo,i—l(uk) + Jl;qk+1.oo(uk) > Ji(gr) — k(o). (7.20)

Combining (7.17) and (7.20) gives

Ji(ue) = Ji(gr) + B(p/2) — 2k (0). (7.21)
Choose o so small that
4i (o) < B(p/2). (7.22)

But then, since (gx) C Yy, (7.21)—(7.22) show that (ux) is not a minimizing
sequence for (6.7). Thus (6.6) holds as i — oo, and a similar argument establishes
(6.6)asi — —o0.

Proof of (C). By (B),U € Y4, so
Ji(U) = by (7.23)

The reverse inequality now follows exactly as in the proof of (C) of Theorem 3.2.

Proof of (D). As was shown in (A), whenever U satisfies one of the integral
constraints with strict inequality, it is a solution of (PDE) in the interior of the
corresponding 7;. Moreover, once it is known that there is strict inequality for all
of the constraint regions (or even a pair of adjacent ones), the argument of (A) also
shows that U is a solution of (PDE) at the associated boundary points. Thus to
prove (D), it suffices to verify that there is strict inequality in (6.5) with u = U for
each region. This will be shown for (6.5) (i)—(ii), the remaining cases being treated
similarly.
Suppose for some i in (6.5) (i)—(ii) there is equality. Then

U = ell2 ) = p (7.24)

where (¢, p) = (vg, p1) or (wy, p2). Using Proposition 6.27 and (6.57) again, there
isaq € [m3 — £+ 2,m3— 3] N Z such that

U = wollwi2x,) < Mso. (7.25)
Define U* via
Ua X1 f q - 19
U= 1wo, g<xi<q+]1, (7.26)

U  qg+2<x,
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and interpolate as usual elsewhere. Then as in (4.71), by (7.25) and (7.26), there is
a function « (0) with k() — 0 as 8 — 0 such that

|1 (U) = JL(U")| < «(0). (7.27)
Define
* < 1
o=V m=arlh (7.28)
wo, ¢+ 1=xi,
and
<
D (7.29)
U*, q=x.
Note that ‘L’ql ® € A (vo, wo). Therefore by Proposition 6.74,
Ji(®) = Ji(1,®) = di(vo. wo). (7.30)
Since ¥ € Ty (V(), W()),
Ji(W) > c1(wo, vo). (7.31)
Observing that
JiU™) = Ji(®) + J1(V), (7.32)
by (7.30)—(7.32) and (7.27) we have:
Ji(U) = di(vo, wo) + c1(wo, vo) — k(o). (7.33)

On the other hand, an upper bound can be obtained for J;(U) since it is a
minimizer of J; in Y, ;. For my — m; and my4 — m3 sufficiently large and any
e = e(my —my,mg —m3) > 0, we can find V| € M(vy, wg) and W; € M(wy, vo)
such that if

Vi, xi<qg-1,

U=1wp, qg<xi<q+1, (7.34)
Wi, q+2<xi,
then
J1(U) < J1(U) < ¢1(vo, wo) + ¢1(wo, vo) + . (7.35)

Now combining (7.33)—(7.35) yields

d1(vo, wg) — c1(vo, wo) < € + k(0). (7.36)
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Finally choosing € and o so small that
2(e + «(0)) < min(d(vo, wo) — c1(vo, wo)) (7.37)

holds shows (7.36) and (7.37) are not compatible. Thus we have a contradiction and
(D) is proved.

Proof of (E). Since ||[U — vo|lw12(x,) — 0 as [p| — oo, via Proposition 2.24, the
C? convergence follows from Corollary 6.54.

The proof of Theorem 6.8 is complete.

Remark 7.38. For an instructive geometrical example that illustrates Theorem 6.8
as well as Theorem 3.2, set n = 1, so (PDE) describes the motion of a nonlinear
pendulum with x; becoming a time variable, ¢. Suppose that F(z,z) > 0 and
F(t,z) = O0if and only if z € Z. Then My = Z, and vy = 0,wy = 1 is a gap
pair. Changing variables so that vy, wy become —, 7, these solutions represent a
pendulum in a vertically upright position. Any member of M (vg, wy) starts at vy
at = —oo and rotates counterclockwise in a 1-monotone fashion, ending at wy at
t = oo. Similarly, any solution U of (PDE) in Y, ; represents a pendulum motion
starting at —s, approaching 7, and remaining near and below it for a time interval
depending on m3 — m; until finally returning to 7 att = oo.

Remark 7.39. The solution U of (PDE) given by Theorem 6.8 depends on £ € N,
m € 7Z* as well as on pi» 1 <i < 4. Letting £, my — my, my — m3 — 0o shows
that there are infinitely many distinct two transition solutions for any fixed set of
pi’s. What is a minimal set of parameters that determine such solutions and how
to give a more precise count of the number of distinct solutions remain interesting
open questions.

The sets M (vo, wo) and M (wy, vo) are ordered. Fixing the p;, 1 <i < 4, the set
of two transition solutions in (_J,, ; ¥ ¢(vo. wo) is certainly not ordered. For example
u € Yy 0(vo, wo) implies fl]u € Y= ¢(vo, wo), where m* = m + (1,1,1,1) and u
and tll u must intersect. However, the next result shows that there are ordered pairs
(and similarly ordered sequences) of solutions of (PDE) in |, , Yin.¢(vo, wo).

Corollary 7.40. Suppose ({,m) and (£,1) € N x Z* satisfy the hypotheses of
Theorem 6.8 for the same set of p;’s, | < i < 4. Let Uy, be a solution of (PDE)
corresponding to (£, m). If also

My + 0 K my—Limy+ € L s — 4, (7.41)

then there is a solution Uy, 7 € Y 7 of (PDE) such that U 7 > Uy .

Proof. A construction following the same lines as the proof of Theorem 6.8 will be
employed. Set

Y(Um,l) = {u € Yﬁz,Z | Um.( = u}



7 The Proof of Theorem 6.8 87

By (7.41), Y(Up ¢) # 9. Define

c(Y(Uno) = ;(nf Ji(w). (7.42)

u ml

Let (u#r) be a minimizing sequence for (7.42). Then as in the proof of
Theorem 6.8, there is a U € W'? (R x T"'") such that along a subsequence,

loc
ue — U in W2 (R x T"~'). Therefore U > U,, ¢, and it satisfies the requirements

1
for membersh(i);) in Y(U,,¢) aside possibly from the asymptotic conditions (6.6).
Moreover, U is a solution of (PDE) in any set 7; if this set does not involve
an integral constraint. To see this, arguing as in (3.8)—(3.12) of the proof of
Theorem 3.2 with vy replaced by U,, ¢ shows that (¥,') holds for any such T;.
Therefore U is a solution of (PDE) in 7;. Next, following (A)—(D) of the proof
of Theorem 6.8 and the argument of (3.8)—(3.12) shows successively that (a) U
satisfies (PDE) in some X; for each of the four integral constraint regions, (b) U
satisfies the asymptotic conditions (6.6) and hence U € Y (U, ), (c) J1(U) =
¢(Y(Uny)), and (d) U is a solution of (PDE) in the remaining integral constraint
regions. In particular, vy is replaced by U, in (7.13), (7.15), and (7.18). By
construction, U > U, , and a familiar maximum principle argument gives strict
inequality.






Chapter 8
k -Transition Solutions for k > 2

The methods of Chapter 7 can be extended to construct multitransition solutions of
(PDE) for k > 2. These solutions will be heteroclinic in x; from vq to wy (or from wy
to vp) and periodic in xy, . .., X, if k is odd while if k is even, they will be homoclinic
to vy (or to wy) in xj and periodic in x», ..., x,. For example, to get k-transition
solutions, let m € Z*, k > 2, with m;, > m; and m; + 2£ < m;, for even i.
Choose numbers p; € (0,p), 1 < i < 2k, with p; as in (6.2) for | < i < 4 and
pi+4 = p;i. If k is even, define Y, ¢ as in (6.4) with (6.5) replaced by the analogous
2k constraints. If k is odd, Y,y = Yu.0(vo, wo), and the asymptotic condition at
x1 = oo becomes ||t} u — wollz2(r;) — 0asi — oo.
The theorem one obtains is

Theorem 8.1. Suppose F satisfies (F1)—(F), k > 2, and (* )y and suppose as well
that (x)1 for My (v, wo) and My (wq, vo) are satisfied. If £ > 0, thereisa U € Yy, ¢
such that J,(U) = by, = infy, , Ji. Ifalsomy —my, ... ,moy —mor—; > 0, U is
a solution of (PDE) and U — vo|c2(r;) = 0asi — —oo, U — ¢llc2;) — O as
i — oo where ¢ = vq if k is even and ¢ = wy if k is odd.

The proof of Theorem 8.1 is essentially the same as that of Theorem 6.8.
Therefore the details will be omitted. We turn instead to the following question:
are there are solutions of (PDE) with an infinite number of transitions between v,
and wy? There are three cases one can consider: (i) m = (my)ren With m; — 00
ask — oo; (il) m = (my)re—n With my — —oo as k — —oo; (iil) m = (my)rez,
with m; — —o0 as k — —oo and m; — oo as k — oo. Case (i) corresponds to
solutions asymptotic to vy (or wy) as x; — —oo and case (ii) to solutions asymptotic
to vg (or wy) as x; — oo. A natural approach to any of these cases is the following:
truncate m, i.e., replace m by m* = {m; | |s| < 2j}. Then invoke Theorem 8.1

J
to get a solution u} € me of (PDE) for each j € N. Since vp < u} < wo, one

can use the L? and Schauder elliptic theories to get Cli'c‘" (R x T"~!) estimates for
u;‘ independently of j. This permits us to pass to a limit along a subsequence as
Jj — oo to find a solution U* of (PDE) satisfying the constraints (6.5) associated

with m. There are two possible obstacles to carrying out this program. The lesser
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one is to show that for cases (i) and (ii), U * has the appropriate asymptotic behavior.
A more serious difficulty is in applying Theorem 8.1 to find u;‘ That result requires
£, my; — my;—1 > 0 and a priori £ and the difference in the m;’s will depend on j
and possibly go to co as j — oo.

Rather than pursue this point, we will carry out another more geometrical
approach in the spirit of [7] and [8] (see also [27]). This new approach employs
Theorem 6.8 and enables us to find k- and oco-transition solutions of (PDE) with
equal facility. To begin, choose (¢, m), ({,m) € N x Z* so that there are solutions
Vin Y, ¢(vo,wo) and W € Y. 7(wo, vo) given by Theorem 6.8. Since V' < wy,

m,

W > vy, and V, W (with vy replaced by wy) satisfy (6.9), there is a constant Sy > 0
such that for all x € R x T~ !,

wo(x) = V(x), W(x) —vo(x) = 2f0. (82)
Hence if V and W are sufficiently separated in the sense that
@) My — L€ —vy>my+ L+ vy or
(i) my — L€ —vy > g + £ + vy, (8.3)
then (8.2) and (8.3) imply

W—-V=>8>0 xeRxT" (8.4)

Set
MY e(vo, wo)) = {u € Yy e(vo, wo) | J1(u) = b e}

Then for any j € Z,
LV € MY, j.j.j)e(v0s wo))

and also
Tl/ W € M(th—(j,j,j,j)j(w()’ VO))’

Consequently, by replacing V' or W by such a phase shift, it can be assumed that
(8.3) () is satisfied. If j € N, r} shifts m to m; + j, so by (8.3) (i),

TW(x) = V(x) = fo>0. x e RxT"". (8.5)

Similarly, for any large p € N, say p > p*,
L W(x)—V(x) = >0, xeRxT'" (8.6)
Now a k-transition solution of (PDE) can be constructed for any k € N, k > 2.

For even k, the solutions are homoclinic (to vy or wy), while for odd &, they are
heteroclinics. Choose p = (po, ..., pr) € Z**! so that pjy1 > p;, 0 < i <k.
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Set H = (hy,...,h;). To obtain solutions asymptotic to vy as x; — —oo, take
hi = 0 i where ¢; = W for even i and ¢; = V for odd i. For solutions
asymptotic to wy as x; — —oo, take h; = rlpi @i, where now ¢; = V for even i

and ¢; = W for odd i. Further assume
Pit1— pi = v =y —my—L—{—2v (8.7)

and

Piv1—Dpi =P (8.8)

Note that v; > 0 via (8.3) (i). Set i = (h;); ez, where

Tli/’l(), I < 0,
hi =1 h;, 0<i<k,

1 .
‘L’i_khk, i >k.

Therefore by the above remarks, for any i and j such that ¢; = W and
¢;j =V, hi —h; > Bo. Hence if ®x(x) = inf{h;(x) | ¢i(x) = W(x)} and
Wi (x) = sup{h;(x) [ ¢;(x) = V(x)},

Dy (x) — Wi (x) = Po. (8.9)

Note also that ; and W, are continuous.
Now a class of admissible functions to find k-transition solutions can be
introduced. Define

YW, D) = {ue WIER T | U <u< Ol

loc

By (8.9), Y(¥y, ®x) # @. Suppose that u € Y(Vy, Oi) is a solution of (PDE) with

Ji(u) < oo. Then in a familiar fashion, |u — x[l,2(7;) — 0 asi — —oo with
x € {vo,wo}. Since W, < u < Py, if, e.g., hy = rlpoW, || _W0||L2(T,~) — 0
as i — —oo is not possible, i.e., |u — vol 27y — 0asi — —oo. Similarly,

ho = 'V implies lu—wollz2(7;) — 0asi — —oo. Thus the asymptotic behavior

—Po
of u as x; — —oo is determined by %y, and likewise as x; — oo, it is determined
by hp.
Let
c(Y(Vy, ®p)) = inf  J;(u). 8.10
(Y(Wr. D)) eyt 1(u) (8.10)

Theorem 8.11. Let F satisfy (Fi1)—(F») and assume that (x)o, and (%) (for
M (vo, wo) and M;(wo, vo)) hold. Then for each k €N, k>2, peZFt! satis-
fying (8.7) and corresponding Vi, @y, there is a U € YWy, D) such that
J1(U) = c(Y(Yy, D). Moreover, any such minimizer is a solution of (PDE),
satisfies the asymptotics associated with Y (¥, @), and ¥, < U < .
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Proof. By Proposition 2.8, J; is bounded from below on Y (W, ®x) and therefore
c(Y(Wg, ®x)) > —oo. For x| near —oo, either (a) Wy is a phase shift of V or (b) Oy
is a phase shift of W. The same alternatives prevail for x| near co. Hence choosing
u € Y(Wg, ) so that u = Wy (resp. u = Py) for x; near —oo if (a) occurs (resp.
if (b) occurs) with analogous choices for x| near co shows that J; () < oo. Thus
c(Y(¥k, D)) < co.

By the arguments of Chapters 2-3, a minimizing sequence for (8.10) converges
in W2 x T to some U € Y(Wg, D) with J,(U) < oo. To show that U

loc
satisfies (PDE), a local minimization property is required for members of M(Y, ¢).

Proposition 8.12. Any V' € MYy e(vo,wo)) (resp. W € M(Y; 7(wo, Vo))
possesses the minimization property: For any z € R x T""! and small r > 0, V
minimizes

I.(u) = /B ()L(u)dx
r(Z

over
E.={ueWIRxT") |u=V on ®Rx T\ B,(2)}
Proof. Let z € R x T"~! and suppose r satisfies B,(z) C R x T"!. Since E,_ is
closed and convex and [, is weakly lower semicontinuous, there exists u € E,,
such that
I..(n) = ir}Ef I (1) = o (8.13)
u€k;;

Standard elliptic regularity arguments imply that any minimizer of /,; over E, ; is
a classical solution of (PDE) in B, (z). Moreover, as in the proof of Theorem 1.6 or
Proposition 2.2,

M(E, ) ={uecE ;| I.(uw) =a,}

is an ordered set. Hence it has a least element u, i.e., u(x) < u(x) for all x € B, (z)
and u € M(E, ;).
If
Ir.z(V) = Oz, (8.14)

we are through. Otherwise,
L. (V) > a. (8.15)

We will show that (8.15) is not possible. It can be assumed that
Vo < U < Wy. (8.16)

Indeed, since V' € M(Y,n.¢(vo, o)), vo < V < wy and (8.16) is true for x & B, (2).
If u(xo) < vo(xp) for some x¢ € B, (z),

5w = L@M+/ L(wdx

By (2)N{u<vo} B, (2)N{u=vo}

>/ L(vp)dx +/ L(u)dx = I, ;(max(u, vp)), (8.17)
B, ()N{u<vo} B, (2)N{u=vo}
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since vy is monotone. But max(u,vy) € E,;, so max(u,vy) € M(E,;). Since
M(E, ;) is ordered, max(u,vo) > u. But then max(u,vo) = vo and vo & E,_, a
contradiction. Hence by a similar argument with wy, for x € B,(z), vo < u < wy.
Again our usual maximum principle argument shows that equality is not possible,
so (8.16) holds.

If z is not in a constraint region and r is small enough, B,(z) also avoids the
constraint regions. Hence by (8.16), u € Y,,, ¢(vo, wp) and therefore by (8.15),

H(V) > Ji(w), (8.18)

contrary to the minimality of V' for J; on Y, ¢(vo, wo). Thus (8.15) cannot hold and
Proposition 8.12 is valid for such z.
Next suppose z lies in a constraint region. For the constraint regions 7; of (6.5)
(i), set
r? = min{p? — |V — v0||iz(m |mi—€<i<m —1}. (8.19)
Similarly let r,, r3, 74 be the analogues of r; for the constraint regions of (6.5)
(i1)—(iv) and set
2 2
ry = 121}24 i (8.20)
Since V satisfies the constraints with strict inequality, ro > 0. Choose r so small
that
1
0 = v0ll3 oo sy | B Q)] < 775 (8.21)
where | B, (0)| denotes the measure of B, (0). We claim that for r satisfying (8.21),
u € Yu.0(vo, wo) and (8.15)—(8.18) again yield a contradiction. To see that u satisfies
the constraints (6.5), suppose (6.5) (i) fails. Then for some i in [my —£€,m; —1]NZ,

(V —vo)?dx < pf < / (u—vo)?dx
T; T

= [ (u—vo)?dx + / (V —vo)*dx,
TiNB,(2)

Ti\B,(2)
or
0<r<p? —/ (V = vo)dx < / [ —vo)> = (V = vo)] dx
T; TimBr(Z)
=< 2||W0 - vO||iOO(RX’]I‘n—l)|BI'(Z)| (822)

which is contrary to (8.21). Thus for all cases (8.14) holds and V' has a local
minimization property.
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Corollary 8.23. M(E, ;) ={V}.

Proof. 1t suffices to show that IV = u. The proof of Proposition 8.12 shows that
u € Y,y 0(vo, wo). Therefore since 1, ,(u) = I,.(V)andu = V in RxT""")\ B, (z),
J1(u) = J1 (V). Hence u is a solution of (PDE) via Theorem 6.8. But then V —u > 0,
equals 0 in (R x T" ") \ B,(z), and satisfies a linear elliptic PDE to which the
maximum principle applies. Consequently, V' —u = 0.

Completion of Proof of Theorem 8.11. To show that U, the limit of the minimizing
sequence (uy) of (8.10), is a solution of (PDE), letz € R x T"~! and let r = r(z)
be given by Proposition 8.12. Set
H,={ueWI®RxT)|u=U on(RxT"")\ B (2)}.

With I, as in Proposition 8.12, minimize I, over H,.. As in Proposition 8.12,
there is a minimizer & € H,; to this problem and any such minimizer is a solution
of (PDE) in B, (z). Thus to prove that U is a solution of (PDE), it suffices to show
that 7, .(U) = I, ().

Since ¥y < U < &, we claim that the local minimization property of

Proposition 8.12 implies

To verify (8.24), suppose it is false and, e.g., for some X € B, (z), #(X) < Wi (X).
Now Wy (x) = rlq V(x) for some g € Z. Set ¢ = min(rlq V,u). Replacing V by
rqu and m by m + (¢, q. ¢, q) in Proposition 8.12 shows that ¢ € E, ;. Therefore

Lo(9) = I-(x1, V). (8.25)

If there were equality in (8.25), by Corollary 8.23 ¢ = ! ¥ on R x T""". Since
P(X) = a(%) < We(R), p(%) # L, V(X). Thus

L:(p) > Loz}, V). (8.26)
Set ¥ = max(zL,V, ). Then
Lo(Y) + 1r2(9) = Lo (2L, V) + 12(@) (8.27)
and by (8.26)~(8.27),
L.(¥) < I,.(&). (8.28)

But v € H,., so (8.28) is contrary to the choice of &. A similar contradiction
obtains if a(x) > @, (X). Thus (8.24) holds, and it implies u € Y(Vi, ). If
I,.(U) > I..(u),sets = I, (U) — I, (i) and define

N Ijt, X € BZr(Z)’
up, x € (RxT'")\ B3 (2).
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For the intermediate region Bs, (z) \ Ba(z), writing x = z + 6, where § € §"~!
andt € [2r,3r],

w(x) =@ —t/r)U+10)+ (t/r —2)ur(z + 10).

Thus i, € Y(¥, @) and
L) = 1,.(8) + / LGu)dx + Ry. (8.29)
B3, (2)\ B, (2)

Since uy — U in Wl(l)’cz(R x T" "y as k — oo, Ry — 0 and

L (ug) — 1, (U).

Thus for large k,
A . s
JiGg) = Jy(u) + 1o (@) — I (u) + R < Ji(wg) — > (8.30)

contrary to (u;) being a minimizing sequence for (8.10). Consequently
I,,(U) = I,,(ir) and U is a solution of (PDE).

For any other U € Y(¥y, ®;) with J;(U) = c(Y(¥x, ®y)), replacing U in H,.
by U again yields a minimizer i € H,. as above. If I,.(U) > I..(i), then by
the above argument J,(U) > J, (i), contrary to the minimality of U in Y (¥, ®y).
Thus I,.(U) = I,.(it), and again U is a solution of (PDE).

Next, since U and likewise U are solutions of (PDE) in Y(Vy, D) with J,
finite, by Proposition 6.53 and the form of W, and &4, U and U have the desired
asymptotic behavior as x; — 4oo. That J1(U) = c(Y(¥k, D)) follows as in
the proof of Theorem 3.2. Lastly, to see that ¥y < U < &y, suppose, e.g., that
for some x, U(x) = Ok (x). Now &y (x) = ‘L’lé W(x) for some £ € Z and by its
definition, ®; < t',W. Since U and t!, W are solutions of PDE with U < !, W,
and U(x) = 7!, W(x), by the maximum principle, U = t!,W. This is possible only
if & = thW, which in turn can occur only if k& = 2, contrary to our hypothesis.

Remark 8.31. The proof of Proposition 8.12 shows that the solution U of (PDE)
given by Theorem 8.11 possesses a local minimization property and even a global
one within Y (Wi, ®y).

The final result of this section is the existence of solutions that make an infinite
number of transitions.

Theorem 8.32. Under the hypotheses of Theorem 8.11, if p = (p;)jez satisfies
(8.7), then for each k € N and corresponding Vi, Oy, there is a solution U of
(PDE) in Y (Wi, @) with U, < U < Py.

Proof. Choose k € N and set p; = (—pi,...,px). Take the corresponding
H;, = (h—g,...,h;) and the associated Wy, ®;. Invoke Theorem 8.11 to get a
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solution Uy of (PDE) in Y(¥y, ®;). The L*° bounds on ¥; and ®; uniform in
k imply C>*(R x T"") bounds for Uy, uniform in k for any o € (0, 1). Therefore

loc
there is a U € CA*(R x T"~') such that Uy — U in C& (R x T""!) along a

loc loc
subsequence. Hence U is a solution of (PDE) with

W, < U < @, (8.33)

ie., UeY(Wg, Of). Strict inequality in (8.33) follows as in the proof of
Theorem 8.11.

Remark 8.34. Theorem 8.32 corresponds to case (iii) mentioned after Theorem 8.1.
There are also versions of Theorem 8.32 corresponding to cases (i) and (ii).

Remark 8.35. As in Remark 8.31, the solution U of (PDE) of Theorem 8.32
possesses local and global minimality properties.

Remark 8.36. Unlike the earlier existence results for multitransition solutions
such as Theorem 8.1 or Theorem 8.11, where the solutions were obtained by
minimization, in Theorem 8.32, the solutions are obtained by an approximation
argument. Thus there is no variational characterization of the solutions given by
Theorem 8.32. A direct minimization approach to Theorem 8.32 remains an
interesting open question. This question is akin to that of finding a variational char-
acterization of Bangert’s heteroclinic solutions [2]. Hence one possible approach
would be to find a renormalized functional here in the spirit of the argument used to
prove Theorem 3.2.



Chapter 9
Monotone 2-Transition Solutions

The second multitransition case mentioned in Chapter 6 will be studied here.
Proceeding somewhat more generally, suppose vo,wo,Vo,Wo € My, where
vo < wo < Vo < W and the pairs vy, wy and Vo, Wy satisfy (x)o. The simplest
special case is that of Vo = vo + 1 and Wy = wy + 1. The solutions constructed
here will be monotone in x; in the sense of Theorem 3.2, i.e., u < rll u. This allows
us to work in a class of functions having this property and thereby use much less
restrictive constraints than employed in Chapter 6 to get existence results.

Assume that My and M; (vo, wo) have gaps, i.e., (x)o and (x); for M (vo, wo)
hold. Set

Jo =

f hdx | he ML(V(),W())§ .
To

Then Ty C ([, vo dx, [7, wo dx). By (%), gap pairs in M; (vo, wo) are mapped by
fTo - dx to members of T with the interval between them not in T,. Choose s < ¢
in a distinct pair of such intervals. Then

S, € (/ vy dx, / wo dX)\‘.T() 9.1
To To

GOE {h EM](VQ,W0)|S </

To

and

hdx < z} £0. 9.2)

For later reference, note that Gy, which is an ordered subset of M (vg, wp), has a
smallest and a largest element.

Assumlng that (x); holds for Ml(\o, Wo), replacing vy and wy in Ty by Vo, Wy
defines 70 Choosing s, Te ‘To defines Go as in (9.2).

The goal here is to find solutions that shadow some 7y € €y and h e /(?\0. To
formulate such a result, a class of admissible functions will be introduced. Choose
m € Z* m = (m,my) with m; + 4 < m» and set

Yn={uce fl(vo,/vﬁo) | u < ' u and u satisfies (9.3)~(9.4)},
P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 97

Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_9, © Springer Science+Business Media, LLC 2011
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where
s < min(u, wo)dx <t 9.3)
T,
and
< max(u,vo)dx <T. 9.4)
Tmz

By Proposition 2.8, the functional J; is defined on ?m. Set

by = inf Ji(u). 9.5)

u€Y,,

Our main result here is:
Theorem 9.6. Assume that F satisfies (F1)—(F3), (x)o holds with associated gap

pairs vy and wy and vy and wo, and M (vo, wo), M1 (v, Wo) satisfy (x)1. Then there
isaU €Y, suchthat Jy(U) = b,,. If my, > m, any such U satisfies (PDE),

U = vollwrzr;y = 0, i — —o0,
9.7
||U _{/V\O”WIZ(T,) — 0, I — o0,

and
vo < U < tL,U <Wy. 9.8)

Moreover, shadowing occurs in the following sense:

Theorem 9.9. Under the hypotheses of Theorem 9.6, given any p, R > 0, for
my — m possibly still larger, there are functions Uy € Cy and Ue Go such that

IU ==, Uollwiory < p fori <mi+R, (9.10)

and R
IU =1, Ulwizgy <p fori >=my—R. 9.11)

Moreover, U < wq for x;y <m;+ R+ 1and U > Vg for x; > my — R.

Remark 9.12. The freedom in choosing the parameters s and ¢ shows that there are
infinitely many different such heteroclinic solutions of (PDE) for given vy, wy and
Vo, Wo.

Remark 9.13. The sets Ty, T,,;,i = 1,2, are used in the integral constraints as a
matter of convenience. For technical reasons in Chapter 13 they will be replaced by
the sets Bi/4(po) = {x||x — pol < 1/4}. 7, Bija(po).i = 1,2, with p the center
of Ty. This will leave the results of the current section unchanged.
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The proofs of Theorems 9.6 and 9.9 require two preliminaries. The first is an
analogue of Proposition 6.74. With s, ¢ as in (9.1), set

A = A (vo, wo) = {ue T (vo, wo) | u < 7', u and u satisfies (9.14)},

where
/ udx =0 (9.14)
To
for o € {s,t}. Define
dl(VO, W()) = Ail’lf .]1 (u) (915)
u€A1(vo,wo)

Proposition 9.16. Zz’\l(vo, wo) > c1(vo, wo).

Proof. Let (u;) be a minimizing sequence for (9.15). Then as in Proposition 6.74,
it can be assumed that (ux) is bounded in Whl)f (R x T"') and there is a
Pe WI’Z(RX']I‘"_') such that u; convergesto P weakly in Wl(l)’cz(Rx']I‘”_l), strongly

loc
in L?

2 (R x T"1), and pointwise a.e. as k — oc. Therefore P € A; and

Ji(P)>d,. 9.17)

Moreover, J1(P) < co. Hence by Corollary 2.49 and (x)g, P € My or P € ' (vg, wp).
Since u satisfies (9.14), the first alternative is not possible. Thus P € I"; (vg, wy), and
by Proposition 2.24, (2.26)—(2.27) hold. It is readily checked that Kl satisfies (Y} ),
soin fact uy — P in WL2(R x T").

We claim that J;(P) = 21\1. Indeed, the proof of (C) of Theorem 3.2 shows that
Ji(P) < 31, so equality follows from (9.17). Since P € I'1(vg, wo),

Ji(P) > 1. (9.18)

If there is equality in (9.18), P € M (vo, wo), so by Theorem 3.2, P is a solution of
(PDE). But then (9.14) is in contradiction to (9.2). Hence d| > c¢;.
Remark 9.19. Similarly d, (%o, Wo) > ¢1(o, Wo).

The next proposition is needed to prove the shadowing estimates (9.10)—(9.11).
Proposition 9.20. For any ¢ > 0, there is a § = 8(e) > 0 such that whenever
u € I'y(vo, wo) satisfies J,(u) < c1(vo, wo) + 6, there is a ¥ € M (vo, wp) with

lu—Ylyizx,y <& forall i €Z.

Proof. 1f not, for some ¢ > 0, there is a sequence (ux) C I'j(vy, wp) such that
J1(ug) — c1(vo, wp) as k — oo while for any ¥ € M; (v, wo),

||Mk — \I‘JHWI-Z(ka) > & (921)
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for some p; = pi (V) € Z. Replacing u; by Tlek uy if necessary, it can be assumed
that

/ (ur —vo)dx < ! (wo —vo)dx < / (ur —vo)dx (9.22)
i 2 Jn To

T;
for all i € —N. Since (ux) is a minimizing sequence for (3.1), by the proof of
Theorem 3.2, there is a U € M; (vg, wp) such that u; — U in Wkl)'cz(R x T"1) as
k — ooand J{(U) = ¢1(vg, wp). By (9.21) with ¥ = U,

”Mk — U”WI,Z(ka) > €. (923)

Since uy — U in W'(T;) for all i € Z, (9.23) implies |pi| — oo as k — oo.

Passing to a subsequence, it can be assumed that py — oo or py — —coask — oo.

The argument being the same in either event, suppose py — 0o as k — oo.
Choose o > 0. Since U € T'1(vg, wy), there is a ¢ € Z such that

U =wollwiax,) <0 (9.24)
foralli € Z with i > g. Thus for large k,
e = wollwi2x,) = 20 (9.25)
Let fi, gk € T'1(vo, wp), hy € T1(wp), and let u be defined as in (6.19)—(6.24), so
|1 () = Ji(fi)] = (o) (9.26)

and
Ji(fi) = Ji1(gk) + Ji(hi). (9.27)

Consequently, since Jy(ur) — ¢1(vo, wp) as k — oo, for large k,

Ji(fi) < Ji(ue) + (o) < ci(vo,wo) + 2u(0) < Ji(gr) +2u(o).  (9.28)

Thus by (9.27)-(9.28),
Ji(hi) = 2p(0). (9.29)

Choose o so small that
1
1) = 4 Ble/2). (9.30)
where f is as in Proposition 6.13. By (9.23)—(9.24),

”Mk - W()Ilwl.Z(ka) > ||Mk - U||Wl.2(ka) - “U - W()”WI,Z(ka) >&—o0. (931)
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Thus foro < ¢/2,
”I/tk — W()”WI,Z(ka) > 8/2 (932)

But then since A € T'1(wp) and iy = ug on T,

Ji(hie) = B(e/2), (9:33)

contrary to (9.29)—(9.30).
Having completed these preliminaries, we are ready for the:

Proof of Theorem 9.6. Let (ux) be a minimizing sequence for (9.5). By, e.g., the
argument of Proposition 9.16, it can be assumed that u; convergesin W, (l)f (RxT"1)
toU € Y,, with J, (U) < oo. To show that U possesses the asymptotic behavior
given by (9.7), observe that as in the proof of Corollary 2.49, as { — —oo,
1, U — ¢,and as { — oo, 71 ,U — V¥, convergence being in L?(Ty). Moreover,
@, € My, since J; (U) < oo. Clearly ¢ < with equality impossible via (9.3) or
(9.4). If ¢ # vy, by () for the pair vy, woy, ¢ > wy. Hence by (9.3)

/ wo dx = min(¢, wo)dx < [ min(U, wy)dx <t, (9.34)
T Ty T,

my

contrary to (9.1). Thus ¢ = vy and similarly ¥ = wy. Moreover, by
Proposition 2.24, the convergence to vy and wy is in WL2(T;), so (9.7) holds. It
then follows as in the proof of (C) of Theorem 3.2 that J;(U) = Zm.

Once it has been shown that U is a solution of (PDE), then as in earlier
arguments, the maximum principle implies vo < U < ‘l,'llU < Wy. The proof

that for my > my, any U € ?m with J{(U) = i)\m satisfies (PDE) consists of two

parts. The first is to show that if m, > m, the constraints (9.3)-(9.4) hold with

strict inequality. The second step employs a local minimization argument as in [7].
To begin, suppose that wy < vy and set

Y ={u e /l:l(wo,/\?o) | u < rilu and u = wy in 7; for i near —oo;
u =g in T; for i near oo}
and define
¢ = inf Jy(u). (9.35)

u€y

If wo = Vo, Y and ¢ can be dispensed with in the following argument. With 21 being
given by Proposition 9.16 and Remark 9.19, let § satisfy

| e o —
0<6§< gmln (dl(V(),W()) — Cl(vO,W()), dl(VO,Wo) — C1(V0,Wo)>. (936)
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Choose @ € M;(vg,wp), B € Y, and Yy € Mi(Vo.Wo) such that !

—m
Ji(B) <= ¢+ 6, and rlmzy € Co. Then for m» > my, there are a,b € 7, with
my < a <K b < mj such that the function

]C\{ (S] Go,

o, x1=a,
wo, a+1=<x3 <a-+2,
A=41B, a+3<x<b-3,

Vo, b—2<x1=<b-1,

Vs b < xi,
and extended as usual to the remaining regions, satisfies
Ji(A) = Ji(a) + J1(B) + Ji(y) + 8 < c1(vo, wo) + T + c1(Vo, Wo) +28. (9.37)
By construction, A € f’\m, so by (9.37),
b < ¢1(vo, wo) + € + ¢1 (V0. Wo) + 26. (9.38)
Choose any U € ?m such that J, (U) = Zm. Set

f1 = min(U, wy),
f>» = min(vy, max(U, wy)),
f3 = max(U, ).

A straightforward analysis shows that f; € I'1(vo, wo), f2 € Y,and f3 € T1(vo, Wo).
Now suppose that one of the integral constraints (9.3)—(9.4) holds with equality, e.g.,

o= fi dx (9.39)
Tm]

with o € {s,1}. To see that (9.39) is impossible, note that Tlmlf] € Xl (vo, wp), SO
by Proposition 9.16,

JL(f) = dy (v wo). (9.40)
But by earlier arguments,
by = J1(U) = Ji(f1) + Ji(max(U. wo))
= 1) + L) + Ji(fs) = d1(vo. wo) +C + c1(Do. o) (9.41)
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which combined with (9.38) gives

d1(vo, wo) — ¢1(vo, wo) < 26, (9.42)

contrary to (9.36). Similarly, equality in (9.4) is not possible.

The final step in the proof of Theorem 9.6 is to verify that U is a solution
of (PDE). To do so, choose r € (O, l) and let z € R x T" !, For p € Z, set
zp = z+ pey. Let

E,(2) ={ue W2RxT'"") |u=U forx & B,(z,)}

loc

and for u € E(z), set

I,(u) = /B‘(" )L(u)dx.

Define
= i f .
Vp () uelnp © I, (u)

Then as in the proof of Proposition 8.12, there is an f, € FE,(z) such that
I,(f») = yp(z), fp is a solution of (PDE) in B, (z,), and

M(EpR) ={u € Ep(2) | 1) = ()}

is an ordered set. Observe that if u € M(E,(z)), then vo < u < wo. Indeed, if
¢ = max(u, vo) and ¥ = min(u, vo), then ¢ € I'1(vy, Wo) and ¢ € T'1(vg), so

Jilg) = Ji(@) + L1 (¥) = Ji(w) (9.43)

with strict inequality if ¥ # vo. Since ¢ = u = U in R x T""!'\ B,(z,), (9.43)
implies
Ip(@) = Ip(u) (9.44)
with strict inequality if ¢ # vo. But u € M(E,(2)), so there is equality in (9.44).
Hence ¢ = vo and u > vo. Similarly u < Wy. Lastly, observe that M(E,(z)) is
closed, so since it is ordered, it possesses a smallest element, f p*.
Define

. X€Bi(z), peL

U xe@®xT"Y\UezBr(z).

G(U) = (9.45)

We claim that G(U) € ?m. Assuming this for the moment, then

L(U) = by < L(GU)), (9.46)
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which implies
L,W) < 1,(f). pel (9.47)

Since U € E,(z) for all p € Z, (9.47) shows that U € M(E,(z)) and therefore U
is a solution of (PDE) in | J ¢z, B/ (z,) forall z € R x T"~".

To prove that G(U) € Y, by an above observation, vo < G(U) < wy. Thus it
need only be shown that G(U) satisfies (9.3)—(9.4) and ! ,G(U) > G(U). Recall
that U satisfies (9.3)—(9.4) with strict inequality. Moreover,

/ min(G(U),wo)dx=/ min(U, wo)dx
T, T

mi mi

(min(U, wy) — min(G(U), wy))dx

AU[)EZ Br(zp))mel

(9.48)

and

((min(U, wy) — min(G(U), wy))dx

'AUPGZ Br(Zp))ﬁTml

< |B;(z0)|lwo — vollLoo Ty < [B-(0)]. (9.49)

Hence for r small, G(U) satisfies (9.3) and similarly (9.4).
Finally, to verify that ', G(U) > G(U), by the definition of G and properties

of U, this reduces to checking the result for x € | Pez B, (z,), i.e., to showing that

S +en) > f(x), (9.50)

for p € Zand x € B,(z,). If (9.50) fails for some p, thereis a £ € B, (z,) such that

fr &) > [ +en). (9.51)

For x € Bi(z), set ¢(x) = max(fy(x).rl, f5,(x) and
¥ (x) = min(f,"(x), tt, £, (x)). Therefore

L(@) + I, () = L,(f,) + 1zl £500)
= 1,(f)) + L1 (f)41) = vp(@) + Vp+1(2). (9.52)
Note that for x € B (z) \ Br(z,). ¥ = ff = U <t U =<'\ fr, = ¢.

Extending ¥ as U and ¢ as rllU to (R x T"~ 1)\ B% (zp) shows that so extended,
Y € Ep(z) and 19 € Ep41(z). Thus

L) = vp@). 1,(9) = 141(t1]9) = 7,41(2). (9.53)
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Comparing (9.52) and (9.53) shows that Y € M(E,(z)) and t]¢ € M(E 41(2)).
By the choice of f)f, f < in B, (z,). Consequently, by the definition of v/,

fr@® =v@ <L 56 = [ E + e, (9.54)

contrary to (9.51). Thus G(U) € Y ., and Theorem 9.6 is proved.

Remark 9.55. (i) The proof of Theorem 9.6 shows that any U € M, ,, has a local
minimality property, since U € M(E ,(z)) for all small r and all z € R x "1

(ii) There is an interesting difference between the minimization values Z)\p given
by (9.5) and their close relatives b,, ¢ of (6.7), at least when F is even
in x; and we are in the simplest geometrical setting. To illustrate, suppose
Mo = {vo + klk € Z},s0 wyp = vo+ 1 and M; = {r,iv1|k € Z}. Take
Vo = wo, s0 Wo = vg + 2. Then for any p € Z? and (m,{) € Z* x N as in
Theorems 9.6 and 6.8,

Ep > Cl(Vo,Wo) + Cl(W(), V()) = 26‘1(\10, W()) > bm,£~ (9.56)

To see this, note first that if U is a monotone two-transition solution of (PDE)
as given by Theorem 9.6,

b, = J,(U0) = Ji(min(U,wp)) + Jy(max(T, wy)) (9.57)
with R
min(U, wo) € I'1 (vo, wo) \ M1 (vo, wo)
and R
max (U, wo) € T't (Vo, Wo) \ M, (o, Wo).
Hence

Z)\p > Cl(V(),W()) + C1(W0, V()) = 261(V0,W0), (958)

since F is even in xj.
On the other hand, for any u € Y, ¢(vo, wo),

—1 0o
bt <T@ = > TG+ Y Jiiw). (9.59)

i=—00 i=0
For convenience, suppose ms3 = —my. Let v € Mj(vp,wp), SO
v(=x1,X2,...,Xx,) = v*(x) € M;(wp, vo). We can assume that m, £, and v are

such that v satisfies (6.5) (i)—(ii) and v* satisfies (6.5) (iii)—(iv). Therefore if

v(x), x1 <0

vi(x), x1 >0,

u(x) =
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then u € Y, ¢(vo, wo). Since F is even in x|, by Remark 2.85, J;; () > 0 for
alli € Z. Thus by (9.59).

bue < i) + J1(v*) = 2¢1(vo, wo). (9.60)

so combining (9.58) and (9.60) yields (9.56).

(iii) For the setting of the pendulum example of Remark 7.38, where v, corresponds
to —, wo = Vp to 7T, and Wy to 37, the 2-transition solution here represents the
1-monotone motion of a pendulum that starts at —z at f = —oo, approaches
and remains near 7 for a long time interval depending on m, — mj, and then
tends to 37 as ¢ — oo.

Next we give the:

Proof of Theorem 9.9. The shadowing estimates (9.10)—(9.11) must be verified.
Their proofs being the same, the details will be carried out for (9.10). Let 0 > 0 and
free for the moment. It can be assumed that § of (9.36) further satisfies

28 < 8(0), 9.61)

where § is given by Proposition 9.20. Arguing as in (9.41), for any U € ?m such
that J1(U) = by,

L) = 1i(fi) + J1(f2) + i(fz) = Ji(fi) +C 4 c1 (o, Wo), 9.62)
so by (9.38) and (9.61),
J1(f1) < c1(vo, wo) + 26 < ¢1(vo, wo) +g(0). (9.63)

Hence by Proposition 9.20, there is a ¥ € M (vg, wp) such that
Ifi = Ylwizx,) <o, i €Z. (9.64)
Note that whenever U < wg on T;, f; = U and (9.64) implies
1U =25, Wollwr2y) < 0 (9.65)

where ¥, = tlmllIJ. Thus to prove (9.10), it suffices to show that (A) U < wy on

T; foralli < m; + R and (B) ¥y € Cy. Toward this end, by the definition of Co,
there are both a smallest /4 and largest & in M (vo, wo) such that

5= hdx<s<t< | hdx=t. (9.66)

To To

We further require that
o <min(t —t,5 —75). (9.67)
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Assuming (A), suppose Wy > h. Then by (9.3), (9.64), and (9.67),

LE/‘I‘odX=/ W dx < fldx+/ W= fildy <t +0 <t,
To T’"l T”’l Tml
(9.68)

which is impossible.
Similarly if ¥y < h,

Ez/\llodxzf fldx—/ ¥ — fildx >s—0 > 5. (9.69)
To T”"l m

Therefore _
h < Wy <h (< wy), (9.70)
i.e., ¥y € Cp.
It remains to verify (A):
U < wo, 9.71)

forx e T, andi <m; + R. Set

1 .
o= 4 R+1£12R+2(W0 —h),

so by the monotonicity of & and (9.70),
0<49§W0—115W0—\I/0, 9.72)

for x; < R + 2. Define
¢ = max(f; —¥,0).

Since f1 — ¥ = min(U — ¥, wy — V),
=0 on{U <V},

(9.73)
@ >40 on{U > wo}N{x; <m;+ R+ 2},

via (9.72). If (9.71) fails for some i < m;| + R, by (9.73), there is a § € T; such that
(&) > 46 and by (9.64),

6% meas({p > 0} N Z;) < / @ dx < o’ (9.74)
Z;

Since both U and W are solutions of (PDE) lying between vy and Wy on R x T"~!,
they are bounded in L>®°(R x T"~!). Thus the Schauder estimates imply that there
is an M > 0 such that

VU || oo @xmn—1ys V¥ Loo mxrr—1) < M. (9.75)
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Choose
(L ? (9.76)
r=min| -, — |. .
3'2M
Then B, (&) C Z;. Further assume that
1B,(0)| 1/2
< 9( 2( ) ) ) 9.77)

Suppose B, (§) C ({¢ = 6} N Z;). Then by (9.74),
|B-(0)| = |B-(§)] < meas({p > 0} N Z;) < 6?/0%, (9.78)

which is contrary to (9.77). Therefore there is a ¢; € B, (§) such that ¢(q;) < 6.
Choose ¢3, g3 on the line segment joining & and ¢; such that ¢(q2) = 0, ¢(g3) = 36,
and 0 < ¢ <30 onl ={tqgy+ (1 —1)g3 |t €[0,1]}. Then on £, (9.73) shows that
¢ = U — W. Moreover, for some g € £,

2020 _ @) Z0@) 9,00 < VU@ + V()] < 2M,

lg3 — q2| lg3 — ¢>|
(9.79)

contrary to (9.76). Thus (9.71) holds. A similar argument gives (9.11) and that
U > v for x; > my — R. The proof of Theorem 9.9 is complete.
Next some results that will be employed in Chapter 13 will be presented.
Define R R
Miw={ueY,|Ji(w) =by}. (9.80)

Proposition 9.81. Under the hypotheses of Theorem 9.6, for m, — m possibly still
larger, My, is ordered and contains a largest and smallest element.

Proof. Letuy,u; € My, and set ¢ = max(u;, up) and ¥ = min(uy, up). We claim
that ¢, ¥ € Y. Assuming this for the moment,

b,y < J1(@) + L (¥) = Ji (1) + Ji(u2). (9.82)

so ¢, ¥ € My, and hence are solutions of (PDE) with ¢ > /. By the arguments
following (2.5), either ¢ = ¥ and u; = up, or ¢ > ¥ in which case u; > u, or
u» > uj, and Proposition 9 81 is proved once the claim is established.

To verify that ¢, 1// € Ym, it must be shown that they satisfy (9.3)—(9.4). Let g
and f (resp. g and f ) denote the smallest and largest elements in Cqy (resp. 80)
Choose p so that

1 R ~
0<p<—min(/ gdx—s,t—[ fdx,/?dx—/s\,t—/ fdx). (9.83)
2 T T T T



9 Monotone 2-Transition Solutions 109

With this choice of p and say R =1, invoke Theorem 9.9 to get U;, U, € €y and
U1, U, € €, which shadow uy, u as in (9.10) and (9.11). Set V; =z}, U;, i =1,2.
Without loss of generality, V> = max;—=; 2 V;. To check that ¢ satisfies (9.3), suppose
we have shown that

[[min(g, wo) — VZ”L](T,,,l) =2p. (9.84)
Then since
s+2p§/ Vidx <t—2p, i=1,2, (9.85)
Ty
(9.84)—(9.85) imply (9.3) for ¢. Likewise, if
min(¥, wo) = VillLi(z,,,) = 2p, (9.86)

(9.85)—(9.86) give (9.3) for .
To prove (9.84), note that since wy > V5,

| min(p, wo) = Vallpi(z,,,) = /
Ty N{g>wo}

f/ |(p—V2|dx§/ |u2—V2|dx

Ty Tony N{uz>ur }

/ (Vz — Lt])dx + / (ug — Vz)dx
Ty N{V2=u1>u} Ty ua<Va<ur }

/ (Lt] — Vz)dx < / |Lt2 — V2|dx
Tony N1 >u2>V2} Tony N >u1 }

+ / (V2 — I/tz)dx + / (M] — Vl)dx
Ty N{V2=u1>us} Ty N{ua<Va<ui}

+/ (uy — V)dx < (|u2 - V2| + |u1 - V1|)dx < 2p.
Tmln{"‘l>“22V2} Tml

(9.87)

(w0 — Va)dx + / o — Valdx

Tml m{WSWO}

+

+

Related reasoning gives (9.86). Likewise, similar arguments with V, and V; replaced
by the larger and smaller of rmza 1 and rmzﬁ » yield (9.4) for ¢, ¥ and that M, is
ordered.

Finally, to show that M,;, has a largest and smallest element, let
A = {u(0)|u € M, ,,}. Since A is bounded, we can choose {ur} C M, ,, such that
ux (0) — sup A. But {uy } is a minimizing sequence for J; over ?m, so as in the proof
of Theorem 9.6, uy — u € M . Since u(0) = max A, u is the largest element of
M, . Existence of a smallest element is established in essentially the same way, so
the proof of Proposition 9.81 is complete.

Next, pointwise upper and lower bounds for elements of M ,, will be obtained.



110 9 Monotone 2-Transition Solutions

Proposition 9.88. Under the hypotheses of Theorem 9.6, for my — m possibly still

larger; if f is the largest element of Cy, g the smallest element of Cy, and u € M,
then

T f <u<1,38. (9.89)

> “my

Proof. Let ¢ = max(u, rnl“f) and ¥ = min(u, 7} f), so ¥ € Tj(vo, wpy). We
claim that ¢ € ?m. Assuming this for the moment,

Do + c1(vo, wo) < Ji(9) + L (¥) = Ji(uw) + Ji(ty, f) = Do + ¢1(vo. wo).
(9.90)

Hence ¢ € M, and ¢ > . But ¢ = u for large x;,s0 ¢ = u > r,lllf = . The
second inequality in (9.89) follows in a similar manner.

To verify that ¢ € Y,,, we must show that ¢ satisfies (9.3)—(9.4). Arguing as in
Proposition 9.81, to obtain (9.3), it suffices to prove

Imin(g, wo) — T, f L1z, < P (9.91)

where p is as in (9.83). To get (9.91), note that since wy > 7, f > 1, U, with Uy
given by Theorem 9.9,

: 1
[[min(e, wo) — Tmlf”Ll(Tm,)

< / (wo — 7}, f)dx + f g — 1l fldx
Ty N{p>wo} Tmlm{WOZ‘p}
< lo—h Moy = [ (u— 1ty f)dx
Tml m{u>Tr}zl.f}

< / lu— 1, Usldx < p. (9.92)
T,

A similar argument gives (9.4).
Remark 9.93. By Proposition 9.88, the definition of f and (9.10), for m, — m;
sufficiently large and i < m; + R,

[l — T,Llf”LZ(T,-) < Jlu— T,l,l Uollr2ry < P, (9.94)

since u and f are each solutions of (PDE) that are bounded in R x T"~!, (9.94)
and the L elliptic theory imply an estimate like (9.10) with Uy replaced by f* and
likewise (9.11) with U replaced by g.



9 Monotone 2-Transition Solutions 111

The next result allows the comparison of elements in two different M, ,, classes.

By two different classes M‘] e L= 1,2, we mean that m; and m, are fixed but the

corresponding sets IA’,; differ via (9.3)—(9.4) where different parameters s;, ;, §;, f;
are allowed and therefore possibly different Ci, 86. As above let f; be the largest
element of C) and g; the smallest element of €}, i = 1,2.

Corollary 9.95. Assume the hypotheses of Theorem 9.6, with m, —m possibly still

larger, fi < f2, 81 < 82 andu; e M ,,, i = 1,2.If fi < fr0org| < g2, then
< 1. (9.96)

If i = frand g, = g, then
My, =Mi,,. 9.97)

Furthermore, assume f» < t', fiand g, < '\ 1. If o < ', fior g < 7' ,31,
then

uy < ttiu. (9.98)

If fo =1L /i, 82 = 4,21, and if uy is the largest element of My ,, or u is the

2 then

smallest element of M7,

uy < thuy. (9.99)

Proof of Corollary 9.95. Let ¢ = max(ui, u) and ¥ = min(u;, u2). We claim that
Y eY! andg € Y2 . If so,

Doy + by < 1Y) + J1(9) = J1(1) + J1(2) = by, + by,

Thus ¢ € M! ,and ¢ € M?  and by their definition, ¥ < ¢. Since both ¥ and

1,m> 1,m

@ are solutions of (PDE), again as following (2.5), either = ¢ or ¥ < ¢. To see
that the latter possibility obtains and in particular u; < uy, suppose that fi < f.
By Remark 9.93, for any p > 0 and m, — m sufficiently large,

lui = T, fillwiar,,,) < Ps (9.100)

i = 1,2.Since u; and f; are solutions of (PDE), there is an w(p) such that

||ui — Tr}nfi ||L°°(Tml) < a)(,o), 9.101)

where w(p) — 0 as p — 0. Choose p so small that

20(p) < mTin(fz - ). (9.102)
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Then, by (9.101)—(9.102) and (9.89), for x € Ty,

L, (a—u) = (= )+ (o= fi) + (fi =7l u)
> fr— fi—2w(p) > 0. (9.103)

Thus ¢ = up > u; = ¥ on T, and therefore on R x T"~'. A similar conclusion
obtains if f; < f» andg) < g.

To verify that ¥ € Y} and ¢ € Y2, we must check that the appropriate versions
of (9.3)-(9.4) hold. This follows from the argument of (9.83)—(9.87), since we can
assume that p satisfies (9.83) for both the i = 1, 2 settings.

Nextif fi = f, and &, = 2», since p satisfies (9.83) for i = 1, 2, the argument
of (9.83)~(9.87) shows that whenever u € M}, then u € M7, and conversely.
Thus M}, = M3 ..

Now consider the case that f» < t!, f; and g» < t!,g. We can analyze this by
applying the first part of the corollary. To do so, define sets G(I)‘* = G2, 6(2]’* =11,C,

Plx _ @22 P2k _ 1 @l : : L _ ar2
Cy" = €5, €y = 1_,C,. We wish to produce sets of solutions M’ = MLm

M%; = tl]M}_m. This requires a careful definition of s}*, tl*’ff?f i =1,2. Let
st =s0.17 = 0,57 =577 =12, 50 My, = M3, The definition of 53, 5, 53,73
is more delicate due to the translation used in the definitions of Cz™*, Co*.

Let h; € My(vo,wo), i = 1,...,4, such that h, = g1, hs = fi are respectively
the smallest and largest elements of G(l), and Ay, hz are the elements of M (v, wp)
with iy < hy, hy > h3, by, hy and h3, hy being gap pairs. Now pick s} in the interval
(fr, Zhihidx, [r <o dx), and 7 in the interval ( [, t% hydx, [} ' hydx).
Thus by construction,

and

Co™ = {h € Mi(vo.wo) | 53 </ hdx <t2*} = t1,€,

To
and making analogous choices for §5 and 7, é(z)* = 1! lé(l). Therefore using
suggestive notation, f* = f, £, = ©', /1,8 = &, and g5 = ©!,4,. Hence
by the first part of Corollary 9.95, Mf; = rllMi.m.

Finally, the last statement in Corollary 9.95 follows, since M7 ,, = !, M} .

We now consider further estimates required in Chapter 13. As before, assume
Vo, Wo, V0. Wo € Mo, where vg < wg < V9 < Wy and the pairs vg, wy and
Vo, Wo satisfy (). In addition, assume that there exist vi,w; € M;(vo, wp), and
’\71,\//\\11 (S M]GO,WO) where Vi < wp < ’V\] < W] and the pairs Vi, W1 and T/\l,W1
satisfy ().

Define €}, @6, M i = 1,2, as before Corollary 9.95, choosing s;, #; such that

1,m>
1 1 2 2 s
V] € GO, wi ¢ (‘30, V] ¢ GO, wi € GO, 1.e.,

t,$2 € (/ V1 dx,/ w1 dx) N (9.104)
To To
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and5;,7; such that v, € G(l), W € CLYV &R W € (‘3%, ie.

1.5 € (/ 7 dx,[ W dx). (9.105)
To To

Assume that m, — m; is large enough that Proposition 9.81 applies, so we can
take U, to be the largest element of Mi,m and U, to be the smallest element of M?

1,m*
By Corollary 9.95, U < U, since fi = vi < w; < f>. In addition, since there are

gaps between 1, vy, 1wy and TV, /Wy, take 15,51 such that f5 < 7l ,v; = 7L, f;
and /g, = /W, < g1, ie., 8> < 11,21, so by Corollary 9.95

U <U, <. U,. (9.106)

Proposition 9.107. Given U;, i = 1,2, as above, and o > 0, there are functions
My(0), Ro(0), and k;(0), with ki(c) — Oaso — 0,i = 1,...,5, such that if
my;—m; > MQ(U) and R > RQ(O'),

U =vollwracz,, ey < 01U =Wollwrog, oy <00 0 =1,2, (9.108)
forj =0,1,2,...,
|1, —c0mm —RWUD | T tzmy+ 00 (U | < k1(0), @ =1,2, (9.109)

and
U = Uallw12(((—00mm— RUImy + R.cop xTi—1) < K2(0). (9.110)

Suppose in addition that
wo = Vo and wy, vy are isolated elements of My (vo, wo), M| (Vo, W)  (9.111)
respectively, and t,,S| are chosen such that
2 = {wi}.Cy = {Wi}. 9.112)
Define Uz = max(U;, min(U,, wy)). Then
1Ui =wollwior;y < k3(0), i =1,2,3, j=mi+R,....my— R, (9.113)
[Ji;m1+Rmy—r(Ui)| < Kka(0), i =1,2,3, (9.114)

and
”Ul - U/ ”lez([m]-f—R.mz—R]xT”_l) = KS(O-)’ i .] =1,2,3. (9] 15)

Proof. Compactness properties of G(l, imply that (2.26) holds uniformly in G}, so the
i = 1 case of (9.108) follows for all large R from Theorem 9.9. The rest of (9.108)
follows similarly. Define



114 9 Monotone 2-Transition Solutions

< _
H = Vo, x; <m;— R,
Ui, m —R+1=<x,
with the usual interpolation, noting that H; € /);,ln, so J1(U;) < Ji(H;) and
consequently Ji;—com—r(Ui) < Jim,—r(H1).
Hence by (9.108), Ji.—co.m,—r(U1) < ki(0), where k1(c) — Oaso — 0. To
complete the proof of this case, i.e., | J1:—com —r(U1)| < k1(0), define

Vo, P—isxlfp—l,

H,=Ui, p<xi<m —-R+1,
5

Vo, ml—R+2§x1§m1—R+§,

with the usual interpolations, extended as an (m| — R — p + 4)-periodic function in
x1. Proposition 2.2 implies O < Ji;p—2 m,—r+1(H>). Thus

0 < Jip—1(H2) + Ji;pmi—r(U1) + J1mj—r+1(H2)

and |J,;(H,)| < k1(0) fori = p—1,m;— R+ 1. Letting p — —oo thus completes
(9.109) for U;. The rest of (9.109) follows similarly.

Since vop < U; < @y, i =1,2, it follows as in (9.75) that there is a constant
M3 independent of m such that |[VU;| < Mj3. Using this bound, the argument of
(2.9)—(2.14) can be altered to establish

1
’Jl;p,q(”) - Jl;p.q(Ui) - EHV(” - Ui)”il(so;p,q)‘

m( |

for So;pg == SoN{p < x1 < q + 1}. Apply (9.116) with u = U,, i = 1,
q =m;— R—1andlet p - —o0, yielding

|u—U,-|dx+f

950:p.q

lu — U,-|dH”_‘) (9.116)

pg

1
Jl;—oo.n11—R—1(U2) - Jl;—oo.ml—R—l(Ul) - EHV(UZ - Ul)”iz((—oo.ml—R]XT”_l))

= | U= Uilax + [ Uy — Uyl dE
SO;foo.mlfRfl {m|—R}><T"71

9.117)
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Recall that vy < U; < U, < TllUl, SO

mi—R mi—R mi—R+1
/ (U2 — U])dxl < / (TllUl — U])dX] = / (U] —V())dxl.

—00 —00 m;—R
(9.118)
Likewise,
/ (U, —U)dH" " < / (Us —vo)dH" . (9.119)
{m—R}xTn—1 {m—R}yxTn—1

By (9.108), U; and vy are close in W"z(Tml_R), and U; — vy are bounded in, e.g.,
C?(R x T""!) independently of m. Therefore by interpolation there is a xs(c) — 0
as 0 — 0 such that [|U; — volLoo(r,,,—g) =< ko(0), i = 1,2. Consequently, for R
large enough, by (9.109), (9.117)-(9.119),

IV(Us = UDIZ > (oo —rpxn—1) < 461(0) + 4Makis(0). (9.120)

Since

2
1U2 = Ui ||L2((—oo,m1—R]><’I["'—1)

< ||U2 — U1||L°°((—oo,m1—R)><’1T”_1) / (Uz — U])dx, (9121)

So;—o0,m—R—1

combining (9.120), (9.118), and (9.121) with a similar estimate for the region
[m2 + R, 00) x T"~! yields (9.110).

Now assume that (9.111)—(9.112) hold. Note that (9.113) is established fori =1,
j=mi+R,andi =2, j =m,— R in the same manner as (9.108). Therefore, since

| |
—|Uy —wo| Uy —wo <, Uy —wo < 1, Ug —wy

IA

1 1 1
Tk U —wy < Tmz*m1*2RU2 —wy < |Tm27m172RU2 — W()| 9.122)

on T, 4+r fork = 0,1,....,my —m; — 2R, ¢ = 1,2,3, (9.113) holds with L?
replacing W'? and «7(o) replacing «3(c). Consequently, (9.113) follows as in
(4.68)—(4.71).

It remains to prove (9.114)—(9.115). Let F; = min(U;, wy), G; = max(U;, wy),
i =1,2, and define J* (u) = Y72, 7} J1 (u). Note that

J1R(Fi) + J1R(Gi) = JlR(Ui) + J1R(W0) = J1R(Ui)- (9.123)
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Fori = 1,2 define

Fi, x1 <m;—R,
1/1':
U, my—R+1<x,

with the usual interpolation for m,; — R < x; < m, — R + 1. We claim that

J1(U) < 1W(Vi) < Tii—oomi+ =1 (Ui) + JR(E) + Jims—r+1.00(Ui) + K5(0)
(9.124)

for R > Ro/(\a) and my — m; > My(R). The first inequality in (9.124) follows
since V; € Yin. From Theorem 9.9 and (9.111)—(9.112) we have U; < wy for
x1 <mi+ R+ 1,s0V; = F; = U, for such xy, and U; > wg for x; > m, — R if
my—mp > MQ(R), so F; = wg for x; > m, — R. Thus

J1(Vi) = Ji—oom+r=1(Ui) + JE(FD) + J1my—r (Vi) + Jizmy—Rr+1.00(Us).
Since V; is obtained by linear interpolation between wg and U; in T,,—g, by (9.113),

||I/l — WOHWI'Z(Tmsz) < Kg(U). (9125)

The arguments that gave (2.14) show that

1
Jim=r (Vi) = SV (Vi — wolllZar,,, )

< M f Vi —wodx,  (9.126)
Tmz—R

50 (9.125)~(9.126) yield (9.124). Now by (9.124),
TEWy) < TE(F) + ks(0), (9.127)
so0 (9.123) and (9.127) show that
JR(G) < ks(0). (9.128)

Next we claim that
JR(F) < k10(0). (9.129)
Indeed, define

Ui x[§m1+Rs
Gi, x;>m +R+1,

V=

1
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interpolating as usual form; + R < x; < m; + R + 1. Then V,* € ?,,1, and as for
(9.124)—(9.1206),

Ji(U) < J(V") = Ji;—com +r-1(V;")
+ I W) + Timp—r.oo (V)
= Jismoom +r—1(Ui) + J*(Gi) = Jim +r(G?)
+ J1m+r (V) + Jiumy—R.0o (Ui)
< Jiimoom+R—1(U) + JR(G:) + Jimy—R0o (Ui) + k10, (@) (9.130)

since G; = wo on T, 4R, J1i.m,+r(Gi) = 0, and
|1+ R (V)| < K10(0). (9.131)

Hence via (9.130),
JEWU) = JRGH) + K10(0), (9.132)

and (9.129) follows by (9.123). Due to (9.128) and (9.132),

JEU) < ks(0) + K10(0) = k11(0). (9.133)

Note that
JEWUy) + I (F) = IR UD) + T (F). (9.134)
since min(U;, F,) = Fj, and by definition U; = max(U, F,). Therefore

(9.123), (9.128)—(9.129) and (9.134) imply
JRUs) = JR(Gy) + JR(F2) < k12(0). (9.135)

Now to complete the proof of (9.114), we need lower bounds for JR(U;). For
i=1,2,3,let

wo, mi+R—-2=<x; <m;+R,
Wi=3U;, m+R+1<x <my—R,

wo, my—R4+1=<x <my—R+2,

with the usual interpolations, extended as an (m, —m; — 2R 4 4)- periodic function
in x. Then by Proposition 2.2,

0 < J 2 W) = JEWU) = Jim 48U + Jim+rROV:) + Jima—r (W) (9.136)
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and
[J1m 4+ RUD| 1+ R Tt my—r (W] < K13(0) (9.137)

via earlier estimates. Hence
—3ki3(0) < JR (W) (9.138)
and (9.133), (9.135), and (9.138) yield (9.114).

Finally, to prove (9.115), first apply (9.116) with p = m; + R, ¢ = m» — R,
u="U;,j=1,2,3,andi = 1,2 in conjunction with (9.137) and (9.114) to get

1 2

<M, / |U,-—U,~|dx+/ IUj—U,-|dH”_' + k14(0) (9.139)
s& ISR

for S® = Soum,+rmr—r- Recall that Uy < Us < U, < 71, U and that

ma—R+1 ma—R+2 mi+R+1
/ (1, U, — Uy) dx, =/ (Ul—Wo)dxl—/ (Ui —wo) dx,

mi+R my—R+1 mi1+R
(9.140)

is uniformly small for m, — m; > M>(R), and R large due to (9.113), so (9.139)
implies

V(U; — Ui)”LZ(SOR) <«k;500), i=12, j=1,2,3, (9.141)

for R > Ry(0), my —m > M3(R(0)). Thus arguing as for (9.110) gives (9.115).



Chapter 10
Monotone Multitransition Solutions

Having established the existence of monotone 2-transition solutions of (PDE), now
in the spirit of Chapter 8, we can ask for monotone k-transition solutions or even
infinite-transition solutions. For the latter case, in contrast to Chapter 8, where all
transitions take place in a single gap, infinitely many gaps are involved. This makes
for several possibilities ranging from degenerate settings such as that in which a
bounded sequence of distinct gap pairs ¢;,¥; having smaller and smaller gaps
converges to some ¢ € My to the generic case of My = {v + j|j € Z} where
v € My. We confine our study to multitransition solutions generated by a finite
number of gap pairs, say ¢; < ¥;, 1 <i < p (where ¢; < @, and ¢, < ¢ + 1),
together with their additive counterparts (¢; + j, ¥; + j) for j € Z. This contains
the generic case as well as the setting of Theorem 9.6. It will also enable us to find
associated infinite-transition solutions.
Thus let

S=8@, Y1, @p¥p) ={0i +j Vi +j |1 =i <p,jEL}
Since 8 is an ordered subset of My, it can also be expressed as
SI{\A}, <V’{/i |i€Z},

where V; 4, = V; + 1, Wi, = w; + 1. It is notationally more convenient to use this
second formulation of 8.

Choosing k consecutive gap pairs in 8, say ¥; < w;, | < i < k, and assuming
that (x); holds for each pair, Theorem 9.6 can be extended to cover this setting.
However, the most direct extension of the earlier proof leads to versions of (9.38)
and (9.42) with 2§ replaced by & with & — oo as k — oo. Thus (9.36) must be
strengthened to an estimate of the form

0 < &8 < min (a?l(a,-,w,-) - cl(f/i,fvi)), (10.1)
1<i<k
P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 119

Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_10, © Springer Science+Business Media, LLC 2011
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and (10.1) in turn implies that as k — oo, all of the differences m; 4, — m; become
infinite. This information is too weak to use to obtain monotone infinite-transition
solutions of (PDE) as limits of the finite-transition case. Thus next we prove a
k-transition result that gives better lower bounds for the differences m; | — m;
and permits us to treat the infinite-transition case.

Toward this end, for i € Z, define

T, =

/ hdx | he Ml(f/i,v’{/i)§.
To

By (x); for v;, w;, the set of real numbers T; has infinitely many gaps. For
1 <1 < p,asin Chapter 9, choose s; < t; lying in a distinct pair of such gaps, so

Si,ti € (/ Vi dx,/ Wi dX)\‘.T, (10.2)
To To

Since Vj4, =V; +1andW;4, = w; + 1 forall j € Z, we cantake s; 1, = s; +/
andtjy;, =t; + /[ forall/ € Zand 1 <i < p.

For future cutting and pasting arguments, it will be necessary to approximate the
members of M; (V;, w;). Let

8 = di (b, i) — 1 (B, ;). (10.3)

Note that ¢i(Vi4p. Witp) = c1(Vi, ;) and dy (Vi p. Witp) = di(V;, ;). Therefore
8ivp =0; foralli € Z. Set

§ = min §;. (10.4)
1<i<p
Proposition 10.5. Let m, € Z,
M > max (c;(v;,w;) + 1), (10.6)
I<i<p

and

0 <o < min (/ Wi dx—ti,si—/f/,- dx). (10.7)
I=i=p To To

Then there are a @ € I (V4. Wyq) and € = €(o, M) € N such that
5 </ dydx < 1, (10.8)
Ty

O, = by forx; <my—L—1; D, = v, forx; > my + L+ 1, and d, < 7', D,

Moreover, for any §>0ando = 0(8) sufficiently small,

Ti(®D,) < c1(Pg.ivg) +8/7. (10.9)
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Proof. Let ®, € M;(Vy,w,y) satisfy (10.8). Since Ji(®,) =< M, by
Proposition 6.27, there are an {, € N depending on o, M and V,,W,, an
i€lmg—~L,+2,my—2),andag € {v,, Ww,} such that

[Py — ¢ll2x,) <o (10.10)
Similarly, there are a j € (my +2,my + £, —2) and ¢ € {I,, W, } such that

[®q — ¥l2x;) <o (10.11)
We claim that ¢ = §, and ¥ = w,. To see this, note that if

[[Pg — Wq”LZ(X,») <o, (10.12)

then
/ Wy — Pg)dx < |Wwy — CDq||Lz(TI.) <o. (10.13)
T

By the monotonicity of ®, and (10.8),

(Wg — @y)dx > / Wy — @y)dx > / Wwedx — ty. (10.14)
T,

To

i

Thus for o satisfying (10.7), (10.13), and (10.14) show that ¢ = 9,. Similarly,
Y=y

By the monotonicity of ®, again,
@4 —Vyll2x,) <0, s <i.
Arguing as in (6.57),
@y —Vyllwrzz,) < Mo, s <i. (10.15)

A priori £, depends on the gap pair V,, w,. But since we are dealing with 8, the
finitely generated set of gap pairs, £ = sup ez g = maxi<g<, {g.
Define
Vg, X1 <mg—L—1,
Dy =D, my—L<x <my+¢, (10.16)

Wy, mq+z+1§x1,

and extend 661 to the remaining regions via the usual interpolation. Thus
&, < d@q, 6q € I'i(Vg, Wy), and for o sufficiently small, by (10.15) and its
analogue for w,,

A

SN
T 7@ = 55 (10.17)

Jl,mq—Z—w (%)

)
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and
T1(@g) =T1(®@y) + Ty 1 7-1(Dy)

+ Jl,mq+i(q)q) - Jl;—oo.ml—Z—l(q)q) - Jl;mq+2.oo(q)q)

~

8
<c1(9g. ) + o7 + tail terms. (10.18)

The tail terms can be estimated as in the proof of Theorem 3.2. Note that
@, —Wyllwrar,) and Jis00(Py) — 0 (10.19)

as s — oo. For large s, set

@, mg+4L<x<s,

fo=1 (10.20)
Ts+1—(mq+2)q)‘1’ s+ 1=x,

with the usual interpolation in the remaining intervals. Then by Proposition 2.2,

Jl smy +l.s (fq) z 0’

so by (10.19) for large s,

~

o0 o0 8 o0
= D (@) £ —J15(®g) + 15 (f) = D1 (@g) < = D (@),

mq+z s+1 s+1
(10.21)
Letting s — oo in (10.21) and using (10.19) gives
d 8
D (@) < T (10.22)

my +

With a similar estimate for the remaining tail term, (10.22) and (10.18) yield (10.9),
and Proposition 10.5 is proved.
Next define
Yy ={ueTi(Wy, Vg41) | u < rllu,u =w, inT; for large negative i,

and u = V441 in7; for large positive i}.
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Set
Gy = ulgq J1(u). (10.23)

By the definition of ch, there is a @q € Y, such that

J(W,) <&+ - (10.24)

3| o

Since 7! /\’ﬁq € Y, forall j € Z, it can be assumed that there is an éq € N such that
:\17[1 = qu for x; §A0 and aff = Vg1 for x| > éq. As for £,, we can and do replace
£, by £ = sup, ¢y £y with £ independent of g.

Now a generalization of Theorem 9.6 can be formulated. Choose k € Nandi € Z.
Then there are associated consecutive gap pairs v;, Wi, ..., Vi4k—1, Wi+k—1 in 8.
Choose m € Z%°, ie., m = (m;)iez with m; € Z and m; + 4 < m;4,. The
class of admissible functions here is

Y inimigi—r) =Y mimigp) (Ois Wigk—1)

={ue T‘\l(ﬁi,v?/prk_l)l u < tl,u and u satisfies (10.25),

i<j<i+k—1}

where

sj = fiwdx <t;, i<j<i+k-1, (10.25)
7;71]

and the functions fj(u), i < j <i + k — 1, are defined via
fi (u) = min(max(u, v;), w;).
Note that f; (u) = min(u, w;) and f;+r—1 () = max(u, V;+5—1). Set

bnimisop = inf  Ji(w). (10.26)

UEY (njm; 4 g—1)

Now the extension of Theorem 9.6 is:

Theorem 10.27. Suppose F satisfies (F1)—(F»). Leti € Zandk € N.If (Vj,w;) is
a gap pairin § and (x), holds for My(V;, w;), for all j suchthati < j <i+k—1,
then:

1° Thereis a U = Uy yi1) € Yomymsxy) sch that Jy(U) = Doy my i)
2° There is a v € N (independent of i and k) such that if mjy 1 —m; > v,
i <j <i+k—2, thenany such U is a solution of (PDE),
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||U _\,}IHWIZ(T,) — 0, i — —0Q,

(10.28)
||U — ‘;\Vk”Wl-Z(T,-) — O, I — o0,
b <U <t U <. (10.29)
Moreover, there is an w > 0 (independent of i and k) such that
. i+k—1 i+k—2
b(mi~mi+/<—1) < Z C1(1A1j,v’{/_,‘) + Z 6_,' + kw (10.30)
j=i j=i
and
Ji(fiU) <c1(hj. ) + w. (10.31)

Remark 10.32. Theorem 9.6 follows from Theorem 10.27 by first identifying
Vo, Wo, €.2., with v, w;. Then v, w corresponds to v, wy for some £ > 1. Thus in
the more careful bookkeeping of the current setting, we keep track of intermediate
transitions that were ignored earlier.

Remark 10.33. The constants @ and v of Theorem 10.27 depend on the parameters
of the problem, which will be chosen in the course of the proof. However, for now,
before proving the theorem, we will define w and v. Let §(¢) be the function defined
in Proposition 9.20. Then

w = w8, e, p) = min(8, 5(¢)) (10.34)

for an appropriately chosen €. Let

M =maxc;(Vg, W) + 1, (10.35)
qE€ZL
Io(6, M) be as given by Proposition 627, { = {(o0,M) as given by

Proposition 10.5, and { = é(w) as defined following (10.24). Then
v =8(lp(0. M) + £(0. M) + {(w)) (10.36)
for appropriate 0, g.

Proof of Theorem 10.27. The proof is by induction on k. The case of k = 1 and any
i € Z follows from the definition of €; and the fact that f; (U) = U. No restrictions
on w or v are needed.

Assume that Theorem 10.27 has been proved for k > 1 and any i € Z. We will
show that the theorem holds for k + 1. By the argument of Theorem 9.6, there is a
U = Upn;m; ) such that Jy(U) = b, oy m;y1)-

We claim that there is strict inequality in (10.25) for u = Ugn, m; 4,
arguments of Theorem 9.6 then show that Uy, m, ) is a solution of (PDE).

)- The
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To verify (10.25) with strict inequality we distinguish between the cases of j = i
and j =i + k, which are simpler,andi + 1 < j <i + k — 1. Suppose j = i. Set

¢;(U) = min(max(U, w;), V1)

and
€;(U) = min(max(U, V;+1), Wi+k)-

Then

binimi 0 = 11 (U) = L (fiU) + Ji(@i(U)) + L1 (& (U)). (10.37)

Note that ¢; (U) € Y; and &;(U) € ?(mi+1.m
£:(U) € Ay (%, W;), and (10.37) implies

o). I (10.25) fails for j = i, then

b(lni.m,+k) 2 dl (f)iv ‘:{}1) + él + b(m,-+1.m,-+k)~ (10'38)

We claim that
~ A N A 8
bonmi) = 10 W) + &+ Dy + 5 (10.39)

Assuming (10.39) for now, by (10.38)—(10.39),
A A . 8
d](V,‘,Wi) SC](Vi,Wi)+ 5 (10.40)

But (10.40) is contrary to (10.3)—(10.4).
Thus (10.25) holds for j =i.
To verify (10.39), note first that by the inductive hypothesis, there is a

Uinir.mii) € ?(mi+ls’n[+k) such that Jy (Ugn, 4 m; 41)) = B(mi+1$mf+k) and by (10.31),
Jl (fi-i-l(U(m[+1,m[+k))) = cl((9i+ly",{71‘+l)) + w. (104])

_By (10.34), w < § (€), where € is free for the moment. Note that by earlier remarks,
4 of Proposition 9.20 can be assumed to be independent of i and k, but will depend
on p. By Proposition 9.20, there is an i € My (V; 41, Wi +1) such that

i1 WUms 1mi ) = Bllwracxy) < € (10.42)

forall s € Z.
Let i, be the smallest member of M; (V4, W,) such that

ty </ hydx =1, (10.43)
To
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Similarly, let ﬁq be the largest member of M; (¥, W, ) such that

5, = /T hy1 dx < s,. (10.44)
0

Note that B B
hgypr =hg +1 (10.45)

forl € Z.
Suppose that € satisfies

0<e<infmin(t, —1t;,5, —54) =

i in(¢, —t —5,). 10.46
inf 1rsmn mlnLq 4:5q — S¢) ( )

q=p

Observe that this choice of € fixes v = w(4, €, p).
Now employing the argument of (9.64)—(9.79) with R = 1 and €, V; 41, Wi4+1
replacing o, vy, wo, etc, we obtain

Uini p1mip) < Witt, X1 <miyr+ 1, (10.47)
and rl(ml +1)h € Ci41. (Here we are taking into account that (10.45) implies
that the argument is independent of i and k.) With M as in (10.35), by (10.31),
Proposition 6.27 with o replaced by 6, and (10.47), there are £y = £o(0, M) € N
and g € [m;+1 — 2Ly + 2, m; 4+ — 2] such that

||U(mi+1emi+k) - §0||L2(Xq) <0 (10.48)

for some ¢ € {V;4+1,w;+1}. Hence if 0 satisfies (10.7), the argument of (10.10)—
(10.14) shows that ¢ = v; 4. As in (10.15),

”U(mi-f-lqmi-&-k) —_ \,},’4_1 ||W1~2(Zq) f M39 (1049)
Set
U — AU(mi+lwmi+k)’ X1 ¢ Zq’ (1050)
Vi+l, x €Ty,
with the usual interpolation in Z,\T,. Then as in earlier arguments,
(@) = J1 Ui 41m,400)| = K(0) (10.51)
with k(6) — 0 as 8 — 0. Set
A V; < 1
U = V_l+], X1 _Q+ P (1052)
U, xizq-+1,
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and
U* = U, xi<q+1, (10.53)
Viv1, X1 >q+ L
Then U € /Y\(’”i+1=mi+k) and U* € T'1(Vi41), so
JI(U*) > 0. (10.54)
Therefore by (10.50)-(10.54),
NW(O) = ZWUN + 1(0) = H(@) = Um0 + (6)
= Do, yrmi ) T K(O) = by ) + “—6) (10.55)
provided that 8§ = 6(w) is sufficiently Asmall. Further choose ¢ so that

Proposition 10.5 holds with § = % and take [ = [ (w) as given following (10.24)
with associated liii such that J; (\ili) <+ %- With v as in (10.36), glue Ci>,~ to ril \ili
to U in the natural fashion, producing W e ?(mi

i) With

w

Jl (W) =< Cl(‘,}i’wi) + éi + b(lni+1,}’VIj+k) + B

(10.56)

Consequently, by (10.34) and (10.56), (10.39) holds for j = i and similarly for
j=i+k.

For the remaining cases of i + 1 < j <i + k — 1, similar ideas are used, so we
will be sketchy.

Set

¥;(U) = min(max(U, ¥;), W;—1).

Asin (10.37),

Bimymi ) = J1 (W (U)) + Ji(9;—1(U)) + Ji(f(U)) + Ji(;(U)) + Ji(;(U))
(10.57)

with v U) e« /Y\(m,',mj_1)’ on—l(U) € Y, ¢ U) e Y;, and
E;(U) €Y njyymyp- 1 (10.25) fails for j, f;(U) € A1(V;,W;) and as earlier,

E(Mi-,m1+k) z bA(mhmj—l) + é./—l + ‘21 (‘A’ijAV./‘) + 6] + bA(m1+1-,mz+k)' (10.58)
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Our earlier argument with the same choice of parameters yields an upper bound
for b(m, Mir):

5w
b(mz Midk) = b(ﬂh mi—y T Ej—r e, wy) +¢; + b(m,+1 mip) +——, (10.59)

and again (10.58)—(10.59) and (10.34) are contrary to (10.3)—(10.4).

It now follows for all cases that Uy, m, ) is a solution of (PDE) and it remains
only to verify (10.30) and (10.31) at level k + 1.

The upper bound (10.30) is immediate from the choice of v and gluing
&D, e d>, +k to appropriate shifts of \IJ, e \Il, +k—1. To get (10.31), note first that
(10.57) implies

E(m[,m,-_q_k) > B(m,-,m‘,-fl) + 6]—1 + J] (fj (U(mi,m,._,_k))) + é] + bA(mj+1,m,-+k)a (1060)

so by (10.59),
A Sw n A
T U) = e1(by)) + == = ar(h.00) + 0. (10.61)

The proof of Theorem 10.27 is now complete.

As a quick application of Theorem 10.27, the existence of monotone infinite
transition solutions of (PDE) can be established. Let 8 be as earlier with associated
sets J; and s; < ; asin (10.2),i € Z. Let v be as given by Theorem 10.27 and let
m € Z*° with m;+; —m; > v(p). Now set

m—{uer FRxT ' R) |u<t'u and
u satisfies (10.62) at index i, i € Z}

where

8i = Siwdx < 1. (10.62)
T}’ﬂl‘

Theorem 10.63. Under the above hypothesis, there is a U € Yo satisfying (PDE)
andU < <4\ U.

Proof. For each k € N, take rit(k) = (m—y, ..., my) € Z**!. By Theorem 10.27,
there is a solution Uy of (PDE) in Y ;) (V—«, Wi ). The functions Uy are bounded in

Clica (RxT"~!, R) for any o € (0, 1). Therefore along a subsequence, Uy converges

to U, a solution of (PDE) satisfying (10.62) for all i € Z. Therefore U € /);,,,.
Moreover, as in earlier results, U < rl] U.

Remark 10.64. The argument of the proof of Theorem 10.63 works equally well
if m € Z* is replaced by m € N* or m € (—N)®. In the process, we obtain a
solution of (PDE) that is heteroclinic to, e.g., ; as x; — —o0 or to Wy as x| —> 00.
For example, suppose m € N* withm; = 0 and m; = (i — 1)v fori > 1. Then the
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corresponding solution U of (PDE) lies between the periodic functions ¥ and wy
for x; < 0. Therefore as x; — —o0, U has rotation vector 0 associated with it. On
the other hand, U is unbounded as x; — oo. More precisely, for x; > 0, if U(z) lies
between V) + j and wy + j, then U(z + k(p + 1)ve;) lies between v; + j + k and
w1 + j + k, i.e., U has associated rotation vector (m, 0,...,0)as x; — o0.

Remark 10.65. Just as in Remark 8.36, an open question is whether one can
give a direct minimization characterization of the infinite-transition solutions of
Theorem 10.63.






Chapter 11
A Mixed Case

Two rather different types of multitransition solutions were studied in
Chapters 6—-10: those lying between a given gap pair vop < wy and those that have
the monotonicity property u < t!,u, and cross gaps. The goal of this section is to
combine these two cases. Thus we seek solutions of (PDE) that are heteroclinics or
homoclinics as a function of x1, lie in prescribed gaps for x| near 00, and undergo
a prescribed number of transitions between a given set of gap pairs. Roughly
speaking, such solutions can be obtained by concatenating those of Chapters 6-10.
Different kinds of results are possible depending on how precisely one seeks to
shadow the states that are glued together.

By way of illustration suppose that v¥ < wf,i = 1,2, are arbitrary gap pairs with

* * * *
Vi <wp = vy, < w,.

Restricting ourselves to the simplest possibilities for solutions of mixed type, there
are six cases to consider: (i) heteroclinics from v{ (resp. v3) to vy (resp. v})
that also shadow w} over a long x; interval; (ii) homoclinics to v} (resp.w}) that
also shadow w3 (resp. v{) over a long x; interval; and (iii) heteroclinics from
wy (resp. w3) to wi (resp. w{) that also shadow v{ over a long x; interval.
The simplest result for any of these mixed cases would be to merely prove the
corresponding existence statement. A more careful theorem would take account of
the number of gap pairs lying between v} and w} and would provide a solution that
shadows heteroclinics in some or all of these gaps.

To minimize technicalities but at the same time indicate how to handle the new
difficulties associated with mixed cases, we first prove a result for case (i) that
gives a crude version of shadowing. Then the case of k prescribed gap pairs will be
discussed. Lastly, a few remarks will be made about how to treat an infinite number
of gap pairs somewhat as in Chapter 10.

To formulate the main theorem that we will prove, suppose v{ < w{, vy < wj
are given gap pairs in My with wi' < v3. If wi = v}, some simplifications can be
made in our arguments. We seek a solution U of (PDE) that is heteroclinic in x

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 131
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_11, © Springer Science+Business Media, LLC 2011
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from v} to v and that is close to w3 for a large intermediate region. The solution
U is also required to be periodic in x», ..., x,. In the spirit of Chapter 6, choose
m € Z3 withm;yy > m;,i = 1,2, and £ € N. As the class of admissible functions
we take

* o= {ue WI2R x T vi < u < w} and u satisfies (11.1)~(11.3)},

ml —

where
@) llu =v{ll2z) — 0. i — —o0,
(11.1)
(ll) ||I/l — V;”LZ(T!) e 0, i — o,
@ lu =il <pr, mi—€=<i=<m—1,
(i) lu—=will 2y < p2. my—L<i<my+L—1, (11.2)
(i) lu =vill2y <p3. m3<i <m3+L-—1,
and
@D u=<wim —€=<x <my,
(i) u>vy my—L£<x  <m+¢, (11.3)

i) u > v¥ m3 <x; <ms+ L.
2

Note that in contrast to earlier sections, the additional pointwise constraints (11.3)
are required here. The constants p; are related to those of Chapter 6 and satisfy

() p1 € (0, 3w —vill 2\l — vill 2 |
ue M(vi,wl) UM, v},

(i) p2 € (0, 3[Iw5 — Vil L2¢rp)\dllu — W5l L2z | (11.4)
ueM(vy,wy) UM(wy,v3)},
(iii) p3 € (0. $Iws — il 2\l — Vil 2my) |

ue My, wy) UM(wy,vy)}.

Define
C:z,z: inf  Jy(u). (11.5)

uey ™,

ml
Then we have:

Theorem 11.6. Suppose (Fi)—(F,) hold, (v{,w}) and (V5,w}) are gap pairs

satisfying
* * * *
Vi <wp =V, <w,,
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and (x)1 holds for
2

Ot 0F . w) UM wf ).

i=1
Then for € sufficiently large, there is a U € Y,:’Z such that J\(U) = c,, ,. Moreover,
for m; 1 — m; sufficiently large, i = 1,2, any such U is a classical solution of
(PDE).

Proof. As usual, let (¢ ) be a minimizing sequence for (11.5), so thereisan M > 0
such that J; (ux) < M for all k € N. Since Yn’:’[ satisfies (Y,'), by earlier arguments

it can be assumed that thereisa U € ngéz
a.e.and in W2 (R x T 1),

loc

(R x T"~") such that uy — U pointwise

J(U) =M, (11.7)

and U satisfies (11.2)—(11.3). Moreover, with the aid of (Yzl) and earlier arguments,
U is a solution of (PDE) in the nonconstraint regions.

Next, as in the proof of Theorem 6.8, we will show: (A) There is an X; in each
constraint region such that (PDE) is satisfied in X;, (B) U € Y”",‘j and J1(U) =¢*

m’
and (C) U satisfies the L? constraints (11.2) with strict inequality. What remains is
to prove that (D) U is C? and satisfies (PDE) globally. This step is more difficult to
carry out than in the earlier cases due to the extra pointwise constraints (11.3).

Proof of (A). To begin, let
W) = min(U, wy),
£ (U) = max(min(U, v3), w}),
£ (U) = max(U,v3).

Thus f*(U) e Ti0vhwh) < Tivhwd), and likewise f;"(U),
£ U) e T, (vF, wh) and f;*(U) € T, (v, wk). Then

3
L(U) =Y L(fFU)), (11.8)

i=1
so by (11.7)-(11.8) and Proposition 2.8, there is a K; > 0 depending on v{ and w3
such that

ST, Li(f55(U)) < M + 2K (11.9)

Consequently, with o free for the moment, by Proposition 6.27, if
{>{y(o,M + 2K,), thereis an iy € [m; — £ 4+ 2,m; — 2] N Z such that

IA*U) — (p”LZ(Xil) <o,
where ¢ € {v¥,w}}. Since f*(U) = U on [m; —£,m] x T"! via (11.3),

IU = ell2x,) <o (11.10)
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We claim that ¢ = v{. Otherwise,
U - WT||L2(X,~1) <o,

but by (11.2) (i),

2 2
”U - VT”LZ(X;I) < 5101

Thus (11.11)—(11.12) imply

A Mixed Case

(11.11)

(11.12)

V5p1 = wF = vl = 10 = willee,) = V5Iws =villm —o. (11.13)

Choosing o such that

5 . * *
0<o< 7;211112 Ws = villL2(m)-

(11.13) shows that
2p1 = |lwi — VT”LZ(TO)’

which is contrary to (11.4). Thus

U —vi ||L2(X,-1) <o0.

(11.14)

(11.15)

(11.16)

To complete the verification of (A), we will show that (11.16) implies that U is a
solution of (PDE) in X;,. A variant of the proof of part (A) of Theorem 3.2 will be
employed. Letz € T; C X;, andletr, ¢ be as in (¥,'). Then for |¢| small, by (11.16),

lux + 10 = vill2r;) < p1
for large k. Set
max(ug + te,vy), x; <i+3,
o = ,
ug, Xy =i+ 3,

and
min(ux +t@,vy), x1 <i;+3,
Vi =

VT, X1 >1i; + 3.
Then ¥ € I'y(v]), and by Theorem 2.72,
Ji—o0iy +2 (i +19) = Ji;—o0,is+2(@k) + J1;—00,i+2(¥)
= Jii—ooir +2(9x) + J1(Yk)

> Jl;—oo,i1+2(‘pk)'

(11.17)

(11.18)
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Therefore

Ji(ue +19) > Ji(pp). (11.19)
Since (11.17) implies

llox — VT”LZ(Tj) < p1, (11.20)

if g < w] in T}, then ¢ € Y, ,. However, this may not be the case, so one more
modification of ¢y is necessary. Set

X — min((pkv WT)’ X1 E i] + 39
@r (= ug), x; > i + 3,
and
C { max((pkv WT)’ X1 S il + 3
k =

WT? X1 2 i] + 3.
Then yi € Y;:e and x € I'1(w}), so asin (11.18),

Jii—c0.ir+2(9x) = J1;—00ir+2(Xk) + J1;—00.i1 +2(Ck)
= Ji—ooi+2(xk) + J1(8k) = Ji,—o0iy+2(xk).  (11.21)

Hence
Ji(ek) = Ti(xe) = ey (11.22)

Butby (11.19) and (11.22), (2.65) is satisfied, so as in the proof of Proposition 2.64,
U satisfies (PDE) in X, .
A similar argument gives sets X;, and X, in the two other constraint regions.

Proof of (B). The first main task here is to show that U satisfies (11.1). The first
step is to verify that U < w{ for x; < m. For this, it suffices to prove that ux < wY
for x; < m;. Arguing as in (11.21)—(11.22), set

_ { min(uk,w’f), x; <1y,
Uy =

U, X1 >y,

and
~ § maX(Mk»WT)’ Xp = ilv
Up =

WT, X1 > 1.
Thenu, € Y7 ,, and i € I'1(w]) so
Jii—c0ii—1(Ur) = J1—o0iy—1 (k) + J1;—00.iy—1 (k)

= Ji—co.y—1 (k) + J1 (i) = J1;—00.i—1 (#tk)

and
Ji(ue) = Jy (), (11.23)
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where u, <w] for x; <m;. Now (11.23) shows that % is also a minimizing
sequence for (11.5), so we can assume that u;, U < w for x; < mj.

Next we will verify (11.1) for U. Once that is shown, U € Y, ,;f , and the argument
of Theorem 3.2 show that J,(U) = C:,,e~ Condition (11.1) (i) will be checked; (11.1)
(ii) follows similarly.

Since f*(U) € fl(vf, wY), with f*(U) = U for x; < mj, and f*(U) satisfies
the hypotheses of Proposition 6.53, U satisfies (11.1) (i) or

U = wil oy =0, @ — —o0. (11.24)

To exclude (11.24), we argue as in the proof of Theorem 6.8. More precisely, if
(11.24) holds, let

|
y = 5}21/123@. (11.25)
Then for all p € N near —oo,
IU =villL2ar,) = 2v. (11.26)
Hence for a fixed such p and large k,
e — Vil = 7. (11.27)
Modify ux in Z;, to produce a function hy with hy = wuy for x; < i; and

hr = v} for x; > i; + 1. Then hy; belongs to I'; (v{') and satisfies (11.27). Hence by
Proposition 6.13,
Ji(hi) = B(y). (11.28)

Define Hy = v} for x; < iy and Hy = u for x; > i; + 1 with the usual
interpolation in 7;,. Then Hy € Y;:e and for k > ko(0),

[T )| 1 (H L 1, (i) | < k(o) (11.29)

where k(o) — 0 as 0 — 0. We require that o be so small that
6k(0) < B(y). (11.30)
Now by (11.28)—(11.30),
Ji(Hi) = J1i (Hi) + Ji 41,00 (k) (11.31)
= Jui (Hi) + Ji(ur) — J1;—o0.i; (k)
= Jii (Hi) + Ji(u) = Ji(hie) + Jusi, (hie) — T, (uge)

IA

T~ By) + (o) < i) — 3B

But (11.31) is contrary to (u#x) being a minimizing sequence. Consequently,
(11.1) (i) and similarly (11.1) (ii) hold for U.
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Proof of (C). Showing that U satisfies the constraints (11.2) with strict inequal-
ity involves a combination of arguments of Chapters 6-10. To begin, suppose
j €[mi—2£, my — 1] N Z. By (11.16), the only cases of interest are (a) j < i} — 2

and (b) j > iy + 2. For j satisfying (a), if

*
U — v ||L2(T,~) = pP1,
then as in an earlier argument, define

U, xi =iy,
h=4§ ., .
V17 l1+1§)€1,

and interpolate as usual in 7;, so that 1 € I'; (v]),

Ji(h) = B(py),

and
[J15,(W)] < k(o).

Set

% .
v X1 <ip—1
1° —_ ’
H = )
U, i1 =x,

and again interpolate in 7;,—; so that H € Y, ,:[ and
|J1ii—1(H)| < k(0).
Then J,(H) > J;(U), so
Jii—1(H) > Ji:—00,iy—1(U).

Hence by (11.33)—(11.36),

k() = Jiij—1(H) = Ji;m00,ii—1(U) = J1(h) — k(o) = B(p1) — Kk (0).

But (11.37) is contrary to (11.30), so (11.32) is not possible for case (a).
Next suppose (b) occurs together with (11.32). Set

Al(v]",w’f) ={ue FI(VTvWT)HW - VT”LZ(TO) =p1}
and

di(vi,wi) = inf  Ji(u).

ueA 1 (vi.wl)

(11.32)

(11.33)

(11.34)

(11.35)

(11.36)

(11.37)
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Then as in Proposition 6.74,
di (v}, wi) > a1 (v, w)). (11.38)

The argument of (A) showing that U < wj for x; < m; likewise proves that
U > v3 for x; > my —{. Hence f*(U) = wy for x; > my — £, so by (11.3) (i) and
(11.32), T} SiF(U) € A1 (v, w]). Therefore

L(AF W) = N [5U)) = di(vy, wi). (11.39)
For v, w € My, let
Y*(v,w) = {u € T'1(v,w) | u = v for large negative x,

and u = w for large positive x1 }

and set
c*(wv,w) = inf  Ji(u). (11.40)

u€Y *(v,w)

Then as in (11.8), by (11.39),

3
cne=NU) = N(fHU) = divF.wh) + ¢ (wWhv3) + L (f5 ().
1
(11.41)
Note that f;*(U) = U for x; > my — £, f3*(U) = v} for x; < my, and f;*(U)
is near wj in X;,. Hence modifying U in Xj, so that the modified function equals
wj in T}, readily yields
S5 (U)) = e1(vy, w3) + c1(wy,v3) —k(0) (11.42)
as in part (D) of the proof of Theorem 6.8.
On the other hand, for m, — m and m3 — m, sufficiently large, as in Chapters 7
and 10, we find an upper bound for c;’ , of the form
Cme S OV w)) + ¢ W) v3) 4 er(vy, wh) + cr(wy,v3) + 4de, (11.43)
where € — 0 as m, — my, m3 —my — oo. Combining (11.41)—(11.43) shows
di (v wi) — 1 (v wi) < 4e + k(o). (11.44)
Choosing m, — m; and m3 — m; so large and o so small that

1
de + K(U) < 5 mllnz(dl(vl*vwl*) _cl(v;k5wzk)5 dl(W;5v)2k) - cl(wikvv;k)) (1145)
=1,

shows that (11.44) and (11.45) are not compatible.
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Thus case (b) is not possible and U satisfies (11.2) (i) with strict inequality. A
similar argument applies to get (11.2) (iii). Thus it remains only to verify (11.2) (ii).
As earlier, this reduces to treating either j < £, —2 or j > £, + 2. But both of these
possibilities can be excluded as was case (b) above.

Proof of (D). At this point we know that U is C? and is a solution of (PDE) outside
of the constraint regions and even in X; s j = 1,2,3. To handle the constraint
regions, suppose first that z satisfies m; — £ < z; < mj. Recall that v]| < uy,
U < w} for x; < m;. Take r > 0 such that B,(z) C {x; < m} and smooth ¢
with support in B, (z). Then for |¢| small, u; + t¢ satisfies (11.2) but not necessarily
(11.3). However, arguing as following (11.17), where now i; + 3 is replaced by m,
shows that

x& = min(max(ux + te.vy),wy) € Y7,

and

e o < i) < (g + tg).

Therefore by Proposition 2.64, U satisfies (PDE) in B, (z). A similar argument holds
forz; > my — 4.

The proof of (D) has now been reduced to showing that U is in C? and satisfies
(PDE) in a neighborhood of x; = m; and x; = m, — £. These two remaining cases
require regularity arguments such as arise in the study of obstacle problems.

To complete the proof, since the two cases are handled similarly, we will
treat the case of x; =m;. Translating variables, we can assume m;=0. Set
Q= (=1,1) x T"'. We know U € W'%(Q) and is a solution of (PDE) in Q
for x; # 0. The remainder of the argument will be divided into five steps: (E) U is
defined everywhere in €2 and is upper semicontinuous (usc); (F) completion of the
proof when U < w} for x; = 0; (G) U € C(R); (H) U is Lipschitz continuous
in € with Lipschitz constant depending only on || F, | j.co(a+1); and finally (I) for
my—my, mz — my sufficiently large, U < w} on x; = 0. Steps (E)—(H) are based
on material that Misha Feldman provided us and for which we are grateful.

Proof of (E). Set

A={ueWIZRxT Y <u<wiforx e Qv <u<wiinT_,

lu=villizeryy < proandu = U for x| = 1}

By the definition of C;,, o
J1(U) = inf Jy(u),
ueA

or equivalently,

1(U) = / L(U)dx = inf I(u). (11.46)
Q ueA
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Letz € Q and r > 0 be such that B, (z) C Q2. Suppose ¢ is smooth with support in
B, (z). Then for t > 0, min(U + t¢,v) € I'1(v}), so as in earlier arguments,

Ji(U + tg) = Ji(max(U + te,v))) + Ji(min(U + t¢,v}))
> Ji(max(U + t¢,v))). (11.47)

Further requiring that ¢ < 0 yields max(U + t¢,V}) € Y7, so by (11.47),
J1(U +1¢) = J1(U)

or

I(U +tg) > I(U).

Consequently, setting g(x) = F,(x, U(x)) leads to
I'(U)e =/(VU-V¢+g<p)dx >0 (11.48)
Q

for all such r,z, ¢. Here I’ denotes the Fréchet derivative of 1. By (11.48), U is a
weak subsolution of (PDE) in 2.

Next for € > 0, let n.(x) be a family of mollifiers, i.e., n. € C*(R") with the
support of 7., supp 7. contained in B, (0) and

/l.v ne(x)dx = 1.

Set Ue = U * 1, the convolution of U and 7. Similarly set gc = g * 7. Since U
and g are defined in a neighborhood of €2, U, and g, are defined and in C*°(2).
Let ¢ € C§°(2) with ¢ < 0. By (11.48),

/ VU, . Vidx = / ( / VU(x - ym(y)dy) VE(x)dx
Q Q < (0)
> fQ ( [ R y)m(y)dy)&(x)dx

= —/ gt dx. (11.49)
Q

Since U, and g, are C*° functions, (11.49) implies

— AU, +g. <0 in Q. (11.50)
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Fix z € Q and define

G(r)=G(r,z,e) = Uc(y)dy =

1
_ Us(z +rx)dx.
|B,(2)| JB, |B1(0)] Jp,0)

Then with v denoting the outward-pointing normal to dB; (0),

|&mmnw=/'.»vu@+mmx

B1(0)
1 1 U,
=— —/ |x[>rAU(z 4+ rx)dx + —/ "}
2 /B0 2 Jop, ) OV
=f/ (1 — [x[P)AU. dx
2 /By
21/ (1—|x|*)ge dx. (11.51)
2 /B0

Now

=< lIgellzoo @) Bi(O)] < ([ Full oo (pn+1) | BL ()],

/ (1= |x)ge(c + rx)dx
B1(0)

(11.52)

soby (11.51)—(11.52),
G'(r) > —-2rK,

or G(r,z.€) + Kr? is nondecreasing in r, where K depends on || F,|| oo pi+1)-
Letting € — 0 and noting that U, — U in L/

loc» We conclude

1
G(r,z,0) = ——— U dx,
rz0=15050 0

and G(r, z,0) + Kr? is nondecreasing. This implies that

lim G(r,z,0) (11.53)
r—0t

exists for all z € Q. By the Lebesgue differentiation theorem, this limit exists a.e.
and equals U(z). Thus (11.53) can be used to define U for all z € Q. In particular,

it shows that |

Ux) < B

/ Udx + Kr? (11.54)
r(z)

whenever B, (z) C Q.
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Next we obtain some further regularity for U. See also Caffarelli [28], on which
the following result and (G) and (H) are based.

Proposition 11.55. U is usc in 2.

Letz € Q, B(:) C . and (zx) C Q withzx — zask — co. Then B, (z) C
for k large and by (11.54),

1
i
k—>°°(|B @) J B, )

— 1
< lim ([ de—/ de)
k=00 | By (2)| \JB, () B (2)

lim U(z) < de+Kr2)
k—o00

+ Udx + Kr?
| B, (2) | B, (2)
! U dx + Kr? (11.56)
X r-. .
" 1B, B (2)

Now letting r — 0, (11.56) yields

km Uz) = U(z)

so U is usc in Q2.

Proof of (F). Let T = {x € Q | U(x) < wj(x)}. Since U is usc, T is open.
Suppose U(z) < wi(z) forz € Q with z; = 0. Then z € T and there is an r = r(z)
with B, (z) C T. For any smooth ¥ > 0 with supportin B,(z), U +ty € Y7, for
¢t > 0 small. Hence I’(U)y > 0 for all such . But by (11.48), I'(U)y <0 for all
such ¥, so I'(U)y = 0, and elliptic regularity theory implies that U is a solution
of (PDE) in B, (2).

Proof of (G). Some preliminaries are needed here. It is convenient to replace the
minimization problem in A by a variant of the obstacle problem. Define a function
W in Q via

wi
D

n T_l
W = _
T
where ® satisfies
—A®P+ g =0in QN T,

@l =0 = Wi ®l=1 = U, (11.57)
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and g is as in (E). Since g € L*® and w} € C?¢ for any o € (0,1), the L?
elliptic theory implies that there is a unique ® € W27 (T ) satisfying (11.57) for
any p > 1. Since

AU —®) =0 in T,
U-®=U-w] <0 on x; =0,
U—®=0on x =1, (11.58)

by the weak form of the maximum principle (see e.g. Theorem 8.1 of Gilbarg and
Trudinger [29]),

max(U — ®) < max(U — &) =0,
Ty aTo
i.e., U < ® in Ty, and therefore
U<W in Q. (11.59)
Define

A*={ue W2RxT" Y <u<W in Q,

loc

||M—VT||L2(T71) < P1, and u =U if |X]| > 1}
Then A* C A, since ® < wj in Q. Therefore

inf J; < infJ;.
A A*

But by (11.59), U € A*, so

infJ, = infJ; = J;(U). (11.60)
A* A

Some further remarks about the regularity of W are needed. Since
g € L®(Ty) N C**(Ty) and & = w} € C** on x; = 0 for any « € (0, 1), the
L regularity theory implies ® € W7 ([0, 1] x T"~') N C?“(Ty) and in particular
® e C'([o, %] x T"~1). Moreover, W =w} € C* (T_1). This readily implies that
W is Lipschitz continuous in, e.g., [-, 3] x T"~'. An estimate is needed for the
Lipschitz constant of W in this region. For x € T_;, W = w} € C?>(R x T"!), so
the L” theory easily implies || W {|c1(r_,) < ‘M, where M depends on Wil Loo ()
and || Fy|[poo(n—1). In Ty, W = @ with @ = w} smooth at x; = 0. Therefore
(11.57) and the L? estimates give an upper bound for ||W ”Cl([O,%]X']T”—l) in terms of

Wi llc2@xt—1) and || Fy || oo (pot1y- Thus for x, y € [—% %] x T"~!, we have

|W(x) — W(y)| < M|x — y|. (11.61)



144 11 A Mixed Case

Next observe that since U is usc and W is continuous, {U < W} is open
in Q. Therefore {U = W} is relatively closed in Q. If x; < 0, U < w] = W.
Suppose there is some x with x; > 0 and U(x) = W(x). Since ® is C>“ near x,
(11.58)—(11.59) and the maximum principle imply that U = W in Ty and therefore
on x; = 0. Thus for this case {U = W} = T. Otherwise, {U = W} C {x; = 0}.
In any event, with the aid of the argument of Proposition 2.64, the subset of 2 where
(PDE) is not satisfied classically is S = {U = W} N {x; = 0}. Viewing AU — g
as a positive measure 4 (via (11.48)), supp u is contained in S.

Now we are ready for:
Proposition 11.62. U € C(R2).

Proof. By what is already known, the lower semicontinuity of U need only be
verified at points z € S. Thus let (zx) C € and zz — z as k — oo. Since
U =W = w] on S, we need only check sequences with z; ¢ S. Choose a point
Vi € S closest to zx. Then

Sc=la—yil <lzk —2z = 0

and

Uye) = wi () = wix) = U)

as k — oo. Since U is usc, for any € > 0, there is a p = p(e,z) > 0 such that
|z— x| < pimplies U(x) < U(z) + €. By (11.54),

1
Ulyk) < ——— U(x)dx + K(28;)%. (11.63)
| Bas, (vic)| Bas, (k)

It can be assumed that Bys, (yx) C B,(z) for all large k. Therefore by (11.63),

Ulye) = / U@) +e)dx + / U(x)dx | + K(28;)°.
|325k (yk)| stk()’k)\gék(zk) Bsk (Zk)

(11.64)
Since U satisfies (PDE) in Bg, (zx), by (11.51) with z = z; and U, replaced by U,
’ r 2
B = -5 [ a-lxPg
B1(0)

Therefore

r
|G/(r)| =< §||FM||LOO('H‘)I+]) = ZKV,
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SO
Sk
661,200~ Ul = [ 16(0)ldr < K, (11.65)
0

By (11.64)—(11.65) and (11.54) again, for all large k,

n

27!

U = 2500 + 9 + 5, (UG + K8) + KO8

Hence

n

lim U(ye) = U(z) =

i
k—00 2"

UG +6) +% lim U).  (11.66)
k—o00

Since € is arbitrary, (11.66) implies

lim U(z) < U(z) < lim U(z).
k—o0 k—o00

i.e., U is lower semicontinuous and therefore continuous at z.
Proof of (H). The goal here is to prove:

Proposition 11.67. U is Lipschitz continuous in 2 with Lipschitz constant depend-
ing only on || Fy|| poo(n+1).

To prove Proposition 11.67, it suffices to get a uniform upper bound, M *, for VU
in each of T_; and 7). Then for any x, y € Ty and y a line segment joining them,

V)~ U] = | [VU x| < Moy
Y

The continuity of U then shows that this estimate holds for all x,y € To, and

the same is true for x,y € T_;. Finally, if x € T_| and y € Ty, there is a
z € {x; = 0} N y such that

Ux) —U)| = [U(X) =UQR)| + [U@) - U)|
SM*(Ix =z +lz—yD) = M7|x -yl

The first step in getting the bound for VU is:

Proposition 11.68. Suppose t € R and u is a classical solution of

—Au+ F,(x,u+1t)=0, xe€ B ().
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Then
M,
IVull oo (5,200) = —~ Ulull oo on + r?), (11.69)

where M depends only on || Fy|| oo (pn+1).

Proof. Translating variables for convenience, we can take y = 0. For x € B,(0),
set £ = x/r and u(&) = u(r§). Then

—AT+ PP F(r§. ) +1) = 0. § € Bi(0),
and by the L7 elliptic theory [29], for any p > 1,
”H”WZW(B%(O)) < My(|[tll oo (8, 0)) + rPI1Fu 5 + 0)llr 8,0))
< Mi(|[ul oo (5, 0)) + 1) (11.70)

where M3 depends on p and || Fy || oo (pn+1)- By standard embedding theorems, for
p>n,
”Vﬁ”L‘X‘(B%(O)) < M4||ﬁ||w2vp(3%(0))’ (11.71)

where M, depends on p. Fixing p > n and noting that Vu = rVu, (11.70)—(11.71)
yield (11.69).

Remark 11.72. For any p € (0, 1), Proposition 11.68 provides an upper bound
for [|[VU|[Loo(@\B,(s)) that depends on p, || Fy|[ co(m+1), and [[U||Leo(q). Since
vi < U < wj, the dependence on |U || z00(q) can be suppressed. Thus to complete
the proof of Proposition 11.67, an upper bound for [[VU || Lo (p,(s)) for some suitable

p is needed. Toward thatend, let z € S.
Proposition 11.73. There are constants ry < % and Ms depending on || Fy || oo (pn+1)
(and ||w{ || Loo) but independent of z € S such that if 0 < r < ry,

U(x) = W(z) — Msr, x € B:(2).

Proof. Set W(x) = U(x) — W(z) — Mr, so by (11.59) and (11.61), ¥ < 0 in
B, (2). Set
U=V, + ¥, + Vs, (11.74)

where W, W, € W*P(B,(z)) for any p > 1 are defined to be the solutions of the
following PDEs with continuous data.

—AVY,| + F,(x,U) =0, x € B.(2),
v, =0, x € 0B,(2),

—AW, =0, x € B.(2),
U, = U, x € 0B,(z).

Now (11.74) determines 5.



11 A Mixed Case 147

As in Proposition 11.68, it can be assumed that z = 0. Set h(y) = W (ry) for
y € B1(0), so

—Ah +r*F,(ry,U) =0, y € B1(0).
h =0, y € dB;(0).
Seth = /Mrz(l — |y|?) with M a constant. Then
—A(;z\ +h) = 2nMr*F r?F,(ry,U) >0, y e Bi(0)

it M > ﬁ”FM”Loo(TN#»I), and h = h = 0 on 9B,(0). Hence by a weak version of
the maximum principle (see, e.g., Theorem 8.1 of [29], in B;(0)),

|h| <h < Mr?,
or
W1l Loo(s, () < M. (11.75)
Since ¥, < 0 on dB,(z), by the usual maximum principle,
W, <0, x € B (2). (11.76)
Set Wy = W, + W,. Then by (11.75)—(11.76),
U, < Mr2 x€B (). (11.77)
and

_A‘IJ4 + Fu(x, U) = 0, X € B}(Z)v
v, = U, X € 0B, (2)

By the line above (11.74) and (11.48),
/ (VW -V + F,(x,U)p)dx <0 (11.78)
B, (2)
forall ¢ € WOI’2 (B,(z)) with ¢ > 0, i.e., W is a weak subsolution of

—AU + F,(x,U) =0

in B, (z). Hence by (11.74), (11.78), and the choice of W, W5,

f Vs -V <0
By (2)
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for all ¢ as above, i.e., W3 is weakly subharmonic in B, (z). Since W3 = 0 on 9B, (2),
by e.g., the weak maximum principle of [29] again,

U3 <0, x€ B (2). (11.79)
Combining (11.79), (11.76), and (11.75),
U< +0, =0, < <Mr2, xeB@). (11.80)

Therefore
Us=Mr2— U, >0, xe€ B (),
and

—AWs — F,(x,U) =0, x € B,(2).

Applying Theorems 8.17-8.18 of [29] to W5 gives the weak Harnack inequality:

sup Ws < M(,( in(f) Us + ||Fu||LOO(Tn+1)r2) < M7< inf) Us + r2>,
Br(z
q

By @ By
(11.81)
where M7 depends on || Fy || oo (n+1- Since z € S, by (11.79) and (11.74),
Wy(z) = W(z) — W3(z) > U(z) — W(z) — Mr = —Mr. (11.82)

Hence for x € B% (z), by (11.81)—(11.82),
Ws(x) = Mr? — Wy(x) < My(Mr? = Wa(2) + %) < My(Mr? + Mr + 1),
Consequently, for ro = ro(|| Fy || 0o (pn+1y) sufficiently small,
Wy(x) > —Mgr, (11.83)

where Mg depends on || F|| oo (n-+1).-

Next, a similar lower bound will be obtained for W3. We have already shown that
W3 = 0on dB,(z), ¥3 < 0in B,(z), and —A¥3; = —AU + F,(x,U) < 0in B, (2).
Therefore supp AWs C supp (AU — F,(x,U)) C S. Since W3 is continuous, it has
a minimizer in B, (z), and by the maximum principle, it occurs at some z* € S. By
(11.80),

Uy =W — U, >0 — Mri
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Therefore for all x € B, (z),
Ws(x) 2 Ws(*) 2 W)~ Mr? = UR*) —wi@) ~ Mr—Mr?
=wiE) —wi(@) - Mr— Mr?
> _2Mr — Mr? (11.84)
via (11.61). Again for ry sufficiently small this leads to
Ws(x) > —Mor, (11.85)
where My depends on || F|| ;oo (pn+1). Combining (11.83) and (11.85) gives
W(x) = U(x) — W(2) — Mr = —(Mg + Mo)r,
or
U(x) = W(z) — Msr, x € B:(2),

where M5 = -M + Mg + Mo, and Proposition 11.73 is proved.
Proof of Proposition 11.67. Note that by (11.59) and (11.61),

W(@) = Ux) = W) = W(x) = —M|z— x|,

so with the aid of Proposition 11.73,
|U(x) — W(2)| < Myor (11.86)

forz € S, r < ro,and x € B:(z), where Myo depends on || Fy|| ;00 (pr+1y. Choose
any y € B%o (S). Then there isa z € S such that [y —z] = [y — S| =5 < 2.
Set r = 8s. Then x € By(y) implies x € Bys(z) = B:(z), so (11.86) holds for

x € By(y). Restricting x to B; (y) and taking u = U — W(z) in (11.69) give

M

1
IVU L5 0y < ——(Mior + %)

N

T 1
< M1(8M10+ g) =M, (8M10+ E) =My, (11.87)

where Mo depends on || F,|| ;.o (pn+1). Combining (11.87) with Remark 11.72 with
p = 7 then completes the proof.

Proof of (I). The argument is related to that of (C). We seek to show U(x) < w{(x)
for x; = m, and U(x) > vj(x) for x; = my — £. To treat the m; case, arguing
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indirectly, suppose U(z) = wj (z) for some z = (zi,...,z,) and z; = m,. By the
choice of pi, there is a largest u,, € M, (v{, wY) such that ||u,, — vT||Lz(Tm171) < p1
and a smallest u,,, € M;(v],w}) such that ||u,, — v’l"||Lz(Tm171) > p;. Indeed,
w,, T, are a gap pair in M, (v§, w}). Note that u,, = 7, uand @,, = t,, @ with

u, u € M;(vi,w}). Translating variables, we can take m; = 0.
By Proposition 11.67, there is an M™* = M *(|| F, || ;.00 (+1y) independent of the
minimizer U € Y;:,z of (11.5) and m such that for y € T_,

U(y)—U@) =z —M*|y —z.
Thus for |y —z| <,
U(y) = wk(z) — M*r. (11.88)
Since # € My (vi,w}), i € C? and
u(y) = u(z) + M|y —zl. (11.89)

where M\, depends on || Fy|| ;oo (a+1). Combining (11.88)—(11.89), for [y —z| < r
and y € T4,

U(y) = wi(x) — M™r > u(y).

provided that
wi (2) —u(2)
M* + My,

Thus choosing r such that

wi (x) —u(x)

r< xIélYi_I_ll M* 1 My (11.90)
it follows that
u(y) <U(y) (11.91)
forally € B,(z7) N T_; and all z € S.
Set

AT = ATO7wY) = {ue D1y, wi) | (@) lu=vill20,y < p1,
(i) llu = will 2208, 01—y < @ =Wl 1208, 0071}

and

drovi,wi) = iGI}\f* Ji(u). (11.92)
Ushy
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Lemma 11.93. d; (vi,w]) > c;(v{, w)).

Proof. Following the proof of Proposition 6.74 shows that there is a minimizing
sequence (uy) for (11.92) that converges in Wkl)f(R x T to P € T1(vi,w}).
If P& Ay, i) = ci(vi,wl) + Bi, where f; > 0 depends on p; and
% —wi .28, ()n7_,)- On the other hand, if P € AT C I'1 (v}, wy),

Ji(P) =d (v, w) = 1 (v, w)). (11.94)

If there is equality in (11.94), P € M, (v],w}). But then either P < u, in which
case constraint (ii) in A} fails, or P > %, in which case constraint (i) cannot hold.
Therefore d > c;.

Now to complete the proof of (I), we will show that if m, — m;, ms — m;
are sufficiently large, U(z) = w}(z) cannot occur for any z with z; = m,. The
reasoning is essentially the same as that of part (C,) so we will be sketchy. Again it
is convenient to translate variables so that m1; = 0.

If U(z) = wi(z), since f;*(U) = U for x; < 0, by the choice of r, f*(U) € AT.
Therefore J(f;*(U)) > d;* and as in (11.41)—(11.43),

dF (7 wh) 4+ Wiy + (v, wy) + (w3, v3) — k(o)
< cno=NU) < cr1(v],w)) + (Wi, v3)
+ (v, wy) + c1(wy,v3) + 4de. (11.95)

Thus choosing m,, and m3 — m» so large and o so small that
1
de + k(0) < 3 milrlz(dl*(v;", wi) —ci (v, wi)) (11.96)
=1,

shows that U(z) = wj (z) for z; = 0 is not possible. Similarly, U(z) = v3(z) for
71 = my — £ cannot occur, and Theorem 11.6 is proved.

Remark 11.97. 1t is possible that there are several gap pairs in M, between w} and
v, e.g.,
WT <V <w 5"'§Vj <Wj 5\13‘

A more refined version of Theorem 11.6 would then give a solution of (PDE) that
shadows members of M; (vi, w), M(V;,w;),1 <i < j, and M(w},v3).

Next we will discuss how to extend Theorem 11.6 to the case in which there are
k gap pairs where transitions occur. Thus suppose that v < wf, 1 <i < k, are gap
pairs in M. Repetition of pairs is permitted. Suppose that

* *
Vi =V,

<V =y <vp > (11.98)
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Alternatively, (11.98) could be replaced by

Vi <vy >y <.
We seek a solution of (PDE) that is heteroclinic from v} to w} if k is even or to v}
if k is odd. Moreover, the solution will be required to be close to w3, v}, wj,... in
intermediate regions. Choose m € 7¥ with miy; >m;, 1 <i <k—1,and/ € N.
Set

v« = min v’ and w* = max w

1<i<k 1<i<k

In the spirit of (11.1)—(11.3), as the class of admissible functions we take

Yo, ={ue WolRxT" ") [ vy <u<w*

m loc

and u satisfies (11.99)—(11.101)},

where
() e —villp2ry) = 0, i — —o0,
(11.99)
(i) lu—@ll2r) =0, i — oo,
and ¢ = wy if k is even and ¢ = v} if k is odd;
(1) ||M_VT||L2(T,) < p1, M -0 < i <mp— ],
(i) lu—lli2mz) < px. mp <i <mp +4£—1, (11.100)

(i) llu—jll2ery < pj,mj—€<i <m; +€—1,

where in (ii), ¢ is as in (11.99) and in (iii), for2 < j < k-1, ¢; = w;f if j is
even, ¢; =7 if j is odd.
Lastly,
) vi fu=swl, m —€<x1 <my,
i > ¥ < <
(ii) u = vy, mp < xy <my + 4, (11.101)
(iii) v_’; gugw_’;, m;—{=<x <mj;+¢,

where 2 < j < k — 1 in (iii). The constants p; are asin (11.4),and for 1 < j <k
satisfy

1
pr € (0,515 = VL2 )\l = L2l € M1 w) U NG V)3,
(11.102)
where y = w} if j isevenand y = v} if j is odd.
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Define

*
Cm,l

= inf Jy(u). (11.103)

uey

Then analogously to Theorem 11.6, we have:

Theorem 11.104. Suppose (Fi) — (F2) hold, (v¥,w}) are gap pairs satisfying
(11.98), 1 < i < k, and (¥); holds for U:=X (W (v},w}) U My (w¥,vF)). Then

for [ sufficiently large, there is a U € Y7, such that Jy(U) = c,, ;. Moreover, for

m,l*
m;1—m; sufficiently large, 1 <i <k, any such U is a classical solution of (PDE).

Proof. Since the proof is close to that of Theorem 11.6, we will be sketchy here.
As earlier, a minimizing sequence for (11.103) can be assumed to converge to
U € I'y(vs, w*) satisfying (11.100)—(11.101). Set

g;(U) = max(min(U, w}),v7).

Then by (11.101), g;(U) = U in the j-th constraint region, and following
(11.8)—(11.22), U satisfies (PDE) in some region X;,, 1 < j < k, provided that

I > lo(o. M + kK (11.105)
and
. (V5
0<o < min (7 (||w;f —vj||Lz(T0),,o,) . (11.106)

Continuing to follow the proof of Theorem 11.6, the proof of Theorem 11.104
reduces to showing that U satisfies (PDE) in a neighborhood of x; = m, m; — I,
mj + 1, and my —1[ for 1 < j < k. This in turn is a consequence of slight
modifications of (E)—(I) of the earlier proof.

Remark 11.107. Theorem 11.104 does not suffice to obtain solutions that undergo
an infinite number of transitions. Indeed, as (11.105) shows, [/ and therefore o
will depend on k, the number of prescribed transitions. Thus this remains an open
question. We suspect that this can be approached as in Chapter 10.






Part I11
Solutions of (PDE) Defined on R? x T"—2

In Chapters 6-11, solutions of (PDE) on R x T"~! have been obtained using the
basic solutions of Chapters 1-3 as building blocks. Our final two Chapters 12—13,
establish the existence of solutions of (PDE) defined on R? x T"2. The basic
solutions will be those of Chapter 4.






Chapter 12
A Class of Strictly 1-Monotone Infinite
Transition Solutions of (PDE)

Following the ideas and methods of Chapters 6—11, solutions of (PDE) on R? x T" 2
that undergo a finite number of transitions can readily be constructed. For example
in the spirit of Chapters 9—10 solutions that are strictly 1-monotone and heteroclinic
in x; from v; to wi with vy, w; and vg, wi gap pairs can be obtained. Likewise, as in
Chapters 68, nonmonotone heteroclinics in x; from v; to w; (or homoclinic to v;)
with multiple transitions can be found. Our main goal here, however, is to find a new
class of solutions that undergo an infinite number of transitions and are heteroclinic
between the members of a gap pair in My, both in x; and in x;.

To describe these solutions more fully, suppose ()¢ holds and vy and wy are a
gap pair in My. Then by Theorem 3.2, M (vo, wo) # 9. For simplicity we assume
that

Mi(vo,wo) = {tlvi =y, | j € Z} (M)

for any v; € M (vy, wo). In particular, we choose v; such that

Wo —Vo .
1

0<vYo—vy < n Tp. (12.1)

By (M) and Theorem 4.40, My(¥;,¥j+1) # @ for all j € Z. Again for
convenience assume that

Ma(Yo, 1) = {12 v, = h;|j € Z} (M)
for any v, € M, (¥, ¥1). By (M,), for any k € Z,
Mok, Y1) = T Ma(o, Y1) = {tly ;1) € Z}. (12.2)

Leti € Z and k € N. Following the spirit of Chapters 9-10, we will first
show that there is a solution U = U;; of (PDE) that is heteroclinic from ; to

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 157
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_12, © Springer Science+Business Media, LLC 2011



158 12 A Class of Strictly 1-Monotone Infinite Transition Solutions of (PDE)

Vitk, is 1-monotone in x» (and x;), and shadows members of Mo(V;, ¥;+1),
i < j <i+k—1.Then choosing, e.g.,i = —¢, k = 2¢q — 1, working in an
appropriate subclass of the above U, x’s and letting ¢ — oo, we will find a solution
of (PDE) that is heteroclinic from vy to wy in x, and x; and shadows members of
Mao(¥j, ¥j41) for all j € Z. For the proofs, we will modify closely related results
in the setting of an Allen—Cahn model equation [30,31].

To begin, U;; will be obtained by minimizing J, over a suitable class of
admissible functions Z (i, k). To define Z(i, k), let u € I/Vkl)f(]R2 x T"=2). Using

the notation of Chapter 10, with the caveat that now we are dealing with R? x T" 2
rather than R x T"~!, for j € Z,set

Ji(w) = min(max(u. ¥;), ¥ +1).

soy; < fij(u) < ¥t and f;(u) € W2(R? x T"2). Choose s, 7o € R such that

loc

W()dx <§) <1ty < v dx, (12.3)
T() TO
{/’l € Ma(Yo, Y1) so < / hdx < lo} = {h()}, (12.4)
To
and
S0 7é hdx 7é to (12.5)
To

forall h € My (Yo, ¥1). Since ¥y < h < Yy foreach h € M, (Yo, Y1), (M,) implies
that we can find numbers sy < ty for which (12.3)—(12.5) hold.

Letm € Z%°,i.e.,m = (m;);ez With m; 1 > m;. For any finite set of j’s, there
are functions u satisfying

So = / Jiwdx <1, (12.6)
_j.lnj
where T),, = 7,7, Ty. Fori € Z and k € N, define

Z(i k) = {u e W2(R> x T"2) | Y <u < Yippu < tlyu for p=1,2,

loc

and u satisfies (12.6)for i < j <i +k—1}

and set
b(i, k)= uelzn(zf,k) Jo(u). (12.7)

Then we have:

Theorem 12.8. Let F satisfy (Fi)—(F>), (M) and (M) hold, and N,R € N.
Then m can be chosen so that for eachi € 7Z and k € N, there is a function
U = Uy € Z(i, k) such that J,(U) = b(i, k). Any such U is a classical solution
of (PDE) satisfying

U<<U p=1,2, (12.9)
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||U — 1//[ ”WLZ(SD —> 0, {— —0Q,

IU = Viskllwizs,) — 0, € — oo, (12.10)
andfori <j <i+k—1,

fiU)=U on 172 JANR (12.11)

Jj—m

where Aygr = [-N,N] x [-R, R] x T"2,

Remark 12.12. While there is a formal similarity of Theorem 12.8 with
Theorem 10.27, the current situation is different and seems more delicate, since now
we are dealing with a single gap pair vo, wg € My rather than multiple such pairs
as in Theorem 10.27. For example, for Theorems 10.27 and 10.63 it is possible to
allow the numbers m; to be a uniform (and large) distance apart: m;+; = m; + v.
However, we are unable to do that here. Instead, the freedom in choosing the m;’s
will be employed to require m; 11 —m; — oo as |i| — oo.
In order to prove Theorem 12.8, some preliminaries are needed. Let

Aa(Wo, Y1) = {u € Ta(Po, Y1) |u < 2, u and /

Too

udx € {So,t()}} .

Set

dr(Yo, Y1) = ueAzl(nl//foywl)Jz(u). (12.13)

Then we have:
Proposition 12.14. d, (Yo, V1) > c2(Yo, ¥1).
Proof. The proof follows that of Proposition 6.74 and will be omitted.

Remark 12.15. dz(w_/‘, l”_/+1) = dz(Wo, W1) and Cz(w/', W_/+1) = Cz('gb’o, 1/’1) for all
j ez.

Proposition 12.16. Let r > 0. Then there are an £,(r) € N and ® € T, (Yo, Y1)
such that

o<1’ ® p=12 (12.17)
50 < / ® dx < 1, (12.18)
To.0
5 Xy < _Z )
o)V © : (12.19)
Vi, x2 >4y,
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and

J2(D) < ca(o, Y1) + 1. (12.20)

Proof. The function ho satisfies (12.17)—(12.18) and (12.20), and
7o — Yollwrzs,) — 0asi — —oo, [|ho — Yillwizs;) — 0asi — oo. Therefore
for large ¢,

Vo, X2 < =4y,

(=1 + 1 =x2)%0 + (x2 + €1)ho, —l1 <x2 =l +1,
® = 1 hy, - +1<x=<4{-1,
(1 —x2)ho + (x2 — €1 + 1)y, L—1=<x<{,

Vi, 4 < x,

satisfies (12.17)—(12.20).

Corollary 12.21. For g € Z, ®, = rqub € Ih(Yy, ¥y+1) and satisfies (12.17)
and (12.20) as well as (12.18) with Ty o replaced by Ty 4 and (12.19) with g, ¥

replaced by ¥y, Yg+1.

One final preliminary is required. It is a version of Proposition 9.20 for the current
setting.

Proposition 12.22. For any ¢ > 0, there is a 8, = 8,(0) such that whenever
u € Ty (Yo, Y1) satisfies Jo(u) < ca(Yo, Y1) + 62, there isa ¥ € M, (Yo, Y1) with

|| — \IJ||W1<2(U§:_254+/_) <o forall qe€Z.
Proof. Following the proof of Proposition 9.20, making the natural changes such as
replacing Tlék by Tiek and (9.22) by a new normalization, such, for instance, as in

(4.41), yields the result.
Now we are ready for the

Proof of Theorem 12.8. Set
8 = dr (o, Y1) — c2(Yo. Y1). (12.23)
For m, we initially require

my =0, mj = —m_;, andfor i >0,

] ¢ ]
miy —m; > 24, > + 24, 53 ) (12.24)
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where ¢; is given by Proposition 12.16. A further restriction on m will be imposed
later. Set W; = r,%l/_ ®; with ®; asin Corollary 12.21. Then W, satisfies

S0 < / \Ifj dx < 1y, (12.25)
T—

Jm

¢ 8
v, X =mj — 4 STz )
v, = (12.26)

8
Yivl, Xa>m;+ 4 e )

and
J(W;) < e2(Wo. y) + 8/21 112, (12.27)

Gluing the functions ¥;,i < j <i +k —1,yields W € Z(i,i + k) with
b(i k) < J2(W) < kea(Yo, Y1) + 38/4. (12.28)

By (12.28) and the argument of Theorem 4.40, if (#,) is a minimizing sequence for
(12.7),thereisa U € Wkl)’cz(R2 x T"2) such that along a subsequence, u, — U in
W12(Sy) forall £ € Z, J,(U) < oo, and U € Z(i, k). Hence U satisfies (12.10)
and J,(U) = b(i, k) via an earlier argument. Once we have proved that U satisfies
(PDE), (12.9) follows as in earlier results, e.g., (c) of Theorem 3.2. Thus it remains
to prove that U is a solution of (PDE) and (12.11) holds.

To verify that U satisfies (PDE) requires slight modifications of the proof of
Theorem 9.6, so we will be sketchy. Take z € R> x T2, p = (p1, p2) € 72,
and set z, = z 4+ p1e; + prer. With these slight changes, follow the earlier proof
giving the natural definitions of E,, I,, G(U), etc. If G(U) € Z(i, k), then as in
(9.46)—(9.47), U 1is a solution of (PDE).

To show that G(U) € Z(i,k), note first that ¥; < G(U) < ¥;4, via the
minimality properties of y; and ¥4, as in (9.43)—(9.44). Next, to verify that
G (U) satisfies the constraints (12.6), first observe that U satisfies (12.6) with strict
inequality. Indeed, as in (9.39)—(9.41), if for o € {s0, 1y},

o= / £ (U)dx, (12.29)
T—

jomj
then f;(U) € A2(¥;.¥;+1), so by Proposition 12.14 and Remark 12.15,

L(fi(U)) = da(Wo, ¥1). (12.30)

Thus as in (9.41),

b(i,k) = J2(U) = Jr(min(v;, U)) + J2(f;(U)) + J2(max(v; 41, U))
(k — Dea(Yo, Y1) + da (Yo, ¥1). (12.31)

v
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But by (12.31) and (12.28),

36
I = dZ(wo» WI) - Cl(w()a ‘Wl) = 87 (1232)

a contradiction. Thus U satisfies (12.6) with strict inequality. Fori < j <i+k—1,
consider

D; = / (f,(GU)) = f,(U))dx.

—jmj

The integrand vanishes except possibly for x € U ,¢z2 B, (z,), so the contribution to
the integral comes from a set of measure < | B, (0)|. Therefore as in (9.49),

[Dj| < 1¥j+1 = V)l Loo@exm—2)| B-(0)] < |B,(0)] — 0 (12.33)
as r — 0. Thus choosing r = r(U) small enough, the strict inequality in (12.6) for
U implies G(U) satisfies (12.6). Next observe that the argument of (9.50)—(9.54)
shows that G(U) € Z(i, k).

To complete the proof of Theorem 12.8, we will show that (12.11) holds. To do
so, we impose a further requirement on m:
mi1—m; > 2max(£(8/2° T +£,(8/23), £, (B/2 T +£,(B/2' ) (12.34)
fori > 0. The parameter S is free for the moment. As for (12.28), (12.34) implies
S (U) < kea(Yo. 1) + B/2. (12.35)

Now we modify the proof of Theorem 9.9; see also [30,31]. As in (12.28), for each
Ji<j<i+k—1,

L(U) = L(f;(U)) + (k — Dea(Wo. Y1), (12.36)
so combining (12.35)~(12.36) gives
L(f;(U)) = 2o, Y1) + B/2. (12.37)
Choose
B/2 < 8:(0), (12.38)

where o is free for now. Therefore by Proposition 12.22 and (My), there is a
gj € Ma(¥;,¥j+1) such that

15 U) = g lwizwi__s,00 < © (12.39)
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forallq € Z.But U € Z(i, k), so

/T fiU)dx € [so, to].

J.m j

By (M) and (12.4)—(12.5), we can further restrict sy, o so that

hidx =s—1 <59 < hodx <ty < h_idx =t.

To.0 Too Too

Now we impose our first restriction on o':
0 < o < min(t; — to, 5o — S—1).

Letg = timjg/- € Mz (Yo, ¥1). Then

163

(12.40)

(12.41)

(12.42)

/T_jiog(x)dx = /T_ gj(x)dx 5/ f‘j(U)dX—‘r\/’;—v.m. |f(U) — gjldx

T—jmj

<lh+0o <t

(12.43)

via (12.39)—(12.41). Thus (12.43) combined with a similar lower bound yields

/ gdx € (s_1,1).
Tfj"()
There is a unique 1* € Mo (Y, ¥, +1) with
[ h* dx € (s—_1,1),
T—jo

namely h* = h;. Hence (12.44)—(12.45) show that
gj = t,%ljhj = rijr}ho.
Now finally to verify (12.11) or equivalently

Y < fi(U) <¥jy1 on tljrzmjAN,R,

we modify (9.71)—(9.79). Choose 8 = 6(N, R) such that

1
0<6< - min (Y1 — ho ho— Vo).
4 Ay+1r+2

(12.44)

(12.45)

(12.46)

(12.47)
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Such a @ can be found, since ¥y < hy < ¥ on R? x T"2. Since for any j € Z,
Vi1 —h; = rlj(lﬂl —ho)and h; —y; = rlj(ho — o), (12.47) implies

1 .
0<t<7 min - (V41— 85,8 — V) (12.48)

1
T/'szjAN+1,R+2

To get the upper bound in (12.46), set ¢; = max(f;(U)—g;,0). If the upper bound
fails to hold for some j, thereisag; € r} ‘L’Emj Ay_1r+2 = A;j such that

9i(q;) = fi(U(g;) —gj(q;) = Vj+1(q;) —g(q;) = 46. (12.49)
Therefore there are £, 7 € R x Z such that
qj €[E.E+ 1 xnn+1]xT?=DCA,;.

By (12.39),
e > 03N DIO* < | f;(U) = gjll2p) <07 (12.50)

Note that vp < U, g; < wo and U and g; are solutions of (PDE). Hence U and g;
are bounded in C 2(R2 X T”_z), and as in (9.75), there is a constant M such that

VU Loo m2xcrn—2). 1€ | oo @2xrn—2) < M. (12.51)

Set

6
= mi 1, — 12.52
r mln( ’2M>’ (12.52)

so B,(q i) C U}Z_IS,,_H. Further requiring o to satisfy (9.77) and then following
(9.78)—(9.79) yields a contradiction to (12.52). The lower bound in (12.46) is
obtained in a similar fashion, and the proof of Theorem 12.8 is complete.

Remark 12.53. (i) Since g; < tilgi,
0<40 <y 1—gi on [-N—i—1,N—i+1]x(—oco,m; +R+2)xT"2,

and similarly
0 <40 < gitk—1—Vith—1

on
[-N =G +k—1),N—(G +k—1]x[mipr_1 — R—2,00) x T" 2.

(ii) For later purposes, N will be chosen such that ¥y — vy > (1 — €)(wy — vg) on
Tn—1, where € is free for the moment.

Next we will prove an infinite-transition version of Theorem 12.8.
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Theorem 12.54. Under the hypotheses of Theorem 12.8:

1° There is a solution U* = Uy \ of (PDE) satisfying (12.9) and also (12.6) and
(12.11) forall j € Z.

2° There are solutions ¥+ € C2(R x T"7"), ¢* € C*(T"' x R x T"2) of (PDE)
defined by

vE(X) = lim U*(x + Ley), (12.55)
{—+o0

et (x) = lim U*(x + Ley), (12.56)
{—+o0

convergence being in C2. and

vo < YT <U* <yt < wy,

vo <@~ <U* <ot <wp. (12.57)

3% Thereisap = p(N) € (0,1) with p(N) — 0 as N — oo such that

¥~ —vollLoo@®x =1y, |9~ = Voll Loo (T x R x T2
< p(N)|lwo — voll Loo (1),
(12.58)
Iwo — ¥ ¥ |l Loo®xi-1): [[Wo — @ T [l oo (11 x R x T2

< p(N)|lwo = voll oo (1y)-

In fact more is true, and indeed this is the main result in this section:

Theorem 12.59. Under the hypotheses of Theorem 12.54,

YT =w=9 YT =w=9".
Thus Theorem 12.59 gives us the existence of a solution of (PDE) that undergoes
an infinite number of transitions and is heteroclinic in both x; and x, from v
to wy. The proof of Theorem 12.54 is fairly straightforward, but some new ideas
are required for that of Theorem 12.59. In particular, a monotone rearrangement
argument will play a major role.

Proof of Theorem 12.54. Takei = —q and k = 2q + 1 in Theorem 12.8 giving us
a solution Uy = U_y24+1 € Z(—¢q,2q + 1) of (PDE) satistying (12.9) as well as
(12.6) and (12.11) for —q < j < ¢. Asin (12.51), for any o € (0, 1), there is an
M = M(«) such that

Uy | 2@ w2y < M. (12.60)
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Consequently, there is a U* € C**(R?> x T""?) such that U, — U* in

le)f (R? x T"2) along a subsequence. This convergence implies that U* is a

solution of (PDE) and satisfies (12.6) and (12.11) for all j € Z as well as (12.9).
By a familiar argument, (12.9) holds with strict inequality. Thus we have 1° of
Theorem 12.54.

Next for £ € Z and x; € [0, 1], define uy(x) = U*(x + £ey). By (12.9),

we(x) < e (x), (12.61)
and uy is 1-monotone in xy. The functions (1) satisfy (PDE), and by (12.60),
luellc2e@xpo,xm—1y < M.

Hence, as above, there are solutions wi e C%u (R x ']I‘”_l) of (PDE) such that
ug — ¥ as £ — Fo0. Note that by (12.61), the entire sequence converges and i+
are 1-periodic in x;. A similar analysis of U*(x + £e;) yields 2° of Theorem 12.54.

Now to obtain p and prove 3°, observe that for any ; € Z,
x €[-N,N]x[0,1] xT" 2, and ¢ € Nwithg > j,

Vo(x) < V/()(X) = ‘Wj(x —jel + m/-ez)
< Uy(x — jer +mje2) < Yo(x + e1) < wo(x). (12.62)
As x; = —00, Yo(x) —vo(x) — 0, and as x — o0, wo(x) — ¥o(x) — 0 uniformly
for (x2,...,x,) € [0,1] x T"2. Thus letting ¢ — oo, (12.62) implies that there is
ap (N)e(0,1)withp™(N) > 0as N — oo and
U*(x — jer +mjer) —vo(x) < p~ (N)|lwo — vollLoo(ry) (12.63)

forx € [-N,—N + 1] x [0,1] x T"~2. Since U* is 1-monotone in x5, for £ < mj,
by (12.63),

U™ (x — jer + Lea) —vo(x) < p~ (N)|wo — voll oo (7p)- (12.64)
Thus letting £ — —oo0, (12.64) implies
Y (x — jer) —vo(x) < p~ (N)[wo — vollLoo(ry).- (12.65)
Since j is arbitrary,
U (x) —vo(x) < p~ (N)[lwo — vollLoo(ry) (12.66)

forall x € R? x T" 2.
Similarly, thereis a pT(N) € (0, 1) such that

wo(x) = ¥ (x) < pF(N)lwo — vollLee(my) (12.67)
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for all x € R? x T"~2. Thus we have obtained the part of (12.58) involving ¥+,
To get the analogous estimate for ¢*, in (12.63) write x = y — Ne;, where
y €[0,1]? x T"2. Since U* is 1-monotone in x, for £ € N,

U(y — (L + j)er +mjez) —vo(y) < p~ (N)|lwo — vollLoo(7y)- (12.68)

Letting £ — oo,

¢ (y +mjer) —vo(y) < p (N)l[wo — voll Loo(7y)- (12.69)

Now using the fact that (12.69) holds for all j € Z and that ¢~ is 1-monotone in
X2, (12.69) yields

@ (x) —vo(x) < p~ (N)[lwo — voll oo (7). (12.70)

and similarly

wo(x) — @t (x) < pT(N)[wo — voll oo (my)- (12.71)

These estimates yield 3°, and the proof of Theorem 12.54 is complete.

Next we will carry out the proof of Theorem 12.59 for ¥ *. The remaining cases
are treated similarly. For what follows, the hypotheses of Theorem 12.8 will always
be assumed. The key step in the proof is:

Proposition 12.72. 7 is minimal and is strictly 1-monotone in x,.
Assuming Proposition 12.72 for the moment, we immediately have the

Proof of Theorem 12.59. By Theorem 12.54, * € C?*(R x T"~') and is a solution
of (PDE). Since p < 1, by (12.56), ¥t ¢ {vo} U T'; (v, wo) U Ty (wo, vo). Hence by
Proposition 12.72 and Theorem 3.60, ¥ = wy.

Now finally we give the

Proof of Proposition 12.72. By Theorem 12.8, U* < ! U* and by Theorem 12.54
forx € R x T" ', U*(x + Les) — ¥ (x) as £ — oo uniformly on compact
sets. Therefore ¢+ < ! y*, ie., YT is 1-monotone in x|. Moreover, by earlier
maximum principle arguments, it is strictly 1-monotone in x;.

To prove that ¥ is minimal, (1.1) must be verified. If it is false, there are a
x € WI2(R") having compact support and an « = () > 0 such that

LW + 0 — L H))dx = / (LW + 1) — LH))dx < —3a.

R~ supp x

(12.73)



168 12 A Class of Strictly 1-Monotone Infinite Transition Solutions of (PDE)

where supp y denotes the support of y. Set gy = rEZU*. By (12.55) and (12.73),
there is an £y € N such that for £ > £, £ € N,

| e n-tend= [ @@+ g - Lo < 2
supp x supp 7, X
(12.74)

The proof of Theorem 12.54 gives U™ as the Clic limit of a subsequence of

U_,;—1 = U, ie., thereis asequencet; — coasi — oosuchthat U, =V, - U*
in Clic. Therefore for each £ > £, there is an i = iy({) such that for i > iy({),

/ (L(Vi + 22 1) — L(V)))dx < —a. (12.75)
supp rlz)(

We will show that (12.75) is not possible if £ = £(y) is sufficiently large.
Choose r € N and z € Z? x T"~? such that supp y C B (z). For any £ > £y, set

1} B,(z) = B/ (z + ley) = B*.
Note that

B*CKi=[a—ra+rix[at+l—ran+l+r]xs[z—rz+r).

Recall that my41 — my — oo as k — oo. Thus for sufficiently large k € N, we can
findat > £, such that
—k+N<zi—r (12.76)

and
mk—i—l<Z2+t—r<12+t+r<mk+1—1. (1277)

Set £ = t and choose i > iy({) such that#; > k.
We will show that (12.75) cannot hold for such an i and £. Toward that end, with
£ and i now fixed, set

A ={ue W' R |u="V, in R"\B*}

loc

and consider the minimization problem

inf ®(u), (12.78)

UEA;

where

Ou) = fB L(u)dx.
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Standard lower semicontinuity arguments show that there is a minimizer W of
(12.78), in the closed convex set A;. Moreover, since V; € C*#(R") for any
B € (0, 1), elliptic regularity results (see, e.g., [29]) imply W e C>F(B*).

Since supp 17y C B*, Vi + 17 x € A;. Therefore by (12.78) and (12.75),

W) < d(V; + 12y < ®(Vi) —av. (12.79)

Using the minimality properties of the functions v; and arguing as in the proof of
Theorem 3.2 or Theorem 9.6 shows that

Vo < W <9y (12.80)

By (12.77), W satisfies (12.6) for —t; < j < t; — 1. Thus W satisfies two of the
four requirements for membership in Z(—¢;,2t;). If W € Z(—t;,2t;),

(Vi) < (W), (12.81)

contrary to (12.79), and Proposition 12.72 is proved. Unfortunately, a priori W need
not be 1-monotone in x; or x,. However, we will show that there is a rearrangement
W, of W for which J,(W,) = J,(W) and W, € Z(—t;,2t;). Thus the above
argument holds with W replaced by W,.

To obtain W,, first some estimates are needed for W. By Theorem 12.8 and (ii)
of Remark 12.53, forx € [k + N — 1,—k + N]| x [my,my + 1] x T2,

wo(X) — €(wo(X) —vo(X)) = Vi (X) = Yo(x + kep) < Vi(x).
Since V; is 1-monotone in x; and x,, for 5,7 € N,
wo(X) — e(wp(X) — vo(X)) < Vi(X + sey + tey). (12.82)
In particular, by (12.76)—(12.77), (12.82), on Ky,
0 <wy—V; <e(wy—y). (12.83)
In fact, (12.83) holds for x; > —k + N — 1 and x, > my and also on 1%, a unit

neighborhood of K. Thus by the interior L? elliptic theory, see, e.g., Section 9.5 of
Gilbarg—Trudinger [29] and (12.83), for any p > 1,

[lwo — Vi ||W2'f’(Kg) =< al(”A(WO - Vi)HLp([%) + ||WO -V ”Lp([?))

< ar(1Fu(sw0) = Fuls V)l oy + €l wo = vo) [l oo | K/7),
(12.84)

where |I€ | denotes the measure of K and a, depends on p and r but not i. For
p > n, by the Sobolev inequality,

[wo = Villevx,) =< azllwo = Villw2r ks (12.85)
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where a, depends on p and r but not i. Observe that by (12.83)—(12.85),

Vi = wo in C'(K;) as € — 0. (12.86)
Therefore
(V) = / L(V;))dx — ®y(wy) as € = 0. (12.87)
Ky
Let
— , R"\Ky,
W, = )" \Ky
W, K\Dy,
where

Di=({a—-r<xisza-r+13U{za+r—1=<x <z +r}),
and interpolate in D, in the usual way. Define W, analogously with
Dy=({n+l-r=xx=<n+l—-r+1U{n+l+r—1=<x<zu+L+r}).
Thus we have
W2 = Wllwia, < CIW —=wollwi2p,upsynky = 0
as € — 0, since W = V; on K;\ B*. Thus
| (W) — ©(W)| — 0,
which combined with (12.79) and V; — wy implies &, (Wz) — ®y(wo). Eiven that
wo is a minimizer of ®; over 2r-periodic functions in W'2(K,), and W, can be
extended to such a function, we have |V(W, — wo)| rr(k,) — 0 which combined
with (12.86) yields V(W — V) ||Lr(x,) — 0,as € — 0.
By the Poincaré inequality,

(W = VillLag*) < az|VW = Vi)l L2(g*)s (12.88)

where a3 depends on r. Therefore

”W - I/l ”W"Z(B*) —0 as €—0. (1289)

Finally, by the Sobolev inequality again with p > n as above, we have

”W =V ”200(3*) = a4||W =V ||IV)V|.p(B*)
-2
< aul|lW = Villgi g IW = Villgagse). (12.90)
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Since vop < W, V; < wg on B*, both satisfy (PDE) on B*, and F, is bounded
on C'(R" x [0, 1]), standard elliptic estimates show that IWllc2gxys 1Villc2px) are
bounded independently of i and £. Therefore by (12.89)—(12.90), for € small enough
(or N large enough), it can be assumed that

wo— W < (wo —v0)/3 on B* (12.91)
and by (12.88),

wo — Vi(x) < (wo—v0)/3, x1 >~k + N —1,x3 > my. (12.92)
Next, to determine W5, note first that since W = V; outside of B* and V; satisfies
(12.80) with strict inequality,

Vo, <W <. on R"\B*. (12.93)

We claim that (12.93) also holds in B*. This follows from the maximum principle
argument of, e.g., Proposition 2.2.

The function W, will be constructed by rearranging W on a region of the form
R = [pi.qi] X [P, Qi] x T"2. To determine the parameters p;, etc., recall that
—Y, < Vi =W <, on R"\B*, ¥/o(x) — vg as x; — —o0, and o(x) — wy as
x1 — oo uniformly in x,. Choose p; such that

Vi1, —vo < (wo —v0)/3 (12.94)
and choose ¢; such that
W — Vo
w‘_ti |Tq[—l — Vo > | max (Wo — V()). (1295)
Ke wo— Vo

With p; and g; now fixed, note that

W =Y llwizs;) =0, J — oo (12.96)
Using (PDE) and interpolation arguments, (12.96) implies

W — ¥l Loos;) — 0, j — o0, (12.97)

Consequently, thereisa Q; € N, Q; > m,,, + 1, such that for all x with x| € [p;, g;]
andx, € [+l —r, o+ L +7],

W(x) < W), ¥€S;Nn0of(x),j>0i—1, (12.98)
where fori € {1,2,...,n},

O;i(x) ={x+1Le; | L e}, Ol-i(x) ={x=+le | LN} (12.99)
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Similarly, there is a P; € —N, P; < m_,, — 1 such that for all x with x| € [p;, g;]
andx, €[+l —r,+L+7],

W(E) <W(x), 2€8;N0;(x). j <P+l (12.100)

Next we define our rearrangement and establish some of its basic properties. Let
a,b,c,d,o,f,y,6§ € Rwitha+1 <b <c <d,a <f <y <. Consider
ue CR"N Wl(l)f(R") such that

u is 1-monotone in x, for (x1,x2) & (B,y) X (b, c) (12.101)
and satisfies
u(X) < u(x) < u(x) (12.102)

for all (x1,x2) € [B,y] x [b.c] with X € O; (x),X € 02+ (x) uniquely determined
by X2 € (a,a + 1],and X, € (d — 1,d].

The rearranged function (with respect to x;) will be denoted by R,,u(x). Define
Ry u(x) = u(x) for (x1,x2) & («,8) x (a,d]; fora < x1 < §,a < x2 <d, take
j € Nsuchthata + j —1 < x, <a+ j and let Ry,u(x) be the jth smallest of the
numbers u(x), X € 02(x),a < X, <d.

Proposition 12.103. If u is in C(R") N W,.2(R") and satisfies (12.101)~(12.102),

C
then Ru(x) is in C(R") N Wkl)f(R”) and is l-monotone in x, and
J2(Ry,u) = J2(u). In addition,
Ry, u(x) <u(x) for x, <b, Ryu(x)>u(x) for x»>c, (12.104)
while Ry,u(x) = u(x)

if X2 <b and Ry,u(x) < min u(x™), (12.105)

x*e 02Jr (x).x) €lb.c]

if x2>c¢ and Ryu(x) > max u(x®), (12.106)

x*€05 (x).x) €[b,c]

and on
R*\[(B,y) x (a + 1,d —1]]. (12.107)

Also if V is 1-monotone in x,,
u(x) < v(x) for x2 < pu = Ryu(x) <v(x) for x < p (12.108)
and

u(x) = v(x) for xo > p = Ryu(x) > v(x) for x; > . (12.109)
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Finally,
if u is 1-monotone in xi, then Ry,u is as well. (12.110)

Remark 12.111. More generally, for fixed x;,i # 2, if u(x) is 1-monotone in x,
for xo & [b’, ¢'], then (12.104)—(12.106) hold with b, ¢ replaced by b’, ¢’.

Remark 12.112. When (12.105) holds, then from the proof of Ry,u(x) = u(x) in
the case that (12.105) holds, we see that there are X, X € O,(x) witha < X, < x»,
b < X, <c,and Ry,u(x) = u(x).

Proof of Proposition 12.103. By definition, R,,u is 1-monotone in x,. Next we will
prove (12.104)—(12.110). For x1,x3,a < x; < §,and a < x, < b, let j be as in
the definition of Ry,u. By (12.101), u(x) > u(x + (1 —i)ez),i = 1,2,...,j, i.e.,
u(x) bounds at least j of u(x), ¥ € O,,a < ¥ < d, and the first part of (12.104)
is verified. The second part follows in a similar manner, since the jth smallest of
u(x),Xx € Oy, a < X <d,isthe (g + 1 — j)th largest, where ¢ = d — a.

Again take x1,x;, @ < x; < B, a < xp < b, and j as in the definition of
Ry, u. Given Ry, u(X) < min e o, (v) xtep.o 4(x™), assume Ry, u(x) < u(x), sou(x)
strictly exceeds the j smallest values of the form u(x), X € Oy(x),a < X < d.
Thus these values contain u(X) for some X, > x;. Note that by the 1-monotonicity
of u(x) in x, for x, ¢ (b,c) we have X, € (b,c). Also R,u(x) = u(x) is the
i th smallest of such values for i < j, so X, < x,. Therefore for x’ € O,(x) with
X; = b, u(x’) > u(x) > Ryu(x) = Reu(X) = u(x) = minx*eOZ(x),xz*e[b,c] u(x*),
a contradiction. Hence R,,u(x) > u(x) and (12.105) follows from (12.104).
Property (12.106) follows in a similar manner by again considering largest values.

Given x,Xx,X as in (12.102), note that (12.102) implies that u(X),u(x) are
the smallest and largest respectively of u(x), X € 0,(x), a < X < d, so
Ry, u(x) = u(x) for x € {X, x}. This combined with the definition of R,,u exterior
to («,8) x (a,d] then implies Ry,u(x) = u(x) forx, <a+ land x, > d — 1.
Since u is 1-monotone in x; for x; < B and x; > y, we see that R, u(x) = u(x)
for such x; as well, so (12.107) is verified.

To verify (12.108), assume u(x) < »(x) for x, < u. We need only consider
a < x; < &, since otherwise Ry,u = u. Assume xp < p. The x, < a case is
again trivial, and the x, > d case can easily be reduced to the ¢ < x, < d case
SINCe MAX + e 0, (x) xF efa.d] U(X™) = MAX xe0, () aFefad] Reyu(x™) due to (12.102).
Therefore we assume @« < x; < §,a < xp < d. Take j € N such that
a+j—-l<xx<a+j,s0a<a+j—i<xx+1—i<a+14j—i<dfor
i=1,...,j.Alsoxs+1—i < x; < puforsuchi,sou(x+ (1—i)ey) < ¥(x), since
v is 1-periodic in x,. Consequently, the j smallest of u(X), X € Ox(x),a < X, <d
are also bounded by V(x), so Ry,u(x) < v(x), and (12.108) is verified. Property
(12.109) follows in an analogous manner again using the fact that the jth smallest
value is the (g + 1 — j)th largest value.

To check (12.110), we again need only consider xi,x; with @ < x; < S,
a < x; <d,andtake j € Nsuchthata + j —1 < x; < a + j. Let u(x’ + e),
i = 1,2,...,], be the j smallest values of the form u(X + e1), X € O,(x),
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a < X < d. Thus Ry,u(x + e;) > ulx! +e) > u(x’),i = 1,2,...,j, via
the 1-monotonicity of u in x;. Therefore R.,u(x + e;) > Ry, u(x).

Next define R; = (@,8) x(a@a+ j—1l,a+ jl,1 < j <G =d —a.For
X € le, set @;j(x) = u(x 4+ (j —1)ez), so ¢; is continuous in the closure of R; and
(fR ) for 1 < j < q.In addition,

loc
/ L(uydx = Z/ L(g;)dx. (12.113)
j=1
Now define ¢ new functions on R as follows:
s1(x) = min_g; (x),
1<t=q

52(x) = 2nd smallest of {@1(x),...,@z(x)},

sg(x) = ln<1[:cl<xéq0,(x). (12.114)

Each of the functions s; can be expressed iteratively as the maximum or minimum of
a pair of W!2(R,) functions. For example, let f; = min(¢1, ¢,), g1 = max(g;, ¢2)
and fiy1 = min(f;,¢i+2), gi+1 = max(fi,@i+2), i = 1,...,4 — 2. Then
s1 = f3-1. Apply the same process to the functions g; in place of ¢; in order to
construct sy, etc. This implies s; € Wl’z(iRl) but also, along with (12.113), that

q
/ L(u)ydx = Zf L(s;)dx. (12.115)
R o
Note that
Rou(x) =s;(x—(j —Dex),x € R;, (12.116)
for 1 < j < g. Thus .]2(1/{) = Jo(Ryu) by (12.115) and

Rou(x) € C(R;)) N W'2(R;), j = 1,...,4. Take 6 € (0, 1) and replace a,d
by a —0,d + 1 — 0 and rearrange as before to produce Rﬁzu e CRHNWIA(R;),
j =1,...,q. Observe that R9 u = Ry,u, so in combination with (12.107) we see

that R, u(x) € C(R")N W, 2(R”) and the proof of Proposition 12.103 is complete.

loc
Now to complete the proof of Proposition 12.72, it suffices to verify:

Proposition 12.117. There is a Wy € Z(—n;,2n;) such that W, = W on R"\R
and J2(W2) = JQ(W)

Proof. For convenience, we can take p; = 0, P; = Oandsetq; = g, Q; = Q.
As a first step toward obtaining W, let Wi = R, W usinga = 0,8 = z; —r,
y=z+réd=qanda=0b=p+Ll-—rc=n+Ll+rd= Q,C]— 0.
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We claim that Proposition 12.103 applies to W, so W; € C(R") N Wkl)’c2 (R™), W is
1-monotone in x,, J(W}) = J(W),

Wi<W for xo<zo+L€—r, Wi>W for xo >z +L{+r, (12.118)
while Wi (x) = W(x)

if xp<z+{€—r and Wi(x) < min W(x*), (12.119)
x*€0,(x). x5 €ra+Hl—r.zo+L+7]

Wi=W onR'\ [(z1 —r.z1 +7)x (1,0 — 1) x T" 2. (12.120)

Also if v is 1-monotone in x5,
W > for x> u= W; > for x > pu, (12.121)

as well as the analogue with all inequalities reversed, and
—Yn = W1 = Y, (12.122)

since —y,, < W <, by (12.80).

To verify the claim, recall that W = Vi in R"\B¥*,
B* Ca—ra+rx@+Ll—ron+l+r)x[[l,@ —rz +r), the
interior of K;. Thus basic boundary regularity results imply W € C(R? x T"7?),
since V; is smooth, and by construction W e W,?(R? x T"72). Also, by
Theorem 12.8, V; is I-monotone in x; and x;, so (12.101) holds. Lastly, (12.102)
follows from (12.98)—(12.100).

Now define W, = R, W), where R, u is the analogue of R,,u with the roles
of x,x, reversed, takinga = 0,8 = z1—r,y = z1+r6 = ganda = 0,
b =1c¢c = Q—-1,d = Q0,9 = q. We now claim the R, version of
Proposition 12.103 applies to Wi, in which case J,(W2) = JL(W)) = J(W),
Wy € C(R2XT"2)NW,L2(R2XT"2), Y, < Wa < W, dueto (12.108), (12.109),
and (12.122). Also W, is 1-monotone in x; by construction and 1-monotone in x;
by (12.110). Thus Proposition 12.117 is established once we verify the claim and
show that W, satisfies the constraints (12.6).

To verify the new claim, recall that W, € C(R") N Wkl)’c2 (R"), and note that
(12.120) implies the Ry, version of (12.101) for W} since W is 1-monotone in x;
onR?x T" 2\ [(zy —r,z1 + 1) x (1, Q — 1)] x T"~2. It remains to confirm the R,,
version of (12.102) for u = Wy, i.e.,

Wi (%) = Wi(x) = Wi(x) (12.123)
forall x € [z1 —r,z1 + 7] x [1,Q — 1] x T"72 with £, € (0,1], £ € O] (x), and
%€ (g—1.q], ¥ € O;f (x). Note that (12.91)~(12.92)imply W > wo — (wo — v0)/3

on[z; —r,00) X [z2 + £ — r, 00), SO

Wi = wo — (Wo —vg)/3 for (x1,x2) € [z1 —71,00) X [z + £ —r1,00) (12.124)
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by (12.121). However, (12.80), (12.94), (12.120) imply W} = W < vo+(wo—vo)/3
= wp — 2(wp — vg)/3 for x; < 1, so the first inequality in (12.123) is verified for
X2=zzn+Ll—r.

Assume Wj(x) > Wi (x) for some (x1, x2) € [z1—r,z1 + 7] x[1, 220 + £ —r) with
X € (0,1], X € Oy (x). Then as above, Wi (x) < Wi(X) < wo — 2(wo — vo)/3, and
(12.119) and (12.124) imply Wi(x) = W(x). Thus Wi(x) = W(x) > W(X) =
Wi(x) > Wi(x), a contradiction, and the first inequality in (12.123) follows.
The second inequality in (12.123) is proved in an analogous manner, with (12.95)
replacing (12.93) and the version of (12.121) with inequalities reversed is used
instead of (12.121).

The last step in the proof is to verify that W, satisfies the constraints (12.6) on
X; =[—j,—j+1x[mj,m; + 1] x T2 —n; < j < n;. First we verify that
W) satisfies these constraints. We can assume —j € [z; — r,z; + r — 1], since
Wi = W in X; otherwise. For such j the sets X; lie below K, due to (12.25). On
X;, W = Vi, and by Theorem 12.8, ¥; < V; < ¥ +1. Since ¥;11]x; = Yolr, by
the normalization (12.1), W —vo < (wo — v9)/3 on X;. On the other hand, from
above (12.124), W — vy > 2(wo — vo)/3 on K,. This implies W; = W on X; due
to (12.119).

Next note that (12.118) and the 1-monotonicity of W in x| for x, >z, + £ + r,
(12.120), and the Ry, version of (12.104) imply forxo, > o+ € +r,x; <z1—r
that

min Wi (x*) > min W(, x2,...)
x*€0;(x).x} €[z1—r,00) x* €01 (x),x] €[z1—r,00)

> W(x) = Wi(x) = Wa(x).

Thus the R, version of (12.105) implies W> = W) forx; <zi—r,x2 > 2o+ {+r.
Similarly, W> = W for x; > z; + r, xo < zp + £ — r. Therefore (12.6) holds in
these regions, since W) = W there.

The remaining constraint regions are contained in (—o00,z; + r) X
(—00, 0+ 4 —r)xT" 2, sincemy <zp+L0—r <z+L+71 < mpy. The
1-monotonicity of W in x; in this region and W — vy < (wo —vo)/3 on X; imply
W —vy < (wo —vo)/3 on )fj = (—00,—j + 1] x (—oo,m; + 1] x T"2. For
X € )?j, if x; <zp—r,then Wy = W.If x; > 2z, — r, then the same is true, as
in the proof above for X;, so Wi = W on X ;. Therefore W) is 1-monotone in x;
on )fj = (—00,b}] x (—o0,m; + 1] for b’ = max(—j + 1,z; —r). Considering
Remark 12.111 with b’ = b;- in the Ry, version of Proposition 12.103, we have
W, < W on X}j by (12.104). If Wh(x) < Wi(x) for x € X;, then by the R,,
version of Remark 12.112 there are x, X € O(x), X1 < x, b} < Xy <z + r with
W, (x) = Wi (X). By the 1-monotonicity of W, in x1, it follows that

Wi(X) = Wa(x) < Wa(x) < Wi(x) = W(x) < wo —2(wo — vo)/3.

Consequently Wi(X) = W(x) > W(x) by the R,, version of (12.105) (since
71 —r < X1 < z1 4+ r) and the 1-monotonicity of W in x;, which contradicts
the previous line, and the proof is complete.
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Remark 12.125. Theorem 12.59 gives solutions of (PDE) that undergo an infinite
number of transitions in x;, and are heteroclinic from vy to wy. The same argument
gives heteroclinics in x, from ¥; to wy and from vy to ¥ for any j, k € Z. Suppose
that in analogy to (M),

Mi(wo, vo) = {zl i = x;1j € Z},
where v; € M;(wy, vo). Then
Mi(1+wo. 1+vo) ={1+. %=1+ y,|j € Z}

and we can seek solutions of (PDE) that are heteroclinic in x; from v/; to 1 + y or
from yj to 1 + ;. Whether such solutions exist remains an open question.






Chapter 13
Solutions of (PDE) with Two Transitions in x
and Heteroclinic Behavior in x,

The goal of this chapter is to construct another class of solutions of (PDE) that
belong to C?(R? x T"2). As xo — oo, the solutions we seek approach two
transition solutions of the type considered in Chapter 9.

We first introduce the solutions to be used as asymptotic limits. As in Chapter 9,
assume Vo, wo, Vo, wo € Mo, where vo < wy < V9 < Wy and the pairs
vo, wo and Vo, Wy satisfy (). Suppose also there exist vi,w; € M;(vo, wo) and
Vi, wp € M;(Vo, o), where vi < w; < V; < w and the pairs vy, w; and V1, W)
satisfy (x);.

Define (ff),i =1,2, as following Remark 9.93 but with T, replaced by
Bi/a(po) = {x||x — po| < 1/4}, with p, the center of Ty. Likewise, as preceding
Proposition 9.107, choose s;, #; such that v; € Gé, wy & G(I), v & G%, wi € G%, ie.,
in a similar fashion to (9.104):

1,8 € / Vi dx,/ wirdx |, (13.1)
B14(po) B1/4(po)

and /éé\,i =1,2,as @0 in Chapter 9 with 5;,7; such that v, € /G\(') i gz’/é(]),/ﬁl gz’@é,
W € G%, i.e., similarly to (9.105):

?1,3‘\2 € / /V\] dx,/ /\47] dx |. (132)
B1/4(po) Bi4(po)

Given m = (my, m), define Y? b i =12 asin Chapter 9, and

m> m?’

= e Tl hw =B, i =12 (13.3)

Assume that m, — m; is large enough so that Proposition 9.81 applies. Denote
by U, the largest element of M{’m and by U, the smallest element of Mim.
By Corollary 9.95, U; < Uy, since fi1 = v; <w; < f5.

P.H. Rabinowitz and E.W. Stredulinsky, Extensions of Moser—Bangert Theory, 179
Progress in Nonlinear Differential Equations and Their Applications 81,
DOI 10.1007/978-0-8176-8117-3_13, © Springer Science+Business Media, LLC 2011
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In addition, since there is a gap between rllvl, rllwl and rl]’v\l, rllwl, we can
take 71, such that Corollary 9.95 applies and

U, <<, U,. (13.4)

In order to construct solutions of (PDE) asymptotic in x, to a pair of solutions
having two transitions in x; as in Chapter 9, we assume that M,(vy,w;) and
My (v, wy) satisfy

there exist adjacent vy, wo € My (v, wy) with v, < wo,

and adjacent vy, wo € M, (V1, wy) with vy < wy. (%2)

We now introduce the basic function class for our new solutions. To avoid
technical problems in establishing lower bounds for the appropriate analogue of
J> here, we employ pointwise constraints instead of integral constraints. For this
purpose we use constraint functions g, g that are Holder continuous and satisfy

g >vaonR? x T2, (g1)
g <wyon B1(po). (82)
7
g = Woon (R*x T" )\ B (po). (83)
3
and symmetrically,
g <wronR*x T2, &)
& > P on By (po), (&2)
1
g =vyon (R2 X T"_z) \B1(po). (&3
3

The class of admissible functions we will use is

Y, = {u € W A(R? x T"7?) | u satisfies (13.5)(1)-(iv)} ,

loc

where

W) u<tjui=12,
i) Uy =u=U,,
(i) vy <7l u<g,
@iv) ¢ < rlmzu < ws.
(13.5)
The renormalized functional J, of Chapter 4 was introduced so as to be defined

on I'z(vi,w;). Here we seek a heteroclinic in x, between members of M}.m
and M;’m. In general, J, will not be defined for such functions, and a variant fz
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of J, is required. To introduce it, observe that using (13.4), the argument in
(4.4)—(4.9) with v, w replaced by U,, U,, implies that J; (tiku) is well defined for
u€eYy,andk € Z. Let N

Jg,,-(u) = J](‘L'iiu) — bi,

where b; = Z)\}n fori <0, b; = Eﬁ fori > 0, and
o~ q o~
J2pq(u) = Z J2i(u). (13.6)
i=p

Then we have:

Proposition 13.7. If m, —m, is large enough, u € 4y, and p. q € Z, there exists a
K, > 0 that is independent of u, p, q, m, such that

./]\z;p’q (M) > —?2.
Once Proposition 13.7 has been established, we can define

Tow = lim  Tape(w) (13.8)

p—>—00.4—>00
as in Chapter 4 and it follows as in Lemma 2.2 that
T2pq () < To(u) + 2K>. (13.9)

Some preliminaries are needed to prove Proposition 13.7. The proof of
Proposition 4.10, the analogue of Proposition 13.7 in Chapter 4, required
Proposition 3.59, which roughly says that the minimizer of J; on a class of
k-periodic functions is in fact achieved in a class of 1-periodic functions. The
corresponding result for M, ,, seems to require lower bounds on m, — m; that
are dependent on k, due to the integral constraint used in the definition of ’);m. To
avoid this difficulty, we defined Y,, without requiring integral constraints, and now
introduce an associated k-periodic function class whose elements will be shown to
be 1-periodic for large m, — m, but with no k dependence.

Define

Pr = {u e WI2R?> x T"?) |2 u = u, u satisfies (13.5)(i)-(ii) with i = 1
and (13.10)()—(i) fori = 0,1,....k — 1},

where

() u <71, 8,

(i) u < 7?7} W) (13.10)
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We place additional constraints on i

H >/ gdx, 1 >/ Wa dx, (13.11)
Bi/4(po) Bi/4(po)

which is possible since g < wy < wy on By/4(po), and w, < wy (see (13.1), (13.2)).
For each k € N, define ?}n  as was ?}n but with elements being k-periodic in x,
and satisfying integral constraints on tl-zt,l” Bi/4(po), thatis,

sp < / min(u, wo) dx < ty,
T 1h, Bi/a(po)

~

Q] 5/ max(u, Vo) dx <711, (13.12)
1,21,11231/4(170)

fori =0,1,...,k—1.
Take m, — m so large that

Vo < Uy on 1, Bya(po). (13.13)

This is possible, since if 4 is the smallest element of é(l) then & > vy, and by

Theorem 9.9 and Remark 9.93, |U; — || — 0asmy —m; — oo.
Lo (r"‘,zB 1 (Po))
4

We claim that
PeCYh . k=12, (13.14)
To see this, take u € Pj. By the definition of Py,

U <u <11, 8 <1 T, w2 < woontt, Biu(p). (13.15)

Since U, € ?,ln C /);,lnk and u € Py,

51 < / min(u, wo) dx < / gdx <1, (13.16)
rl-zr,],,l B1/4(po) Bi4(po)
i=0,1,....,k—1,by (13.11)—~(13.12) and (13.16).
Likewise,
Ui < u < 171, W2, (13.17)
SO

§1 < / max(u,ﬁo)dx S/ 1212 dx < f[ (13.18)
7Ty B (po) By (po)

i
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\:ia (13.11)—(13.12) and (13.17). That P satisfies the remaining conditions defining
Ynl1,k follows from (13.5)(i)—(ii).
For u € Py, let

k—1
TEw) =" (%) (13.19)
i=0

and
pr = inf J¥(u). (13.20)
u€ Py

Remark 13.21. 1t is straightforward to find u; € P, minimizing (13.20). The next
result shows that if m, — m; is large, we can find such a u}: that also lies in Py. It
remains an open question whether this is true for all minimizers u € Py of (13.20).

Proposition 13.22. If m, — m is large enough, then for any k € N there exists
uf € Py such that px = J5 (uf). Moreover, uf € Py and

pe = kpi = kb, (13.23)

Proof. Existence of a u minimizing (13.20) follows from standard arguments. For
such a u, define
u; = min(u, rilu), f1 = max(u, ﬁlu), (13.24)

and iteratively define
u; = min(u;_p, zi,.u), fi = max(u;—_y, tEiu), i=2,...,k—1. (13.25)

Note that ux—; = min(u, rilu, e, r3k+1u), SO uy—1 is 1-periodic in x;. Also
wi, fi € Peyi = 1,....k — 1, and Jf(u) + JF(2u) = JEui) + JF(f), so
Jzk(ul) = Jzk(fl) = py. Similarly, Jzk(ui) = pk,i = 2,...,k — 1. However
uy = ug—1 € P, s0 pr > kpi. Forv € Py such that p; = le (v), we have
v € P and JX(v) = kp1 > pk, s0o kpi = p. Recall that Py C /);,ln, so p1 > b).
By Theorem 9.9 and Remark 9.93, U; is L*° close to v; on rn‘“ B% (po) for large
my —my, and by (g1), vi < vy < g. Therefore U; < r,lnlg for such m, — m;. But
then the definition of g implies

Ui <1,,8 (13.26)

on R”. In addition, Proposition 9.88 implies

Ui < 1,01 < Ty, W2 (13.27)

Thus U; € Py and p; < 79\,1”, s0 p1 = b),. We are now ready for the:

Proof of Proposition 13.7. We argue roughly as in the analogous situation in
Chapter 4. A difference here is that due to the definition of J,;, we have to
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distinguish the cases i < 0 and i > 0. In the proofs of (4.9) and (4.11), take u € Y,,
and replace v by Uy, w by t1, Uy, recalling (13.4) to get first

N 1
T = by, + SV = U, + /S (F(x.u) — F(x.Up)dx
0

+/ V(u—-U)-Vvdx
SoN{lxi|<r}

9
+/ wu—U)Z g —/ (u— Uy Avdx,
8(SoN{lx1 |21} dv SoN{|xi>r}
(13.28)

the latter two integrals bounded independently of r, with zero limits as r — oo,
and then

1
Joi(u) — §||V(M - Ul)”iz(s,-) < M, (13.29)

where M, now is a constant independent of i, m. In addition, if in the argument
following (4.11), y is defined for ¢ < 0 with U, replacing v, then we have
X € Py_p41 (recall (13.26), (13.27)), so 72;,,,5,()() > 0. Combining this with
a similar argument for p > 0 and arguing as in the proof of Proposition 4.10
completes the proof of Proposition 13.7.

Next corresponding to Proposition 4.16 we have:

Proposition 13.30. [fm, —m is large, u € Y,,, and /J\z(u) < 00, then

Ta2i(w) =0, ]i] > oo, (13.31)

I22,u — Utllwias, — 0, i = —o0, (13.32)

I72,u = Uallwrags,) — 0. i — o0, (13.33)

To(u) = Jlim T 2:pq (). (13.34)
i

Proof. Letu € Y,, and 72(u) < oo. From (13.9) and (13.29), we see that t7u,

i € N, is bounded in Wk])f(SO), so there is a subsequence that converges weakly

in Wkl)f(So), strongly in L2 (So), and pointwise almost everywhere. However,
u < 72 ,u, so every subsequence has a convergent subsequence with the same limit.

Thus the full sequence converges: t7u — h asi — oo for some i € Wkl)’cz(So). Note
that ‘Cl-{lu, rizu have the same limit, so 2 i = h, and h is 1-periodic in x,. Thus it

follows from (13.5) that & € Py, and for m, — m large, h € ?}n by (13.14).

The analogue of Lemma 4.26 holds in the current setting, the proof fol-
lowing with the same modifications as in the proof of Proposition 13.7. Thus
liminf; 00 Ji(z7u) > Ji(h), so if Ji(h) > i)\}” then 72(u) = 00, contrary to
assumption. Thus J; (k) < b),. However, h € Y} so Jy(h) = b} and h € M,
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However, U; < h and U, is the largest element of M{.m, so h = U;. Similarly,
12,u — Uy as i — oo. Estimates similar to (4.24) imply that this convergence is in
L*(Sp) due to (13.4).

The remainder of the proof is similar to that of Proposition 4.16, with
Proposition 13.22 playing a crucial role as in the proof of Proposition 13.7.

Define

am = inf Jo(u). (13.35)
u€Ym

We now consider the existence of minimizers of 72(u) in Y,,. For technical reasons
we will make some further assumptions on our basic solutions. Assume

Wo = Vo, and the pair wy, V] are isolated elements of (13.36)
M (vo, wo), My (Vo, Wo) '
respectively, and choose #,, 3] such that
€2 ={wi}, Ch= (13.37)

Now we can state the main result of this chapter, which gives the existence of
solutions of (PDE) heteroclinic in x, from U; to Us,.

Theorem 13.38. If F satisfies (F1)—(F>), (x); holds, i = 0,1,2, (13.36), (13.37)
hold, and m, >> m, then

1° Thereis a 02 €Y such that 72((72) = a,,
ie. Moy ={uecY, | Jou) =ant #0.
2° Any U € My, satisfies

(a) U is a solution of (PDE),

(b) |U = Ulllczs;,) = 0,1 — —o0,
U = Usllcas,) — 0,1 — oo,
i.e., U is heteroclinic in x, from U to U,,

(c) Uy < U < tEIU < Uyand U < rllU, i.e., U is strictly 1-monotone in x,
and x».

3% My, is an ordered set.

The proof of Theorem 13.38 is rather lengthy. The first step is to show that a,,
is finite. The next proposition not only confirms a,, < oo for m, > m, but also
gives an asymptotic limit for a,, as my, — m; — oo, which is required later in
establishing 2°(a).

Proposition 13.39. Under the hypotheses of Theorem 13.38, given § > 0, there is

an M(8) > 0 such that
am < c2(vi,wi) + c2(vi, W) + 6 (13.40)

formy —my > M(6).
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Proof. We first construct an appropriate element of Y,,. For R > 0, let

U; = max(U,, min(U,, wo)) (13.41)
and
Ui, x;p <m — R,
r,}”vz, m—-—R+1<x<m +R-1,
u = 3§ Us, m+R<x <my—R+1, (13.42)
Ty,W2,  ma—R+2<xi <my+R-1,
Us, my + R < xi,

with the usual interpolation in the remaining intervals. In addition, for L > 0 define

Ui, X <—-L—-1,
uy = 9 uy, —L <x<L+1,

U, L+2=<x,

with the usual interpolations. Note that

L+1
Do) = ) Tai(w). (13.43)

i=—L—1
Let u3 = max(uy, T;L1V2) and sy = min(us, r,llzwz). We claim that there is

a constant M (R, L) > 0 such that uy € Y,, for my — m; > M{(R,L). We
first establish (13.5)(i)-(ii) for u4. Note that vi < v, < w; implies that for
any R, L, there is an € = €(R,L) such that vi + € < v, < w; — € on
Er1 :={|x1] <R, |x2] < L+ 2}. Moreover, Theorem 9.9 and Remark 9.93 imply
that ‘Clml U, converges uniformly to vy for |x;| < R as mp, — m; — oo. Therefore

Tlml U <vyonEg; (13.44)
for my — m large. Proposition 9.88 implies
w1 < Us (13.45)
and
Ui < 1,01 (13.46)

so by (13.45), (13.41), and (13.46), we have

‘17,111]1/2 < rnl“wl < min(U,, wp) < Uz < max(Uj, wy) < ‘[,LZ/M\Q. (13.47)
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As for (13.44),

Wy <7l U,onEpg; (13.48)

my

for my — m large. Combining (13.44), (13.47)—(13.48) implies
up < tuy for x| < L +2. (13.49)
In addition, U; < U; < U, and (13.44)—(13.49) imply
uy <ty i =1,2, (13.50)

from which the claim uy < rilu4, i = 1,2, follows due to the identical monotonic-
ity conditions satisfied by v,, w,. Moreover, (13.50) for i = 2 and the definition of
up imply

Uy <uy < U, (13.51)

so the inequalities v, < w; and (13.45) give U; < u3 < U,. Then (13.46) and
V1 < w, further imply U; < uq < U,. Thus (13.5)(i)-(ii) hold for uy.

To verify (13.5)(iii)—(iv) and therefore that u4 € Y,,, note that by the definitions
of uy and us, rlmzu4 < wyand v, < rlmlug. Since uy < uz, if us(x) = usz(x),
then vy(x) < 71, ug(x), while if ug(x) < u3(x), us(x) = 17, W2(x) > ;v2(x) for
all j. Hence in either event, v, < rlm  ug. Thus verifying (13.5)(iii)—(iv) reduces to
checking that rlmlm <gandg < rim2u4. On B% (po)» rlmluz =y, = rlmlu4 <g

via (g1), while on (R? x T"’z)\B% (Po). § = Wo > !, ug via (g3). Thus (13.5)(iii)
holds and (13.5)(iv) is verified similarly.

Now we seek to estimate a,. Recall that uz = max(uy, r,},]vz) and let
f3 = min (uz, 7, v2). We claim that t', f5 € T(vi,wi). To see this, note that
Proposition 9.88 implies 7,, vi < min(U;, 7,, v2) so by (13.51),v; <t!, f3 <w,.
Consequently, ||rlm]f3 —villp2s) — 0asi — —oo. Fori > L + 2,

1 1

f3 = min(U, 1,, v2) = 1, v2 0n S;, since 7,, v» < 7,, wi < U, by Proposition

9.88. Thus ||7!,, f3 —will;2s;) — 0asi — oc. Therefore !, f3 € Ta(vi,wy)
and
Jr(v2) = L(f3). (13.52)

Similarly, defining f; = max(us, 7,, W»), we have ¢!, fy € T»(¥;, w;) and
Jr(Wa) < Jo(fa). (13.53)
Combining these observations,

T2 (u2) + Joi (v2) = T2 (u3) + Jai (f3),
T2 (u3) + Joi(W2) = T (ug) + Joi (fa), (13.54)
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and summing over i, we have
Ta(w) + Jo(va) + (W) = Ta(us) + (f3) + Ja(fa). (13.55)
Therefore by (13.52), (13.53), and (13.55),
To(us) < To(us). (13.56)

Since us € Y,,,, (13.43) and (13.56) imply

L+1

am < Y Tri(w) (13.57)
i=—L—1

form, —my, > M](R, L)

Now we will estimate the right-hand side of (13.57) using Proposition 9.107 to
aid us. Let JX, S, etc. be as in that proposition. Likewise, as there, (o) will
be used repeatedly to denote functions that go to 0 as 0 — 0. Let ¢ > 0. The
parameters R and L will depend on o.

Note thatform; + R<x; <m,—R+1,—-L—1<x, <-L,

uy = (xa+ L+ 1)Us + (—L — x2) Uy,
SO

|V (u2 — U1)||L2(T3L7150R) =[IV(U; - U1)||L2(s§) + |Us = Uy ||L2(s§) < ks(0)
(13.58)

Combining this with (9.116) usingi = 1, u = rfﬂuz, and (9.128), (9.129),
(9.133), and (9.115), we have JIR(riﬂuz) < k13(0). The same is true with L + 1
replaced by —(L + 1). In addition, up = U; form; + R < x; < my— R+ 1,
—L <x, <L+ 1,s0dueto (9.137) we have

JR(Puy) < ko), —L—1<i<L+1. (13.59)

The arguments that gave (9.108)—(9.110) further show that

Jti—com—k—1 (T 12) < k15(0).  Jigmy+R.oo(TiU2) < k15(0). (13.60)
for—L—1 <i < L+1.Inaddition, u, is close to vo, wo, wo, Wo in W12 respectively
forx; e [mi—R,mi— R+ 1],[m+R—1,m + R],[my— R+ 1,my— R+2],
[m2 + R — 1,my + R]. Arguing as in (9.57)—(9.58), we have

bi = ¢1(vo, wo) + ¢1(Vo, Wo). (13.61)
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Combining (13.57), (13.59), and (13.60) shows that

L4
am < Z [Tt =R+ 1my +R=2(T2102) + Timy— R 2.0+ R—2 (T25102) — by ]
i=—L—1
+ Lki6(0) (13.62)

for R > r3(0) and my, —m; > M3(R, L). Given any ¢ > 0, we claim that
Jimi =Rty + R—2(T212) + Jiimy— Rt 2.my+ R—2(T2;1u2) < b + k17(€)  (13.63)

fori = =L —1,L 4+ 1, R > ry(e), L = Lo(e), my —my; > My(e). Assuming
(13.63) for now, then from the definitions of u;, u, and (13.60)-(13.63), we have

L
am < Z [J1:=rt1.R=2(T2;v2) + J1i—rt1,R—2(T2;W2) — €1 (vo. wo) — €1 (Vo. Wo) |
i=—L
+Lki16(0) 4 2k17(¢€). (13.64)

Note that vy < v, < w; < tllvl and vy is L®° close to v for x; < m;— R+ 2 for R
large, so the same is true for v,. Estimates like those giving (9.110) then imply that
v, is close to vy in W12 forsay —p < x; <—p+landm;—R <x; <m;—R+1,
where p > R. Calculations of the type leading to (9.138) then imply

J1:—com—r(v2) = —K13(0) (13.65)
for R > rs(o). Similarly,
Jim +r=1,00(12) = —Kk13(0). (13.66)
Combining (13.65)—(13.66) with similar estimates with w, replacing v, and (13.64)
imply
L
< Y (J2i(v2) + T2 (W) + Liig(0) + 2ici7(€). (13.67)
i=—L

Fix L > Lg(€) so that

—e= Y (Jai() + 2 (W) (13.68)
li|>L

Thus (13.67)~(13.68) imply
am < J2(v2) + J2(W2) + Lkis(0) + k19(€) (13.69)

formy; —m; > M3(R, L), R > rs5(0),and L > Ly(€).
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Let § > 0. Choose € such that k17(¢) < §/2. With € and therefore L(€), r5(¢)
so determined, set L = Ly(¢). Next choose o such that Lkg(o) < §/2. Thus for
my —my > Ms(R(€), Lo(€)), (13.69) yields (13.40).

All that remains of the proof of Proposition 13.39 is to verify (13.63). Recall that
Vi <vy <w < rllvl, so for K = K(¢) sufficiently large,

—K —K —K+1
[ tmwans [ C@mewdn= [ m-wdn se 1370
—00 —00 —K

and similarly
o0
[ (vz—vl)dxl <e. (13.71)
K

From Theorem 4.40, ||v2 — vi||Loos;) — 0 asi — —o0, s0

K t
/ (v2 = vi)dox, / (2 —vi)dxy <6 (13.72)
—K t—1

for x,,t < —L, where L > Ly(¢) > 0. This in conjunction with (13.70)—(13.71)
implies

/ (v2 —vi)dx; + / (v —vi)dH"™' <kio(e)  (13.73)
S0;:—R41,R—2

080;—R+1.R—2

for x, € [-L — 1, —L]. Choose L(¢) such that for L > L(e), we further have

|| TzVZ —Vi ”WI'Z(S()) =e (1374)

This is possible due to Proposition 4.16.
As my, —m; — oo, rlmlUl — some h € G(l) uniformly on So,—g41,r—2-
But v; is the largest element of Cl, and by Proposition 9.88, v; < tlmlUl, SO

l . . . . 1
A U, — v; uniformly on Sp.— g+ r—2. Earlier estimates then imply T, U — vy

in W'2(So.—r+1.r—2) as well. Therefore for my —m; > My (R, ¢),

/ |tlm|U1 —v1|dx+/ |rlm]U1 —v|dH"!
So:—R+1.R—2 080;—R+1.R—2

—‘r”‘[lmlUl — V1||WI‘Z(SO:—R+1,R—2) < kp0(€). (13.75)

Thus (13.73)—(13.75) imply

2 1 2 1 n—1
/ |7,’L+1V2—‘L'_mlU1|dX+/ |‘L'L+1V2—T_mlU]|dH
So:—R+1.R—2 080:—R+1,R—2

+ll7va - Tlml Utllw12(Sy.— g1 gy = K21(8). (13.76)
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Note that Tz+1”2 -U, = xz(r,}”rz_Hvz — U)) on So.m,—R+1.m 4+ r—2- Therefore

2 2 1
||V(7"L+1”2 - Ul)”LZ(S():m]—R-‘rl.ml-i-R—Z) = 2||‘L'L+1V2 T Ui ||W1'2(50;—R+1,R—2)'

(13.77)

Similarly, the first two terms in (13.76) can be estimated by their analogues with
vy replaced by up. Thus (13.76) holds with v, replaced by u, and k,;(g) by
k2>(¢). Combining this with (9.116) (taking u = 7 ju>, i = 1, p = m; — R,
q = m; + R + 1), with (9.138) (replacing o by ¢), and with mild variations on
(9.138) (as following (13.64)) for —oo < x; <m; — R,m, + R —1 < x; < o0,
yields

Jlgml—R+1,m1+R—2(7:1%+1u2) < Jim—r+1m+r—2(U1) + Kk23(8). (13.78)

Similar estimates with v, replaced by w, give

Jl;mz—R+2.m2+R—2(Tz+1M2) < Jimy—Rt1.m+r—2(U1) + k24(€). (13.79)

Combining (13.78)—(13.79) with the estimate of Proposition 9.107 yields (13.63) for
i = L + 1.Replacing L + 1 by —L — 1 and arguing as above gives the remaining
case of (13.63), and the proof of Proposition 13.39 is complete.

Now we turn to the:

Proof of Theorem 13.38. By Proposition 13.39, a,, < oo. Let uy € Y, be a
minimizing sequence. As in the proof of Proposition 13.30, we see that along
a subsequence we have uy — U, weakly in W12(S;), strongly in L2(S;), and
pointwise almost everywhere for all i € Z. Note that U, € Y, and due to
the analogue of Lemma 4.26 here and (13.9), ,J\z(ﬁz) < 0. The proof of
Proposition 2.50 with alterations as in the proof of Proposition 4.29 and above
implies ux — Us — 0 in W'2(S;),i € Z. The analogue of the proof of part (C)
in the proof of Theorem 3.2 then implies 72(5 2) = dm, 0 My, £ 0.

We now proceed to the proof of 2°(a) in Theorem 13.38. Assume that 2°(a) is
false for a sequence my = (my1, my ) for which my, — my; is arbitrarily large,
i.e., there exist functions uy € Mo, Mg 2 — Mg — 00 as k — oo with each uy
failing to satisfying (PDE) for at least some point in R”. We claim that this leads to a
contradiction, thus establishing 2°(a) for sufficiently large my » — my 1, as required.

Proposition 13.39 shows that as k — oo,

To(x) = am, — c2(v1.w1) + (01, ). (13.80)
Thus from (13.9), forall k € Nand p,q € Z,
J2:pq(ur) < My, forsome M; > 0. (13.81)

Take p = ¢ =i in (13.81) and apply the definition of fg,i and (2.23), recalling that

Eﬁnk — ¢1 (v, wo) + ¢1(Vo, Wo) as k — oo, to get

Jispq (T2u0) < Mj (13.82)
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1.2
oc

1

— so there is

with M, independent of p, ¢, k, and i. Thus © Uk is bounded in W]

- 1,2 -
au € W, such that as k — oo, on a subsequence we have rlmk Wi — uy weakly

2
loc?

in w2 strongly in L

loc *

Thus from (13.5),

and pointwise almost everywhere for some function u;.

i <tjy, =12 vi<ip<w, wn<i=g (13.83)
the second inequality implied by flmk.u Uik = vy, rlka
Here U, ., U, are the Uy, U, associated with problem k.

The lower semicontinuity of J; and (13.81) with p = ¢ = i imply
Ji(t2i1) < M3 < oo, so (4.8) implies ||V (i; — v)ll2s;y < oo for all i. As
in the proof of Proposition 13.30, the monotonicity conditions rEiul > u; and the
fact that vy, wy is a gap pair with vi < u; < w; imply that there are functions
¥ € {v;,w;} such that

Uy — wy ask — oo.

w2 — yE in L2(Sp) as i — Fo0. (13.84)

By (13.83), v, < v, < it < g,s0 ¥ = wy. By (g2), it; # wy, so ¥~ = v;. Thus
up € Fz(V],W]). (1385)

From (13.8), (13.81) we have 72(121) < M, so Proposition 4.16 applies to uy,
and the limits in (13.84) are in W 12(Sy) as well.
In the same manner we can assume that as k — co along our subsequence,

it = itz € (01, %)) (13.86)

with J5(ii2) < oo and ||V (it = VDIl 2,y < oo foralli.

In order to study the convergence of u; more carefully, it is necessary to establish
that u; satisfies (PDE) in certain regions. To do so, we use a variant of an argument
from the proof of Theorem 9.6. Given p € Ty, r > 0 such that B,,(p) C T, let

Bij(r) =1/t B, (p), B =, ey Bij(r), and

~ guk, x € R"\B,
Uy =
Ui jks x € Bj;(r),

where u; ;. are defined as minimizers of the following variational problem. For
My <i <myp, j €Z,letu; jx € W'2(B; ;(2r)) be the largest minimizer of

I (u) :/B L(u) dx (13.87)
i.j@r)

overall u € F; ;, where

Fij = {ue W"(B;;(2r)) |u=ugon B; ;(2r)/B; ;(r)} .
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Use the same definition of u; jx fori > my,, j < Oand fori < my;, j > 0. For
i <myg,, j <0, weimpose the additional restriction to the definition of J; ; that

u<tTg =g, (13.88)
while for i > my 5, j > 0, we further require
U=t =3, (13.89)

The motivation for (13.88), (13.89) is the fact that u € Y,, implies (13.88)—(13.89)
due to the g,’g constraints in the definition of Y,, and the condition u < rilu,
i = 1,2. As, e.g., in Proposition 2.2 for each i, j, the set of minimizers of (13.87)
in J; ; is ordered. Therefore there is a unique largest one u; ; x, so iy is well defined.

Proposition 13.90. i, € Y, .

Proof. By construction, it € WI;’CZ(IR2 x T"=2). We must verify that it satisfies
(13.5)(1)—(iv). This need only be done for x € B, since u; € Y,,, and ity = uy for
x € R"\ B. We begin with (13.5)(ii). Note that by (13.5)(ii) for uy, Uy < uy on
R\ B.Fix (i, j) € Z* and set

1l s e R" Bi j s
o i _ XERNBL,() (13.91)
max(Uy k. ux), x € Bij(r),
and
v — Uix, x € R"\B; ;(r),
min(Uy i, ix), x € B ;(r).
Since Ujx < ur = ur on R"\B, an equivalent but simpler definition is

¢ = max(Uj x, iy ). Similarly ¥ = min(U, , it ). By the local minimality property
of U x (see, e.g., Remark 9.55),

Lii(¥) = Li; (Ur ). (13.92)
We claim that ¢ € J; ;. Assuming this for now,
Lij (@) = Iij (uiji). (13.93)

But
Lij (o) + Ly () = 1;; (U i) + 1ij (uiji)s (13.94)

so by (13.92)-(13.94) I;; () = 1;;(Uix) and I;;(¢) = 1;j(u;jx). Therefore ¢ is
a minimizer of /;; on Fj;, and by (13.91), ¢ > w;jx = ux on B;;(r). Since u;jx
is the largest of the minimizers of /;; on Fj;, ¢ = u;jx on B;;(r). This being true
for all (i, j) € 72, iy > U,y on B. Similarly, ity < U, on B, so (13.5)(ii) is
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valid once we show that ¢ € J;;. This is immediate for m;; < i < my, and
all j € Z,fori > myoand j < O, and for i < my; and j > 0, since
there are no further constraints on ¢ for these cases. The two remaining cases are
()i <my,and j < 0and(B)i > my,and j > 0. For (o), minimizers of F;;
must satisfy the further condition u < g;;. Therefore u;;; < g;;. But by (13.5)(1)
again, ¢ = max(Uy ., u;jx) < max(ug, gij) on B;;(r), and by (13.5)(i) and (iii),
w < 1l sz-uk < gij. Thus ¢ € F;;. A similar argument holds for (), so

i—my |
(13.5)(ii) has been verified for uy.
Next we verify (13.5)(iii). Since v, has a local minimality property, v, < tlml.k 778

follows as did (13.5)(ii). Also Tlm],k ur < g on Tg is built into the definition of J;.
This holds on the rest of R” due to the minimality property of wy and (g3). The
condition (13.5)(iv) holds for similar reasons.

It remains only to check (13.5)(i):

e <7y, Q=12 (13.95)
This is a consequence of the following lemma:
Lemma 13.96. Assume g, fi, f» € WY(Bi;(2r)) with fi < f» on
B; j(2r)/B; j (r) and that uy is the largest (smallest) minimizer of 1; ; (u) over

A ={ue W"(Bi;(2r)) |u>gin B; j(2r) andu = f; on B; j(2r)/B; j(r)},

£ =1,2.Then u; < us.
Proof. Suppose u; € Ag is the largest minimizer of /;;, { = 1,2. Let
vi = min(u;, up), v, = max(uy, uz), so vy < vp,ve € Ag, £ = 1,2, and

Jij i) + Jij(v2) = Jij(ur) + Jij (u2).

Thus J; j(v¢e) = Jij(ue), £ = 1,2, and v» > u. Consequently v, = u, and so
vi = uy. Thus u; < uy. In the case that u;, £ = 1,2, are the smallest minimizers,
then again v; < uy, so v; = uy. Thus vy = uy, and again u; < u,.

Slight variations on the proof of Lemma 13.96 then give the following three
lemmas:

Lemma 13.97. [fthe condition u > g is dropped from Ai, ur > u;.

Lemma 13.98. Lemma 13.96 holds with the condition u > g in Ay replaced by
u<g, £ =12 Inaddition, Lemma 13.97 holds with the condition u > g dropped
from the definition of A,, and the condition u < g added to A,.

Lemma 13.99. Lemma 13.96 holds with the condition u > g dropped from the
variational problems defining ug, £ = 1,2.

Now to complete the proof of Proposition 13.90, note from the definition of
that (13.95) holds on R"\ B. Set f| = ux, > = rlluk, Ui = Ui jk, Uy = Tllui+1,j,k,
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g = gij. Fori, jsuchthatmy; <i <myp—1,j € Z, apply Lemma 13.99 to
getu; < ' U on B; ;(r). Fori = my>—1, j > 0, apply Lemma 13.97. Applying
Lemmas 13.96-13.99 appropriately in the various remaining cases gives (13.95) for
i = 1. Replacing 7', by 72, in the above establishes (13.95) fori = 2.

Now that ux € Y, has been established, we return to the proof of
Theorem 13.38. Note that

To@i) < Ta(up), (13.100)

since u; € Jj; for all i, j, k and therefore J;; (u; jx) < Jij (ur). By (13.100),
U, € My, and

To@i) = T2 (). (13.101)

Moreover, uy is a minimizer of /; ; over J; ; for each i, j € Z. Consider those
i, j for which J;; does not include a u < g;; oru > g ;j constraint. Standard
arguments then imply that i is a solution of (PDE) in B; ; (r). We will show that
uy is the unique solution of /;; in J;; for this case.

To see this, for 0 < 6 < 2 repeat the above construction with F; ; replaced
by J; e, the analogue of JF; ;, with B; ;(r) replaced by B; ;(6r) but B; ;(2r)
remaining the same. Fixing 7 and j, let u; ¢ be the largest minimizer of I; ; over
Fije.For0 < 6, <6, <2,by (13.101) we have

I; j (i g,) = 1; j(u) = I j (it 0,).

But @ g, ux € F;je,. Thus it g, u; are solutions of (PDE) in B;;(6,r) with
Urg, = ug in B; j(6r)\B; ;(6ir) and it 9, > ur. Thus by the maximum
principle, i g, = ui. Let fix g, be the smallest minimizer of [; ; over J; j ¢. Since
I i (iigp,) = Ijx(lixp,), the above argument implies uyx = i g,. Thus uy is the
unique minimizer of /; ; over J; ;4,0 < 6 < 2, as claimed above.

For the next step in proving that u; is a solution of (PDE), consider balls B;;,
where J;; has a constraint. Note that by (g1)—(g3), 8 < W — ¢ for some & > 0.
In addition, 7, ,—¢Uix — wo on Ty as £ — oo independently of my via
Theorem 9.6. Hence there is an [, € N such that g < rlmkz_[Ul,k —¢e/2in Ty
for £ > £y. Thus .

8ij+e/2= U (13.102)

onT;; =t/ rjoO fori > my, + £o. Let it; jx be the largest minimizer of I; ;

over F; ; but with the ZELJ- constraint dropped. Since uy > Uy, ujjx > Upj on
R™\ Bj; (r), by a familiar argument (see, e.g., (A) of the proof of Theorem 3.2),

u x> U >gi;.

Hence in fact ; j is the largest minimizer of the variational problem with the g;;
constraint and #;;x = u;;x. Consequently, u; ;x is a minimum of the unconstrained
variational problem, as is uy, so by the argument of the previous paragraph,
uijr = ur on B;;(r), and u; satisfies (PDE) on B; ;(r) for i > my, + £o.
We can assume that the same is true for i < my; — £y. This leaves the cases
mp1—Lo < i <mppand j < 0,and my; < i < mgy+ €o and j > O still
to be checked.
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The restriction By, (p) C To can be removed, for example by considering the
variational problem in strips of width wider than one. Thus u; satisfies (PDE) for
x1 < my 1 —Lo, for x; > myz+ 4o, formy 1 +1 < x; < mypandfor x; < my;+1,
Xy > 1,and x| > my 5, x, < 0. To treat the remaining regions, as before take py to
be the center of 7.

Lemma 13.103. Let f € W'2(Ty), and let § be Holder continuous on Ty. Suppose
u is a minimizer of

/ L(u)dx overue3,
Bs12(po)

where
F={ue W' (Ty)|lu= f onTo\Bsj2(po),u > g on Bsj2(po)}-

Then u is Holder continuous on By;3(po) with the Holder exponent and constant
dependent only on F, g.

Proof. This follows from Theorem 3.7 of Michael and Ziemer [32], since the
estimates there depend only on structure conditions and the distance between the
domain boundary and the set on which the Holder continuity estimate is required.

Remark 13.104. Given that u, g are Holder continuous, they satisfy a common
modulus of continuity estimate |u(x) — u(y)| < & for |x — y| < §(¢), §(¢) = ce®,
a>1.

Lemma 13.105. Ifu and g are as in Lemma 13.103, §(¢) as in Remark 13.104, and
Vv e LI(B]/3(p0)) with v > g+ 2¢ on B|/3(p0) and

_ 8|Bg()|
v —all L8, 3 (poyy < 58 , (13.106)

then min(u — g) > 0 on B, 3(po).
Proof. If not, u(q9) = g(qo) for some gy € By;3(po). We can assume that i, g and
u — g have same modulus of continuity in B 1 (po). From Lemma 13.103 we have
u—g<ceandv—u=(v—g) —(u—g) =2e—e=ein By (qo) N Bij3(po) by
the hypothesis satisfied by v. Thus

_ €| Bs(e)(q0)|
||V_u||L](Bl/3(p0)) = +, (13.107)

since at least one quarter of B lies in Bj/3(po). However, (13.107) contradicts

(13.106). Thus # # g on By3(po). Since u, g are continuous on By/3(po), i > g,
so the proof is complete.
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Returning to the proof of Theorem 13.38, recall that from (13.86),
U € Fz (/1;1 s Wl) Therefore

22 it — Wil wiasy — 0 asj — oo. (13.108)

J

Since W1 > Wo > £ via (g1),

1 ~ o~
e =—min(w; —g) > 0. (13.109)
2 T
Define o by
Bs(e
o= @ (13.110)

T jlug — W] WIAZ(S‘O) . .

Using L2 convergence in (13.86), choose k such that

loc

_ o
”Tlmk.ztzjl U — tzjluanz(Soﬂ{Osxuslo}) =5 (13.112)

Thus (13.111) implies

”Tlmkz E/1“1‘ @1||L2(S0r1{05x15(0}) =0 (13.113)

Repeat the construction defining it with 7; ; := 7/ T; 2Ty replacing B; ; (2r) and
B; ;(5/12) replacing B; ; (r). This shows that for each i, j € 7Z, uy is a minimizer of
a variational problem for a class of functions on B, ; (5/12). In particular, for j > 0,

Mmio < i < mgo + Lo, ur minimizes fB,;,(S/12) L(u)dx overu € S—"l*j, where

={ueW"(T;;)|u=uonT;;\B;;(5/12),u>g;; on B; ;(5/12)}.

.12 s
Thus uf ;= 71,72 jux minimizes fp_ . L(u)dx over

={ue W"H(To) |u=u,, on To\Bs;12(po), u > g on Bs/12(po)}.
5]

Observe that Lemma 13.105 applies here with u = w, . j < ji, [ = u 4,

and g = g. Setv = 7 Wy sov > w > g+ 2s on Tp. Then b
y

M 2— i
(13.110)~(13.109), and (13.112), uf; , — 1} ;Willz2) < o formey < i <

my 2 + £o. Hence by Lemma 13.105, u} k= g + g9 on Bj3(po) for some gy > 0.

Note that u*., = rl»rz w > U = b U1, the latter inequality due to
i.j.k i q Yy
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rll U, > U, and i > my . But Theorem 9.9 implies rlmm U, > vg + €1 on Ty for
some ¢ > 0 and my , —my | large, since v; > Vo > v on Tp. In addition, g = v, on
To\Bi/3(po). Thus u; ; = g+e1onTo\By3(po) andu}; , > g +e3 0on Ty, where
€3 = min(go, &1) > 0. This implies ux > g, ;, + €3 on T; j,. Since riluk > uy, it
follows that u; > §,~,j +e3forj > ji,mrs <i < myr+Ly. Consequently, standard
arguments now imply that i satisfies (PDE)on 7 ;, j > ji, mi1—4o < i < my 1.
Combined with earlier results, this implies that u; satisfies (PDE) for x, > j;. By
an analogue of Lemma 13.105 for g and related arguments, we can assume that
uy satisfies (PDE) for x, < —J;. Letting k — oo and taking limits in the weak
formulation of (PDE) then implies that i; satisfies (PDE) for |x;| > j; and for
x1 < =4y, x1 > 1, while u, satisfies (PDE) for |x;| > ji, and for x; < 0, x; > £y.

Next we will show that for large k, u;, satisfies (PDE) for all x € R”. We claim
that

(v, wr) + c2(0, W) > (i) + Jo(inn). (13.114)

But u; € F2(V1, Wl) and u, € FQ(Q], VAV]) Hence (13.114) shows that
u € Mz(V],W]) and u, € Mz(@],ﬁ/]). By (13.83), v, < uy < g, S0 (gz) implies
iy < wy. Therefore v,, w, being a gap pair in M, (v, wy), it must be the case that
u; = vy. Similarly i, = wy. Thus by (&1), in > g. Note that Lemma 13.103 applies
tot!, oup =awith f =iuand g = g. Since ¢!, up — iy in L*(Ty) along a
subsequence of k — oo, taking v = i1, in Lemma 13.105 shows that tlmk_zuk > g
on Ty for large k. With this strict inequality, standard arguments then imply that
rlmk_zuk satisfies (PDE) on T;. Note thatt* Uk > ug, £ = 1,2 implies that ux > g; ;
onT; ;,i > my2, j > 0,sothe same arguments imply uy satisfies (PDE) for x, > 0.
Similarly, uy < g;j onT;;,i < my1, j <0, so u satisfies (PDE) in R”. This is
contrary to our original assumption so 2(a) is established once we verify the claim
(13.114). To do so requires three steps: (a) Given any & > 0, there are a j>(g) > j;

and k; = ky (e, j) such that
D) =Y Ji(w) — e (13.115)
lil<j

for j > j(e) and k > ky(e, j); (b) With j and k so chosen, for any
8 > 0, there are an Ry = Ry(8) > [y and k,(§) such that if R > Ry(§) and
k > max(k(e, j), k2(8)),

Jo(ug) > Z [(Jl;—R,R(TE,-Tl,nkJMk) - Cl(Vo,Wo))

lil<j
 (Nmr (22, ) = 1o, ) ) | — 2 = @2 + 2)8;
(13.116)

(c) Obtain (13.114) from (13.115)~(13.116).
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To prove (a), let ¢ > 0. Since Uy < ur < Uy, by (9.110) and (9.115), for
Mg —mg1 > My(o) (or equivalently k > k3(0)), r > ro(0), and any j € Z,

”uk - Ul.k||L2(Sjﬂ[(—oo<x15mk~1—r)u(mz.k+r§x1<oo)]) = K2(0) (13.117)
and
luk — Urk ”LZ(Sjﬁ(m1+r§x15m2—r)) <ks5(0). (13.118)

For |j| = Ji, ux is a solution of (PDE) on ;. Hence using (PDE) as in earlier
sections, (13.117) and (13.118), for | j| > j; and k > k;3(0), we have,

||Mk — U]_k”Wl,Z(Sijk) < K6(U) (13119)
where
Dy = (o0 <x;y <myp—rlUmip+r <x; <my—r|U[myr+r < x; <o0).

By Proposition 4.16 and (PDE), interpolation estimates show that 72 jir —> vy as
j — oo uniformly on Sy N [-r < x; < r]. Take r = ro(o). Then there is a
Jj3 = ja(0) > ji such that for x, < —js,

/ ity — vi[*dx; < o. (13.120)
—r

Since rlmkluk — U in leoc along a subsequence as k — oo and therefore

uniformly on compact sets, due to standard PDE estimates,

/ e e — i |*dx <o (13.121)

-r

for—j — 1 < x, < —j and k > k4(0, j). Similarly, with the aid of Theorem 9.9,

[ |'f1 Ui —v1|2dx1 <o (13.122)

mg.1
—r

for—j —1 <x; <—jand k > ky(o, j). Combining (13.120)—(13.122) shows that

my 1 +r
/ lux — Ui |2 dx < k7 (0) (13.123)

my 1—r
for the above j, k. Thus (13.123) with its analogue for m » and (13.119) yield

lue = Urillz2s_ ;) < xs(0), (13.124)
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and again as in earlier sections,
e — Uricllwrzs_;) < ko(0) (13.125)

for j > j3(0) and k > ky(o, J).
Fori > j, define

Uk, —1—-1=x=-i,
Xijk = Uk, i +1=<x<—], (13.126)
Ul,k7 __]+1 SXZS_]+27

with the usual interpolation and extend y; ;« to R as an (i — j 4 2) periodic function
of x,. Proposition 13.22 implies

J(xijx) = 0. (13.127)

Now to get (13.115), write

Z Joi () = Joi—oo—i (u) + T2 (xij)

1<0
— Jo—i (i) — Jaej Qi) + Ja—j o). (13.128)
For j > j, by (13.125),
o= (K] V2= (R 0] < K10(0), (13.129)
and for i = i(k, o) large, by Proposition 13.30,
| o500, ()] < 10(0). (13.130)
Therefore by (13.128)—(13.130),
0
ij,t(uk) = ZjZ,t(uk)_3K10(U)- (13.131)
1<0 .y

Getting a similar estimate for positive indices and then choosing ¢ = o (¢) small
enough yields (13.115).
To prove (B), for |i| < j, write

Jz.’,’ (Ltk) =J; (riiuk) —b = Jl;—oo.ml—R—l (Tiiuk) + Jl;—R,R(IEi Tlmk,luk)
Tty + Romy—r+1 (T2u0) + Ji—r R (12,7, i)

+ iy + Rooo (T2 1) — by (13.132)
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As in (9.38) (with ¢ = 0), for k > k5(§),

by < c1(vo, wo) + c1(Vo, Wo) + 6. (13.133)
We claim that for R > R;(s) and k > kg(s),

[ 1= 00.m1 —R—1 (T2 |5 | Tt 4 R0 (T2 1) |3 | Tty + Romg— R—1 (T2 18| < K11(5).

(13.134)
Assuming (13.134) for the moment, by (13.115) and (13.132)—(13.134),
> hiw) =y [ —rr(2;Th, ) = ci(vo, wo)
lil<j lH=j
+J1—r R (T2 T_mkzuk) —c1(Vo, Wo)]
—&—(2j + 1)3k11(s) — 6. (13.135)
Thus choosing s so small that 3k11(s) < § yields (13.116).
Now to prove (13.134), we argue as in Proposition 9.107. By (9.118),
mg1—R mg,1—R
[ @i = [T @ v - Ui,
—00 —00
mi1—R+1
< / Ux — vo)dxy, (13.136)
mig1—R
0 (9.108) implies
/ (2 e —Updx < ||Uy — VOHLZ(T,,,FR) <s. (13.137)
So;—oo,m—R
Since 2 Uy satisfies (PDE) in So;—oo,m, ,—r for R > Iy,
— A — Ug) + (Fu(x, tjug) — Fu(x, Upg)) = 0 (13.138)

in that region. Multiplying (13.138) by t2,u; — U, 4, integrating over S0;pamg 1 —R>
and letting p — —oo gives

/ V(s — Uy )
So oco,my 1 —R
=/ (02, uy — Ulk) (f_,uk Uy x)dH"™!
080;—00,my | —R

—/ (Fu(x,t2u;) — F,(x,Upx))dx. (13.139)
So oo.my 1 —R
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Estimating the boundary terms as in earlier cases with the aid of (13.136) yields
2
22wk = Urkcll L2050, — o0y =) = K12(5)- (13.140)

This with (9.116) for u = riiuk and (9.109) establishes (13.134) for
Jl;_oo’mkil_R_l(riiuk). A similar argument gives the estimate for
Jimy + R,oo(riiuk). Lastly, to get estimates for the intermediate region, since
Uik <up < Upg <71 Upyg,

mg2—R ) mgp2—R |
/ (cZ;u — Urp)dxy < f (2, Uik — Ui p)dx

mi1+R mp1+R

my 1 +R+1 my2—R+1
= —/ (Urx —wo)dxi + / (Uix —woddxy. (13.141)
mi1+R mig2—R

Thus by (13.141) and (9.113), as in (13.137) we have

/ (2, — Un)dx = |Usk —wollia, a9
S0:my 1 +Rumy ,—R—1 ;
Uk = woll 21,y < 263(). (13.142)

We can assume that k is so large that t2,u satisfies (PDE) in Som, ,+Rmy,—R-
Therefore following (13.138)—(13.140) and using (9.114) then gives (13.134) for

Jl;Mk,1+R,mk,2—R(‘L’E,uk).
Next to prove (13.134), by (13.140), for k > k¢(5),

(v, wy) + c2(h,wy) + 6 > Z [(Jl;—R.R) (Tiiflmk_luk) —c1(vo, wo)

lil<j
+ (J];_R,R (‘L’Ei‘flmkvzuk) —c (f)o,ﬁ/o))]
—e— (2 +2)6. (13.143)

Choose § such that (2j + 3)§ = ¢, so (13.143) becomes

c2(vi,wy) + (1, wr) > Z [(Jl;—R,R(TE[Tlmk{luk) — Cl(Vo,W0)>
lil<j
+ (Jl;—R,R(TEi ‘L',kazuk) —C1 (f)(), Wo)):l — 2e.
(13.144)



13 Solutions of (PDE) with Two Transitions in x; and Heteroclinic Behavior in x, 203
Letting k — oo and using the weak lower semicontinuity of Ji;,, gives

ca(vi,wy) + (01, wy) > Z [Jl;—R,R(TE,ﬁ]) —c1(vo, wo)

lil<j

+J1;—R,R(T3iﬁ2)_Cl(‘A’O,VAVO)] —2¢e. (13.145)

Now let R — oo, then j — oo, and finally ¢ — 0, yielding (13.114) and 2°(a) of
Theorem 13.38.

To complete the proof of Theorem 13.38, note that 2°(b) follows as usual from
2°(a) as in earlier arguments. Likewise, 2°(c), (3°) follow from 2°(a) and standard
maximum principle arguments exploiting the fact that all constraints in the definition
of Y,, are pointwise constraints. The proof of Theorem 13.38 is complete.

Remark 13.146. Another class of solutions of (PDE) on R? x T”~2 that it is natural
to seek is the class of solutions that approach two transition solutions as obtained
in Theorem 6.8 corresponding to different values of m as x, — Zoo. Whether
such solutions exist remains an open question. Likewise, based in the results of
Chapters 6-11, there is a rich variety of other possible x, asymptotics for solutions
that one could pursue. Existence for all of these cases remains unknown.
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